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CHAPTER 4: COMPLEX ANALYSIS 
 

4.1: A COMPLEX-VALUED FUNCTION CC→:f  AS A VECTOR FIELD 
 
We can view a map CC→  as a vector field 22 RR →  and vice versa i.e. if iyxz +=  
and ( ) ( ) ( )zivzuzf +=  then we identify ( )zfz a  with ( ) ( ) ( )( )yxvyxuyx ,,,, a . 
 
Examples: (i) ( ) 2zzf = , ( ) ( )xyyxyx 2,, 22 −a . 
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( ) 2zzx +=  
( ) izzy 2−=  

 
All definitions of convergence, continuity etc. carry over to CC→:f . We will take 
care with complex differentiation – limits in C  can be strange. 
 

Example: Let ( ) 42

22

,
yx

yxyxg
+

=  and ( ){ }R∈= tkttLk , . If we take the limit of g  as 

we tend to 0  along any line kL  we get 0→g . However, along the parabola ( ){ }tt ,2  
we get that g  is identically 21 . So 

( )
( )yxg

yx
,lim

0, →
 does not exist. 

 
4.2: COMPLEX DIFFERENTIATION 

 
Definition: CC→⊂Ω:f  is complex differentiable at Ω∈z  if 
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exists, in which case we denote the limit by ( )zf ′ . 
 
Viewed as a vector field, we have 
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Examples: (i) nzz a  is everywhere complex differentiable with derivative 1−nnz : 
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(ii) zz a  is nowhere complex differentiable, even though ( ) ( )yxyx −,, a  is 
differentiable as a vector field in the plane: 
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These ‘limits’ are different and so we conclude that hh

h 0
lim
→

 does not exist. 

 
(iii) 2zz a  is complex differentiable only at 0 : 
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and, by the previous example, this limit does not exist unless 0=z . 
 
The moral here is that 22: RR →f  differentiable ⇒/  CC→:f  complex 
differentiable. Roughly speaking, f  is not complex differentiable if it contains any 
instances of z . 
 
Definition: CC→⊂Ω:f  is holomorphic (on Ω ) if f  is complex differentiable at 
all points of Ω . 
 

4.3: THE CAUCHY-RIEMANN EQUATIONS 
 
Theorem: CC→⊂Ω:f  is complex differentiable at Ω∈0z  if and only if 

22: RR →⊂Ωf  is differentiable at ( )00, yx  and its derivative has the form 






 −
ab
ba

. 

 
These are the Cauchy-Riemann equations: 
 

( ) ( )0000 ,, yxyx y
v

x
u

∂
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=
∂
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( ) ( )0000 ,, yxyx x
v

y
u

∂
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∂
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Proof: If f  is complex differentiable at Ω∈0z  then 
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where we take 21 ihhh +=  and ( ) ibazf +=′ 0 . But this is just saying that f  is 
differentiable at ( )00 , yx  and that the Cauchy-Riemann equations hold. 
 
Conversely, assume that the Cauchy-Riemann equations hold. Then xua ∂∂=  and 

yub ∂∂−= . Furthermore, since f  is differentiable we know that 
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which may be rewritten in complex notation as 
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which says that 
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and so f  is complex differentiable at 0z  and ( ) ibazf +=′ 0 . 

 
 
Corollary: If CC→⊂Ω:f  is complex differentiable at Ω∈0z  and ( ) 00 ≠′ zf  then 
f  is conformal at 0z  and ( )( ) 0Ddet 0 >zf . 

 
Corollary: If ivuf +=  is holomorphic then vu,  are harmonic. 
 
Warning: The converse is false! 
 
Definition: Ω  is path-connected if any two points in Ω  can be joined by a path in 
Ω . 
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Proposition: If CC→⊂Ω:f  is complex differentiable with ( ) 0=′ zf  for all Ω∈z  
and Ω  is path-connected then f  is constant. 
 
Proof: ( ) constant 000 uuyuxuzf ⇒=∇⇒=∂∂=∂∂⇒=′ .Similarly for v . So f  
is constant. 

 
 

4.4: CONTOUR INTEGRALS 
 
Definition: Given CC→⊂Ω:f  and a curve Ω⊂C  parameterized by 

[ ] ( )tztbaz a:,: Ω→  we define the contour integral ∫C
dzf  by 

 

( )( )∫∫ =
b

aC
dt

dt
dztzfdzf  

 
Similarly, 
 

( )( )∫∫ =
b

aC
dt

dt
dztzfdzf . 

 
Exercise: Check that these integrals are independent of the parameterization z  of C . 
 
Examples: (i) { }0\C=Ω , ( ) zzf 1=  and { }RzzC == . 
 

idteiR
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dzf it
itC
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212
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π
dtR
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Note that both of these integrals are independent of R . 
 
(ii) { }0\C=Ω , ( ) zzf 1=  and C  is the rectangle with vertices at i−−1 , i−1 , i21+  
and i21+− . 
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Interpretation: We identify ivuf +=  with the vector field ( )vu −= ,f . 
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If C  is a closed curve then 
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This is the link between complex analysis and 2D vector analysis. 
 

4.5: CAUCHY’S THEOREM 
 
Theorem: Let CC→⊂Ω:f  be holomorphic and suppose Ω⊂C  is a closed curve 
that bounds a region Ω⊂E . Then 0=∫C

dzf . 

 
Proof: Since f  is holomorphic, by the Cauchy-Riemann equations, 
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Remarks: (i) The geometric interpretation of the Cauchy-Riemann equations is that 
f  is both curl-free and divergence-free i.e. irrotational and solenoidal. 
 

(ii) We have already seen that 
{ }

i
z

dz
z

π2
1

=∫ =
. This does not contradict Cauchy’s 

Theorem since zz 1a  is defined on { }0\C  and { }1=z  does not bound a region in 
{ }0\C . 

 
(iii) This is not the usual proof of Cauchy’s Theorem, which does not require the 
continuity of f ′ , as we have assumed in applying Green’s and Gauss’s Theorems. 
 
Lemma: (The Estimation Lemma) For any CC→⊂Ω:f  and Ω⊂C  a curve 

parameterized by ( )tz , ∫∫ ≤
CC

dzfdzf . 

 
(Compare this with the Triangle Inequality.) 
 

Proposition: 
2
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x
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Proof: Let ( ) ize
z

zf 1
=  on { }0\C . 
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Let εCCCCC R ∪∪∪= −+  so that EC ∂=  where { }0Im, ><<∈= zRzzE εC . 
Note that { }0\C⊂E . Hence, by Cauchy’s Theorem, 
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We prove this guess by proving that 01lim
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4.6: CAUCHY’S INTEGRAL FORMULA 
 
Definitions: C⊂Ω  is open if Ω∈∀z  0>∃δ  such that { } Ω⊂<−∈ δzww C . 
 

( ) { }δ<−∈= zwwrz CB , , 

( ) { }δ≤−∈= zwwrz CB , , 

( ) { }δ=−∈=∂ zwwrz CB , . 
 
Theorem: Let C⊂Ω  be open and let CC→⊂Ω:f  be holomorphic. Suppose 
( ) Ω⊂Ra,B . Then ( )Raw ,B∈∀  we have 

 

( ) ( )
{ }∫ =− −

=
Raz

dz
wz
zf

i
wf

π2
1 . 

 
Remarks: (i) ‘Action at a distance.’ The values of f  on { }Raz =−  determine the 
values of f  at all points in the interior of this circle. 
 
(ii) Cauchy’s Integral Formula is, in fact, valid for any contour (curve) that winds 
once around w  and that bounds a region in Ω . This will be made more precise in the 
Third Year course Complex Analysis. 
 
Proof: Let { } ( )RaRazzCR ,B∂==−= . For awR −−<< ε0  let 
 

{ } ( ) ( )εεε ,\,, wRawzRazzE BB=>−<−= . 
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We now focus our attention on εE , on which we define ( ) ( )
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More precisely, by the continuity of f  at w , given 0>η  0>∃δ  such that if 
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