MA231 VECTOR ANALYSIS

CHAPTER 2: THE INTEGRAL THEOREMS OF VECTOR CALCULUS
2.1: GREEN’S THEOREM

Definition: Given a planar vector field v:R> — R* we define

vy m
ox Oy

curlv=

where V(x, J’) = (Vl (x, y), V2 (x, y)) .

Theorem: (Green’s Theorem for a rectangle) Ler R=[o,p]x[g.n]cR? be a
rectangle in the plane and v:R — R* a planar vector field. Then

I J-R curl vdxdy = I Y dr (G)

where OR denotes the boundary of the rectangle R .

Proof:
12 iy = [ (8. ) il e 0)
’ IQ% dydx = [ "(,(xm) = v, (.8 ))dx )

The RHS of the equation (G) is

L};'dr=IBV1(f§ dt+_[nv2 Bt dt+Iavl tn)dt—kjévl o,t)dt
= [P(x8)ax + [y (B, v)dy = [ (e )ax— [ (e v)ay
j (&)= v (en e+ [7 (B, )= vaen, y))dy

)+(1)

Definition: A region in R" is a subset Qc R" for which there exists a function
o :R" - R satisfying

(1) all partial derivatives of » exist and are continuous;

(i) Q= {x eR" | o(x)< 0};

(i) Vo (x);t 0 forall xeoQ)= {x eR" | oo(x) = O}.

Definition: If Q cR" is a region defined by ® then for all xe0Q Vco(x) is an
outward normal to Q and the unit outward normal is
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Vo (X)

Vo)

n(x) =
Example: If o(x,y)=x"+)’ - p? then Q= {(x,y) | x4 y2 < pz}zthe disc of radius
p centred on 0. An outward normal is Vo (x,y)=(2x,2y) and n(x,y)=(x,v)/p .

Definition: If Q c R” is a region then the closure of Q is Q=QU Q.
Theorem: (Green’s Theorem) Let Qc R? be a region and let v:Q —>R* be a

continuously differentiable vector field. Let Tt be the unit tangent to 0C) obtained by
rotating m through /2 anticlockwise. Then

J-.[chrlvdA:J-agv-‘rds:§a¥)-dr.

Example: Verify Green’s Theorem for v(x,y)= (— x’y, yzx) on the disc
Qz{(x,y) | X' +y° <4}.

curlv =%(y2x)—%(— xzy): X4y
”Q curlvdA = ”Q (x2 +y2)dA
— [ 2rzrdm’e
Jo
= [ r/a a0
=8n

Parameterize dQ by r(t)=(2cost,2sint) for 0<¢<2r . Then

fy-dr=[" v(r(z))%dz

0
2n
= '[0 (— 8cos’ tsint,8sin’ 7 cos t)- (—2sinz,2cost)dt

= Jjn 16cos® ¢sin’ ¢t + 16sin’ t cos’ ¢ dt
2n .2

:J.O 8sin” 2¢ dt
2n

:J.O (4 +4cos4t)dt

=8n

2.2: MORE GENERAL REGIONS

The condition that V(x)#0 for all x€dQ makes sure that 6Q has no sharp

corners. However, this rules out polygons and polyhedra, which we do want to be able
to consider. A careful discussion of ‘piecewise regions’ is too cumbersome, and so we
shall have to use our intuition when considering such regions.
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Example: If Q =[0,2]x[0,1]c R? then 4Q is parameterized by

(t,0) 0<t<2
D=l 5
(0,6-1) 5<t<6

For the purposes of calculating line integrals around 02 we can use

r,(¢)=(£,0) for 0<¢<2 for the lower segment L,
r, t): (2,1‘) for 0 <7 <1 for the right segment p,

r,(t)=(2-11) for 0<z<2 for the upper segment U ,
r,(t)=(0,1—¢) for 0<z<1 for the left segment A .

Sketch Proof of Green’s Theorem: Enclose (2 in a rectangular grid and apply
Green’s Theorem for a rectangle to each R, and sum the results. Then

z ”R,- curl vdxdy = Z J.a}'i- dr.

i

ey
|

Observe that we get cancellations from rectangles that share a common edge. Thus,
since i #j=>R NR, =,

Zj‘a}e,..dr - J‘a(U_R.)V'dr

Z I I . curlvdxdy = HU . curlv dxdy

AY
i

As the grid gets finer ‘UiRl. —>Q’and a(UiR,.)—> 0Q’ so

li lvdxdy= i -d
im J.IU,R,CurV xdy im )V r

grid size—>0 grid size—0 G(U Ri

”Q curlvdd = ﬂg -dr
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2.3: THE GAUSS DIVERGENCE THEOREM IN THE PLANE

Definition: Let QO c R? be a region and v:Q — R? a planar vector field. The flux of
v across 0Q (out of Q) is defined by

ﬂuxv:CD(v):I v-nds,

oQ
where n is the outward unit normal to Q.

Example: Calculate the flux of a general vector field out of the rectangle

R=[o,B]x[e.m].

The flux is

j v(1,£)-(0,—1)dr
+ j (B,2)-(1,0)dt
+ j v(z,m)-(0,1)dt
+Lva,t (~1,0)at

= ["0slem) () + [ (B z)— (o))

=[ j”avz ddt+_|'_|' ) dxdt

Thus we have Gauss’ Divergence Theorem for a rectangle:

IR (a“ aVZdedy [ venads

y
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Definition: The divergence of a vector field v:R" — R" is denoted by V-v and
defined by

ov, 0v, ov,
— 2+ o+,
ox, Ox, ox,

Theorem: (Gauss’ Divergence Theorem in the Plane) Let Q c R* be a (piecewise)
region and v:Q — R’ a planar vector field. Then

”QV-vdA:IaRV-nds

where n is the outward unit normal to Q.

Example: Let

x y
V(>c,y)=(xz+y2 " +y2j.

Calculate V- v and the flux of v across the circle of radius 2 centred on the origin.

V'VZQ 2x 2 +i 2)’ 2
ox\ x"+y ov\x +y

B (x2 + yz)— x(Zx) N (x2 + yz)—y(Zy)

) e +2f

_x2+y2—2x2+)c2+y2—2y2

b +2)

Parameterize the circle by r(¢)=(2cosz,2sin¢) for 0<7<2m .

2n
O(v)= [ v{r(0) n(r(e)) x| ds
= j;n (Cozst ’%‘”) (cost,sin t)2 dt
= (™14
0
=2x

However, v is not defined at 0 and so we cannot apply Gauss’ Theorem on the disc
{(x, y) | X+ < 4}. Hence, Gauss’ Theorem is not violated.

Application: Vector fields for which V-v=1 everywhere allow us to use Gauss’
Theorem to calculate areas. For example, V(x, y) = (x/2 , y/2) , Vev=1+1=1.

”QIdxdy=”QV-dedy=LQV-nds
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Now parameterize 6Q by (x(¢),y(¢)) for a<t<b.

Area(Q)= I v-nds
[l 0)- (G~ 4 e
:%J'mxdy—ydx
2.4: AREA, SURFACE AND VOLUME INTEGRALS

Definitions: Let £ c R’ be a planar region. We say that r: E - R’ is regular if

ax—;tO everywhere in E. The image r(E) is then a surface SR’ and r is

called a parameterization of S .

As is the case with curves, different parameterizations may give the same surface. For
example, consider the upper unit hemisphere. In polar coordinates:

r(©,9)=(sind cosd,sind sing,cosO ) for 0<O <m/2, 0<p <2m .
Alternatively, as the graph of /x* + »* over the unit disc:

r(x,y)z(x,y,\/x2 +y2) for x>+ y*> <1.

Definition: The unit normal to a surface S parameterized by r is given by

dr dr
n(x,y)=| = x"
dx dy
Definition: The area of a surface S parameterized by r: E — R’ is

pvals)= ],

Exercise: Check that this definition is independent of the parameterization r. (Hint:
use the change of variables formula.)

dr dr

de dy|

dr

_X_

dxd
dx dy v

Definition: Given a surface S parameterized by r:E — R’ the surface integral of
f:R* >R over S is

dr dr

_x_

[, raa=[] e

In particular, Area(S)= .[ E 1dA.

dxdy .
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Example: Consider a torus parameterized by

r©,0)=((2+cos0 )cosd, (2 +cosd )sind,sin® ) for 0<0,¢ <2n .

Area(r([O, 27'C 0 275 I I

=jj (2+cos0 )dod
8n

Definition: The flux of v:R’ — R’ across S parameterized by r: E — R’ with unit
normal n is

d(v)= ”Sv-ndA

= [ vlrle,y)- (20 )y

erl)3

Example: Calculate the volume integral of f (x, y,z): 2ze" over the prism Q

in R*:

(3,0,1)

(3.-1, (;) (3,0,0)

Ijjﬂde = I:J-j J-()lezex—(yﬂ)3 dzdydx
=HO y+1Fe U dydx
_J' —(y+1)?
—Io—ge" 1+§ “dx
Z%(eS—e2—1+e_l)

dx

Theorem: (Gauss’ Divergence Theorem in R*) Let Q cR® be a (piecewise) region
and v:Q — R* a vector field. Then
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”'[QV-vdV:”mv-ndA

where n is the outward unit normal to Q.

2.5: CHANGE OF VARIABLES AND THE SPHERICAL MEAN

Example: Let £ be the ellipse {(x,y) | x2/612+y2/192 <1} and B® the unit disc
centred on the origin, B* = {(u,v) | u? +1v? < 1}. Let o(u,v)=(au,bv).

Do< a O
*lo »
det(D¢)=ab

So for some function f:E —R
”E £ x,y)dxdy = ”32 £ (u(x, y)v(x, y))ab dudy

¢ simplifies the geometry of the ellipse to that of the circle. For example, by taking
f=1,
Area(E ) = ”E 1 dxdy
= ”BZ ab dudv
=ab Area(Bz)

=mnab
Example: (Spherical polars) S° is usually parameterized by
©(0,0)=(sin® cosd,sin® sind,cosd ) for 0<H <m, 0< <2 .
We can extend this to almost all of R® by y:R_,xS* 5> R’ :(r,0) ro.

dxdydz =dV
= |det(D y )| drdbd
=17 sin@ drd0d¢
=7’ drdA
= drdA,

where dA, is the elemental area on a sphere of radius 7.

This coordinate system leads us to the notion of spherical mean: given a function
f:R* >R we define a new function f:R_, >R by
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o fre)dd,
flr)==21
.[ISZ(r)l dAr

where S*(r) denotes the sphere of radius 7.

=i ] S re0)dA,
=L Hszfrm )dA

Definition: The spherical mean of f:R* >R is f:R., — R given by

=] . f(ro)da

Question: What is df /dr?

L] flro)da
—jj Vf(ro)- o dA

” Vf r®)-0dA,

” Vf r(o rm)dAr

4ﬂ:r

4ftr

But § 2(r) = 833(r), and so we can apply the Divergence Theorem to get

dr 4Ttr ”I

Definition: The Laplacian of f:R" — R is denoted by Af and is

n aZf
Af:; ox’

It is very easy to check that Af =V -Vf ', so

df
E 4mr? ”I Ade

Definition: We say that f:R" — R is harmonic if Af =0.

Theorem: If f:R’ - R is harmonic then for all r >0 ]_‘(r): f(O).

L.e. the average value on a sphere of any size is the same as the value at the centre of
the sphere. There is some kind of ‘balance,” which is important in many situations.
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Proof: We know that df /dr =0 and so f is constant. Hence, f(r)= £(0).

2.6: THE CONTINUITY EQUATION

We wish to study the motion of a fluid. Let v(x,¢) and p(x,z) be the velocity and
density of the fluid at a point x at time ¢ respectively. What is the mass of fluid in
some region Q c R*?

M (t):”J‘ p(x,2)dV
SIS

The outflow of mass from Q) is

=L e

Another way of calculating the efflux of mass from  would be to study the flow
across 0Q . In a small time &8¢ the outflow across 0QQ would be

(-”69 pv-n dA)St .

By the principle of conservation of mass and the Divergence Theorem,

0
Ml @ =Ilgpvnad=[ifv
So, forall QcR’,
L[ 29 jav <o )
Lemma: If /:R’ >R is continuous and ”jgdezOfor all Qc R’ then f=0.

Proof: Assume otherwise. Then there is a point x, € R® such that f(x,)# 0; without
loss of generality, assume f (x0)> 0. By continuity, there exists an € >0 such that
||x—x0|| <e :>f(x)>%f(x0)> 0. Now take Q= {XG]R3 | ||x—x0|| <8}. Then
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_”_[Qf dV >1 f(x,)Volume(Q)=0.

This is a contradiction, so f =0.

Applying the lemma to (*) gives the continuity equation:

op
P v (pv)=0.
5t (pv)

An important special case is that of an incompressible fluid such as water. For such
fluids p is constant and so Op/0t=Vp =0, so the continuity equation becomes

V-v=0. Important examples of vector fields for which V.-v=0 are given by
v =Vf for some harmonic f .

2.7: STOKES’ THEOREM

Consider a parallelogram P — R?, its edges being the two vectors &,1. Let p, be one
corner of P. We can parameterize P by

r(u,v):p0 +uE+wvn for 0<u,v<I1.
Given a vector field v=(v,,v,,v;) we calculate the circulation j?a}; -dr , noting that the
unit normal is &xn/[&x 7.

0vy v,

. S Ens —EM,
ov, Ovy
§a¥'dr:.[o.‘-o o on | SNy —EM; | dudy

ov, oV _
o, - ox, &1112 iznl
-
-
Vxv &

This is Stokes’ Theorem for the parallelogram P .

Definition: If v =(v,,v,,v;) is a vector field on R® then

vxv:[%_% o %_%]_

With this notation we get

it;ag-dr :”P(va)-ndA
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nooxn
&>
dA =||Z x| dudv = & x n|dudy

Remark: curlv=(Vxv)-k.

We now generalize from the parallelogram to arbitrary surfaces. To do this we need to
exclude ‘non-orientable’ surfaces the Mobius band, on which we cannot define a
continuously varying normal vector. Non-orientable surfaces are called one-sided.
Orientable surfaces have two choices of normal vector.

Definition: A surface S is oriented if it admits a continuous global choice of unit
normal.

Definition: If S is an oriented surface with boundary and n is a chosen unit normal
to S then the unit tangent T to 0S is positively oriented with respect to n if nxt is

in inward-pointing unit tangent to S along oS .

A simple way of remembering this is that if you are walking along 0S with n as ‘up’
then S is on your left.

Theorem: (Stokes” Theorem) Let S c R® be an oriented surface with boundary. Let
n be a unit normal to S and T a unit tangent to 0S, positively oriented with respect

ton. Let v:R’> - R® be a vector field. Then

J.J‘S(va)-ndA=§aSV~‘rds.

The idea of the proof is to approximate S by a union of small parallelograms on each
of which Stokes’ Theorem holds, then take the limit as the size of the parallelograms
goes to zero.

Definition: We say that a vector field v: R’ = R is axially symmetric about the z -
axis if for all xe R’ and 0<0 <2r, R,v(x)= v(R,x), where

cosO —sin® O
R, =|sin® cos® O
0 0 1

It can be shown that such a vector field must be of the form

V(x, v, Z) = (a(z)x + b(z)y, - b(z)x + a(z)y, h(z, p )),

where p =+/x>+ 7.

- Chapter 2 - Page 12 -



MA231 VECTOR ANALYSIS

Example: Let S be the graph of f (z), o <z <[, rotated about the z-axis. Verify
Stokes’ Theorem for a vector field that is axially symmetric about the z-axis and

such a surface §'.
as F/S\_/\Z\ﬁ&
- |
/ w )
y )

Parameterize S by r(z,0)=(f(z)cos6, f(z)sinB,z) for a <z< P, 0<O <21 . On
the upper boundary, 3S,, the positively oriented tangent is —or/d0 ; on the lower
boundary, 8S_, itis or/00 . The unit normal to S is

ﬁr or

a0 | *

n(z,0)=Txx

0z " 00

Now,

Vv =224 b2 - (v)y, 2 L+ () + b(z)y,— b(z) - b(2))
” (Vxv)-ndd= jsz« (Vxv(r(z 9)))-(%xg—é)dzd6
i
61' or
—X— f’(z cos®  f'(z)sin®
82 o — f(z)sin®  f(z)cosO
=(=/(2)cos0,— f(2)sin0. £(2)/"(2))

k
0
0
So,

£y sin® +'(z)f(z)cos® —d'(z)f(z)sind —cos0
(Vxv)- ( 0g) — 4y cos0 + d'(2)f(z)cosd +b'(z)f(z)sin® |- f(z) —sind
~26(z) /()
(cos0 +sin0 )-2b(z) £ (2)f'(2)
= 2b(2)f(2)/(2)

So,

= 2n(b(a) e ~5(B )/ (B )
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Now to calculate the circulation of v on 0S. First parameterize the upper boundary
by r(B ,9)= (f(B )cos@ ,f(B )sine , B) for 0<6 <2r . So the circulation on 05, is

fy-dr= [ a(B )x-+5(B ).~ b(B Jx-+a(p )y, h(B. p))- (- .x,0)d0
= [ (-5(p)y* ~b(p 1" )do
=-2mb(B)f (B )

Similarly, it;ag -dr =2nb(at)f (o )’ . Hence,

fy-dr =2 (b(a) /() ~5(8)/(BY)
= ”S(Vx V)-ndA

as required.
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