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CHAPTER 2: THE INTEGRAL THEOREMS OF VECTOR CALCULUS 
 

2.1: GREEN’S THEOREM 
 
Definition: Given a planar vector field 22: RR →v  we define 
 

y
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x
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= 12curl v  

 
where ( ) ( ) ( )( )yxvyxvyx ,,,, 21=v . 
 
Theorem: (Green’s Theorem for a rectangle) Let [ ] [ ] 2,, R⊂×= ηξβαR  be a 
rectangle in the plane and 2: R→Rv  a planar vector field. Then 
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where R∂  denotes the boundary of the rectangle R . 
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The RHS of the equation ( )G  is 
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Definition: A region in nR  is a subset nR⊂Ω  for which there exists a function 

RR →n:ω  satisfying 
(i) all partial derivatives of ω  exist and are continuous; 
(ii) ( ){ }0<∈=Ω xx ωnR ; 
(iii) ( ) 0≠∇ xω  for all ( ){ }0=∈=Ω∂∈ xxx ωnR . 

 
Definition: If nR⊂Ω  is a region defined by ω  then for all Ω∂∈x  ( )xω∇  is an 
outward normal to Ω  and the unit outward normal is 
 



MA231 VECTOR ANALYSIS 

 - Chapter 2 - Page 2 - 

( )
( )
( )x

x
xn

ω

ω

∇

∇
= . 

 
Example: If ( ) 222, ρω −+= yxyx  then ( ){ }=<+=Ω 222, ρyxyx the disc of radius 
ρ  centred on 0 . An outward normal is ( ) ( )yxyx 2,2, =∇ω  and ( ) ( ) ρyxyx ,, =n . 
 
Definition: If nR⊂Ω  is a region then the closure of Ω  is Ω∂∪Ω=Ω . 
 
Theorem: (Green’s Theorem) Let 2R⊂Ω  be a region and let 2: R→Ωv  be a 
continuously differentiable vector field. Let τ  be the unit tangent to Ω∂  obtained by 
rotating n  through 2π  anticlockwise. Then 
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⋅=⋅= rvτvv ddsdAcurl . 

 
Example: Verify Green’s Theorem for ( ) ( )xyyxyx 22 ,, −=v  on the disc 

( ){ }4, 22 <+=Ω yxyx . 
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Parameterize Ω∂  by ( ) ( )ttt sin2,cos2=r  for π20 <≤ t . Then 
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2.2: MORE GENERAL REGIONS 

 
The condition that ( ) 0≠∇ xω  for all Ω∂∈x  makes sure that Ω∂  has no sharp 
corners. However, this rules out polygons and polyhedra, which we do want to be able 
to consider. A careful discussion of ‘piecewise regions’ is too cumbersome, and so we 
shall have to use our intuition when considering such regions. 
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Example: If [ ] [ ] 21,02,0 R⊂×=Ω  then Ω∂  is parameterized by 
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For the purposes of calculating line integrals around Ω∂  we can use 
 

( ) ( )0,ttL =r  for 20 <≤ t  for the lower segment L , 
( ) ( )tt ,2=ρr  for 10 <≤ t  for the right segment ρ , 

( ) ( )1,2 ttU −=r  for 20 <≤ t  for the upper segment U , 
( ) ( )tt −= 1,0λr  for 10 <≤ t  for the left segment λ . 

 
Sketch Proof of Green’s Theorem: Enclose Ω  in a rectangular grid and apply 
Green’s Theorem for a rectangle to each iR  and sum the results. Then 
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Observe that we get cancellations from rectangles that share a common edge. Thus, 
since ∅=∩⇒≠ ji RRji , 
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As the grid gets finer ‘ Ω→U i iR ’ and ‘ ( ) Ω∂→∂U i iR ’ so 
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∫∫∫ Ω∂Ω
⋅= rvv ddAcurl  
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2.3: THE GAUSS DIVERGENCE THEOREM IN THE PLANE 
 
Definition: Let 2R⊂Ω  be a region and 2: R→Ωv  a planar vector field. The flux of 
v  across Ω∂  (out of Ω ) is defined by 
 

( ) ∫ Ω∂
⋅=Φ= dsnvvvflux , 

 
where n  is the outward unit normal to Ω . 
 
Example: Calculate the flux of a general vector field out of the rectangle 

[ ] [ ]ηξβα ,, ×=R . 
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The flux is 
 

( ) ( )

( ) ( )

( ) ( )

( ) ( )

( ) ( )( ) ( ) ( )( )

( ) ( )∫ ∫∫ ∫
∫∫

∫
∫
∫
∫

∂
∂

+
∂
∂

=

−+−=

−⋅+

⋅+

⋅+

−⋅

η

ξ

β

α

β

α

η

ξ

η

ξ

β

α

η

ξ

β

α

η

ξ

β

α

αβξη

α

η

β

ξ

dxdttx
x
vdydtyt

y
v

dttvtvtvtv

dtt

dtt

dtt

dtt

,,

,,,,

0,1,

1,0,

0,1,

1,0,

12

1122

v

v

v

v

 

 
Thus we have Gauss’ Divergence Theorem for a rectangle: 
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Definition: The divergence of a vector field nn RR →:v  is denoted by v⋅∇  and 
defined by 
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Theorem: (Gauss’ Divergence Theorem in the Plane) Let 2R⊂Ω  be a (piecewise) 
region and 2: R→Ωv  a planar vector field. Then 
 

∫∫∫ ∂Ω
⋅=⋅∇

R
dsdA nvv  

 
where n  is the outward unit normal to Ω . 
 
Example: Let 
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Calculate v⋅∇  and the flux of v  across the circle of radius 2  centred on the origin. 
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Parameterize the circle by ( ) ( )ttt sin2,cos2=r  for π20 <≤ t . 
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However, v  is not defined at 0  and so we cannot apply Gauss’ Theorem on the disc 
( ){ }4, 22 <+ yxyx . Hence, Gauss’ Theorem is not violated. 

 
Application: Vector fields for which 1=⋅∇ v  everywhere allow us to use Gauss’ 
Theorem to calculate areas. For example, ( ) ( )2,2, yxyx =v , 12

1
2
1 =+=⋅∇ v . 

 

∫∫∫∫∫ Ω∂ΩΩ
⋅=⋅∇= dsdxdydxdy nvv1  
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Now parameterize Ω∂  by ( ) ( )( )tytx ,  for bta ≤≤ . 
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2.4: AREA, SURFACE AND VOLUME INTEGRALS 

 
Definitions: Let 2R⊂E  be a planar region. We say that 3: R→Er  is regular if 

0≠× dy
d

dx
d rr  everywhere in E . The image ( )Er  is then a surface 3R⊂S  and r  is 
called a parameterization of S . 
 
As is the case with curves, different parameterizations may give the same surface. For 
example, consider the upper unit hemisphere. In polar coordinates: 
 

( ) ( )θφθφθφθ cos,sinsin,cossin, =r  for 20 πθ <≤ , πφ 20 <≤ . 
 
Alternatively, as the graph of 22 yx +  over the unit disc: 
 

( ) ( )22,,, yxyxyx +=r  for 122 <+ yx . 
 
Definition: The unit normal to a surface S  parameterized by r  is given by 
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Definition: The area of a surface S  parameterized by 3: R→Er  is 
 

( ) ∫∫ ×=
E

dxdy
dy
d

dx
dS rrArea . 

 
Exercise: Check that this definition is independent of the parameterization r . (Hint: 
use the change of variables formula.) 
 
Definition: Given a surface S  parameterized by 3: R→Er  the surface integral of 

RR →3:f  over S  is 
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In particular, ( ) ∫∫=

S
dAS 1Area . 
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Example: Consider a torus parameterized by 
 

( ) ( ) ( )( )θφθφθφθ sin,sincos2,coscos2, ++=r  for πφθ 2,0 <≤ . 
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Definition: The flux of 33: RR →v  across S  parameterized by 3: R→Er   with unit 
normal n  is 
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Example: Calculate the volume integral of ( ) ( )312,, +−= yxzezyxf  over the prism Ω  
in 3R : 
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Theorem: (Gauss’ Divergence Theorem in 3R ) Let 3R⊂Ω  be a (piecewise) region 
and 3: R→Ωv  a vector field. Then 
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∫∫∫∫∫ Ω∂Ω
⋅=⋅∇ dAdV nvv  

 
where n  is the outward unit normal to Ω . 
 

2.5: CHANGE OF VARIABLES AND THE SPHERICAL MEAN 
 
Example: Let E  be the ellipse ( ){ }1, 2222 <+ byaxyx  and 2B  the unit disc 
centred on the origin, ( ){ }1, 222 <+= vuvuB . Let ( ) ( )bvauvu ,, =φ . 
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So for some function R→Ef :  
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φ  simplifies the geometry of the ellipse to that of the circle. For example, by taking 

1=f , 
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Example: (Spherical polars) 2S  is usually parameterized by 
 

( ) ( )θφθφθφθ cos,sinsin,cossin, =ω  for πθ <≤0 , πφ 20 <≤ . 
 
We can extend this to almost all of 3R  by ( ) ωωψ rrS a,:: 32

0 RR →×> . 
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where rdA  is the elemental area on a sphere of radius r . 
 
This coordinate system leads us to the notion of spherical mean: given a function 

RR →3:f  we define a new function RR →>0:f  by 
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where ( )rS 2  denotes the sphere of radius r . 
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Definition: The spherical mean of RR →3:f  is RR →≥0:f  given by 
 

( ) ( )∫∫=
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1
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Question: What is drfd ? 
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But ( ) ( )rBrS 32 ∂= , and so we can apply the Divergence Theorem to get 
 

( )
( )∫∫∫ ∇⋅∇=
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dVf
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1
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Definition: The Laplacian of RR →nf :  is denoted by f∆  and is 
 

∑
= ∂
∂

=∆
n

i ix
ff
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It is very easy to check that ff ∇⋅∇=∆ , so 
 

( )∫∫∫ ∆=
rB

dVf
rdr

fd
324

1
π

. 

 
Definition: We say that RR →nf :  is harmonic if 0=∆f . 
 
Theorem: If RR →3:f  is harmonic then for all 0>r  ( ) ( )0frf = . 
 
I.e. the average value on a sphere of any size is the same as the value at the centre of 
the sphere. There is some kind of ‘balance,’ which is important in many situations. 
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Proof: We know that 0=drfd  and so f  is constant. Hence, ( ) ( )0frf = . 
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2.6: THE CONTINUITY EQUATION 
 
We wish to study the motion of a fluid. Let ( )t,xv  and ( )t,xρ  be the velocity and 
density of the fluid at a point x  at time t  respectively. What is the mass of fluid in 
some region 3R⊂Ω ? 
 

( ) ( )∫∫∫ΩΩ = dVttM ,xρ  

∫∫∫Ω
Ω

∂
∂

= dV
tdt

dM ρ  

 
The outflow of mass from Ω  is 
 

∫∫∫Ω
Ω

∂
∂

−=− dV
tdt

dM ρ . 

 
Another way of calculating the efflux of mass from Ω  would be to study the flow 
across Ω∂ . In a small time tδ  the outflow across Ω∂  would be 
 

tdA δρ 




 ⋅∫∫ Ω∂

nv . 

 
By the principle of conservation of mass and the Divergence Theorem, 
 

( )∫∫∫∫∫∫∫∫ ΩΩ∂Ω
⋅∇=⋅=

∂
∂

− dVdAdV
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vnv ρρ
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So, for all 3R⊂Ω , 
 

 ( ) 0=





 ⋅∇+
∂
∂

∫∫∫Ω dV
t

vρρ . ( )∗  

 
Lemma: If RR →3:f  is continuous and 0=∫∫∫Ω dVf  for all 3R⊂Ω  then 0=f . 

 
Proof: Assume otherwise. Then there is a point 3

0 R∈x  such that ( ) 00 ≠xf ; without 
loss of generality, assume ( ) 00 >xf . By continuity, there exists an 0>ε  such that 

( ) ( ) 002
1

0 >>⇒<− xxxx ffε . Now take { }ε<−∈=Ω 0
3 xxx R . Then 
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( ) ( ) 0Volume02

1 ≠Ω>∫∫∫Ω xfdVf . 

 
This is a contradiction, so 0=f . 

 
 
Applying the lemma to ( )∗  gives the continuity equation: 
 

( ) 0=⋅∇+
∂
∂ vρρ

t
. 

 
An important special case is that of an incompressible fluid such as water. For such 
fluids ρ  is constant and so 0=∇=∂∂ ρρ t , so the continuity equation becomes 

0=⋅∇ v . Important examples of vector fields for which 0=⋅∇ v  are given by 
f∇=v  for some harmonic f . 

 
2.7: STOKES’ THEOREM 

 
Consider a parallelogram 3R⊂P , its edges being the two vectors ηξ, . Let 0p  be one 
corner of P . We can parameterize P  by 
 

( ) ηξpr vuvu ++= 0,  for 1,0 ≤≤ vu . 
 
Given a vector field ( )321 ,, vvv=v  we calculate the circulation ∫∂ ⋅

P
drv , noting that the 

unit normal is ηξηξ ×× . 
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This is Stokes’ Theorem for the parallelogram P . 
 
Definition: If ( )321 ,, vvv=v  is a vector field on 3R  then 
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With this notation we get 
 

( )∫∫∫ ⋅×∇=⋅
∂ PP

dAd nvrv  
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ηξ
ηξn

×
×

=  

dudvdudvdA vu ηξrr ×=×= ∂
∂

∂
∂  

 
Remark: ( ) kvv ⋅×∇=curl . 
 
We now generalize from the parallelogram to arbitrary surfaces. To do this we need to 
exclude ‘non-orientable’ surfaces the Möbius band, on which we cannot define a 
continuously varying normal vector. Non-orientable surfaces are called one-sided. 
Orientable surfaces have two choices of normal vector. 
 
Definition: A surface S  is oriented if it admits a continuous global choice of unit 
normal. 
 
Definition: If S  is an oriented surface with boundary and n  is a chosen unit normal 
to S  then the unit tangent τ  to S∂  is positively oriented with respect to n  if τn×  is 
in inward-pointing unit tangent to S  along S∂ . 
 
A simple way of remembering this is that if you are walking along S∂  with n  as ‘up’ 
then S  is on your left. 
 
Theorem: (Stokes’ Theorem) Let 3R⊂S  be an oriented surface with boundary. Let 
n  be a unit normal to S  and τ  a unit tangent to S∂ , positively oriented with respect 
to n . Let 33: RR →v  be a vector field. Then 
 

( ) ∫∫∫ ∂
⋅=⋅×∇

SS
dsdA τvnv . 

 
The idea of the proof is to approximate S  by a union of small parallelograms on each 
of which Stokes’ Theorem holds, then take the limit as the size of the parallelograms 
goes to zero. 
 
Definition: We say that a vector field 33: RR →v  is axially symmetric about the z -
axis if for all 3R∈x  and πθ 20 <≤ , ( ) ( )xvxv θθ RR = , where 
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It can be shown that such a vector field must be of the form 
 

( ) ( ) ( ) ( ) ( ) ( )( )ρ,,,,, zhyzaxzbyzbxzazyx +−+=v , 
 
where 22 yx +=ρ . 
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Example: Let S  be the graph of ( )zf , βα << z , rotated about the z -axis. Verify 
Stokes’ Theorem for a vector field that is axially symmetric about the z -axis and 
such a surface S . 
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Parameterize S  by ( ) ( ) ( )( )zzfzfz ,sin,cos, θθθ =r  for βα << z , πθ 20 <≤ . On 
the upper boundary, +∂S , the positively oriented tangent is θ∂∂− r ; on the lower 
boundary, −∂S , it is θ∂∂r . The unit normal to S  is 
 

( ) θθθ ∂
∂

∂
∂
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Now, 
 

( ) ( ) ( ) ( ) ( ) ( )( )zbzbyzbxzayyaxzb hxhy −−′+′+−′−′+=×∇ ∂
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So, 
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So, 
 

( ) ( ) ( )( )
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Now to calculate the circulation of v  on S∂ . First parameterize the upper boundary 
by ( ) ( ) ( )( )βθβθβθβ ,sin,cos, ff=r  for πθ 20 <≤ . So the circulation on +∂S  is 
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Similarly, ( ) ( )22 ααπ fbd

S
=⋅∫

−∂
rv . Hence, 
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as required. 


