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1 Uniform Distance and Continuity

Definition 1.1. If f, g : [a,b] — R are both bounded then the uniform distance’ between

them is defined to be
d(f,g) == sup |f(z) — g(x)|.

z€la,b]

Definition 1.2. A function f : F — R is uniformly continuous on E C R if
Ve>0,30 >0st. v,y e Fand [z —y| <d = |f(x) — f(y)] <e.

Uniform continuity is a strictly stronger condition on a function than ordinary continuity
at a point: every uniformly continuous function is continuous, but a continuous function may
fail to be uniformly continuous. For example, take f: (0,1) — R, f(z) := % However,

Theorem 1.3. A continuous function on a closed, bounded interval? is uniformly continuous.

2 Step Functions

Our intuitive notion of “integral” is that of “area under the graph”: the easiest areas to
calculate are those that can be decomposed into a finite number of rectangles. This leads us
to the notion of a step function.

Definition 2.1. A partition of an interval [a, b] is a finite set P = {p;}}_, such that
a=py<p <-<pp1<pp=>o

Definition 2.2. Given two partitions P and @ of the same interval [a, b], we can take their
common refinement, PV @), defined to be P U () with the points re-numbered in order.

IThis d(-,-) is an example of a metric. See MA222 METRIC SPACES.
2Later, this will be known as being compact.



Definitions 2.3. A function ¢ : [a,b] — R is a step function if there exists a partition
P ={p, ?:0 of [a, b] such that ¢ is constant on (p,;_1,p;) for j = 1,..., k. Unless otherwise
stated we shall take ¢(z) = ¢; for x € (pj_1,p;). Write

S ([a,b];R) :={¢ : [a,b] — R|¢ is a step function}.
Proposition 2.4. (Properties of step functions.)

(i) A step function ¢ € 7 ([a,b];R) with partition {p;}¥_ is bounded and can take at most
2k + 1 values.

(i) < (la,b];R) is an infinite-dimensional vector space over R.
(iii) If ¢, € L ([a,b];R) then ¢ - € L ([a,b];R). (Recall that (¢ - ¢)(z) = ¢(x)(x).)

We define the integral of a step function in the obvious way, as the sum of the areas of
the rectangular strips between its graph and the axis:

Definition 2.5. If ¢ € /([a, b]; R) with partition {p;}*_; and values {¢;}}_, as above, then
the integral of ¢ is defined by

b k
/ ¢ = Z ¢;(pj — pj-1)-
a j=1

Proposition 2.6. (Properties of the integral.) Let ¢ € #([a,b];R).
(i) f;(ﬁ 1s independent of the choice of partition for ¢.
(i) Ifa <u<ov<w<b then fuw(b:f;qb—l—fvw(b.
(i1i) The integral function ff 0 L (la,b; R) — R is a linear map of vector spaces.
(iv) If m < ¢(z) < M for all « € [a,b], then m(b—a) < [ ¢ < M(b— a).

Proof. (i) Suppose that P and @) are two suitable partitions: take R to be their common
refinement. It suffices to show that fabgb is the same for P and R. Moreover, it suffices to
show the addition of one point to P does not change f: ¢. Take p;_1 < r < p;. Applying the
definition of f; ¢ gives the required result. O]

The following result, the Fundamental Theorem of Calculus (FTC), is immediately ob-
vious, almost trivial, for step functions. However, when we look at more general regulated
functions we shall see that it is a powerful tool of analysis. Without it and its generalizations,
it is not clear how we will go about computing integrals.

Theorem 2.7. (FTC for Step Functions.) If ¢ € .([a,b];R) with partition {p;};_, then
®:[a,b] = R:zw— [ is differentiable on U?Zl(pj_l,pj) with ®'(x) = ¢(x).



3 Regulated Functions

Definitions 3.1. f : [a,b] — R is regulated if for all ¢ > 0 there is a ¢ € ¥([a,b];R)
such that d(f,¢) < .3 Equivalently, f is regulated if there is a sequence of step functions
()22, C Z([a,b];R) such that d(f,¢,) — 0 as n — oo. Write

Z(la,bl;R) :=={f : [a,b] — R|f is a regulated function}.

It is important to understand why these two definitions are equivalent, even though they
are phrased slightly differently, and how to translate between them. In some proofs, one
works with a single step function ¢ that is e-close to f; in other proofs, one may need a
whole sequence of step functions ¢,, that converge to f uniformly.

Proposition 3.2. (Properties of regulated functions.)

(i) A regulated function f € Z(|a,b];R) is bounded.

(1i) The space of continuous real-valued functions on a closed, bounded [a,b], C°([a,b]; R) C
Z(la,b;R), i.e. every continuous function is requlated, but not vice-versa.

(1ii) Z([a,b];R) is an infinite-dimensional vector space over R.
(w) If f,g € Z([a,b];R) then f-g € Z(|a,b];R).

Proof. (ii) Let f € C°([a,b];R) and fix £ > 0. We construct ¢ € .7 ([a, b]; R) with d(f,¢) < e
Since f is continuous on a closed, bounded interval, it is uniformly continuous, so choose 6 > 0
so that for all z,y € [a,b], |z —y| <0 = [f(z) — f(y)| <e. Let {p;}¥_y be any partition
of [a, b] so that |p; —pj_1| <0 for j =1,... k. Define ¢ € .#([a,b];R) by ¢(p;) := f(p;) and
Dl(p;_1.p) () = [((pj—1 +p;)/2). (You might like to sketch the graphs of f and ¢.) Clearly
d(f,¢) <5 <e, so [ is regulated. ]
Theorem 3.3. If f € %Z(]a, b] R) and (¢,)5>, C L(la,b];R) with d(f,¢,) — 0 as n —
oo then the sequence (f gzﬁn) converges in R. If (¢,)22; C L([la,b];R) also satisfies

d(f,vn) — 0 as n — oo then lim,, f On = lim,,_.o0 f (.

Proof. Fixe > 0. AN; € Nsothat n > Ny = d(f, ¢,) < e. So for m,n > Ny and z € [a, b
we have f(x) —e < ¢n(2), dn(x) < f(z) + €, 50 |Ppm(z) — dn(x)| < 2e. Thus,

/ <z>m—/ab¢n /abwm—m)

SO ( fab (bn)j ) is Cauchy, and hence convergent, in R.

Since 1), converges uniformly to f, 3Ny € N so that n > Ny, z € [a,b] = f(z) —e <
U, < f(z) + e So if n > max{Ny, No}, |¢n(x) — n(z)| < 2¢, and so ‘ffqbn—fabwn
2¢(b — a). Taking limits as n — oo gives lim,, .., ff On = lim,,_.o0 fab . O

< 2¢(b—a),

Definitions 3.4. For f € #([a,b];R), the (definite) integral of f is f; f=1lim, . fab ¢y, for
any sequence of step functions (¢,)5, C .([a,b]; R) with d(f, ¢,) — 0 as n — oco. By the
previous result, this is well-defined. The indefinite integral of fis F : [a,b] = R: x — f; f.

3In the language of metric spaces, .7 ([a, b]; R) is “dense” in Z([a, b]; R) with respect to the uniform metric.
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Proposition 3.5. (Properties of the integral.) Let f € %([a,b];R).

(i) fa<u<v<w<bthen [/ f= [ f+[ [

(ii) The integral function fab : % ([a,b];R) — R is a linear map of vector spaces.
(iii) If m < f(x) <M for all x € [a,b], then m(b—a) < [* f < M(b— a).
Proposition 3.6. If f € Z(|a,b];R) then F : [a,b] — R is continuous.

Unfortunately, the definition of ff f for f € Z(|a,b];R) is not very easy to work with if
we wish to compute the value of the integral of a given function. The FTC offers an easy
way to calculate integrals; so, we now generalize the FTC to regulated functions. There are
two main ways of phrasing the result: both are important, and both are stated and proved
here.

Theorem 3.7. (FTC Version L.) If f € Z([a,b;R) is continuous at ¢ € [a,b] then F is
differentiable at ¢ with F'(c) = f(c).

Proof. Let h > 0 and write F(c+ h) — F(c) = fcc+h f. Since f is continuous at ¢, Ve > 0,
30 > 0 so that |[x —¢| <d = |f(z) — f(c¢)| <e. Hence

i) - < [ T <)+ o)

and similarly for h < 0. Thus, as required,

|h| <6 =

‘F(c+h)—F(c)_f(c> _. -

Theorem 3.8. (FTC Version I1.) If f € %Z([a,b];R) and if g : [a,b] — R is differentiable
with ¢ = f then f:f = g(b) — g(a).

Proof. Fix e > 0 and pick ¢ € “([a, b]; R) with partition {p;}*_; and d(f, ¢) < e. Apply the
Mean Value Theorem to gl,,_, ;) to get a point z; € (p;j_1,p;) with

fla;) = 9(pj) = 9(p—1)

/
9 (x;) =
! Pbj —Pj—1

Since ¢; — e < f(z;) < ¢j + ¢ for each j,

(c; —e)(p; —pi—1) < g(p;) — 9(pj-1) < (¢ +€)(pj — pj1)-

Sum over j to get
k k
ZCJ —pj-1) —e(b—a) < g(b) <ZC] —pj-1) +e(b—a).

Hence, ’(g(b) —g(a)) — fabgzﬁ‘ < g(b—a), and so ’(g(b) —g(a)) — fabf‘ < 2¢(b — a). Since

e > 0 is arbitrary, we are done. O



4 Convergence of Sequences of Functions

We have several notions of convergence of sequences of functions:
Definitions 4.1. Let f : [a,b] — R and f, : [a,b] — R for each n € N,

(1) (fn)o2, converges pointwise to f if Vx € [a,b], f.(x) — f(z) as n — oo. This is our first
idea of convergence, and is very weak. It turns out that we need a far stronger kind
of convergence to be able to deduce properties of the limit function from properties of
the functions in the sequence (continuity, for example).

(ii) (fn)pe, converges uniformlyto f if d(f, f,) — 0asn — oo. Pictorially, imagine drawing
a “ribbon” of width 2¢ around the graph of f. Eventually, the graphs of the f,, must
all lie within this ribbon. As we have already noted, regulated functions are uniform
limits of sequences of step functions.

(iil) (fn)oe, is uniformly Cauchy if d( fp, fn) — 0 as m,n — oo.

Theorem 4.2. Let ()22, C Z([a,b];R) with f, — f uniformly as n — oo. Then f €

n=1
Z(la,b;R) and f; fn — fff as n — oo. Le., “the uniform limit of a sequence of requlated
functions is requlated and the limit of the integrals is the integral of the limit”.

Proof. Fix € > 0 and pick N € N so that n > N = d(f, f.) < 5. Pick ¢ € #([a,b];R)
with d(fx,¢) < §. By the Triangle Inequality, d(f, ¢) < €, so f € Z([a,b];R). So, forn > N,

/abfn—/abf‘— /ab(fn—f)‘<6(b_a)-

2
Since € > 0 is arbitrary, fab fn — fab fasn— oc. O]

Theorem 4.3. Let (f,)22, C C°%[a,b];R) with f, — f uniformly as n — oo. Then f €
C%[a,b];R). Le., “the uniform limit of a sequence of continuous functions is continuous”.

Proof. Fix ¢ € [a,b] and € > 0, and choose N € Nsothat n > N = d(f, f.) < 5. Since fy
is continuous at ¢, 36 > 0 so that |z —c| <6 = |fn(2) — fn(c)| < 5. Then for |z —c| <0,

[f (@) = fl)] < [f(x) = fn(@)[ + [fn(z) = fn(e)] + [falc) = flo)] <e. =

Theorem 4.4. Let (f,)52, C C'([a,b];R) with f, — f : [a,b] — R pointwise and f, —
g : la,b] — R uniformly as n — oo. Then f € C'([a,b];R) and f' = g. Le., “when the
derivatives converge uniformly, the pointwise limit is differentiable and equal to the limit of
the derivatives”.

Proof. Fix x € [a,b]. Since f; — ¢ uniformly, fax fl — fax g. By the FTC Version II and
pointwise convergence of the f,, [ fI = fu(x) — fu(a) — f(x)— f(a). So [T g= f(z)— f(a)
for all # € [a,b]. By the FTC Version I, the map z — f(z) = f(a) + [. g is differentiable
with derivative g, as required. Il



5 Series of Functions

By the limit of a series of functions we mean the limit of the sequence of partial sums, just
as with series of real numbers. The following result, the Weierstrass M-test, is a very useful
test for uniform convergence of series of functions. The idea is to bound each term, and that
these bounds form a convergent series in R.

Theorem 5.1. (Weierstrass M-test.) Let f. : [a,b] — R for each r € N and suppose that
there are bounds M, € R with 2 M, < 0o and |f.(x)| < M, for all x € [a,b] and r € N,
Then Y 2, fr converges uniformly to some f : [a,b] — R.

Proof. Take s, := Y, f, and t,, := >_"_| M,. By assumption, (,)72, converges, and so

is Cauchy. So, given € > 0, 3Q € Nso that m > n > Q = |t,, — t,] < €. So, for any
m>n>Q and x € [a, bl

< zmj £ (z)] < Xm: M, =t, —t, <c.

r=n+1 r=n+1

> fw)

r=n+1

|sm(z) = sn ()| =

So (8,)5% is uniformly Cauchy, and hence uniformly convergent. O

Theorem 5.2. (A continuous nowhere-differentiable function.) Let f(z) := min{z—|x|, [z]—
x} = the distance from x to the nearest integer. Let f,(x) := 47"f(4"x) and F(x) :=
Yoo fu(x). Then F is everywhere continuous but nowhere differentiable.

This is a useful exercise that applies much of what we have learned so far. Hints: Use
the Weierstrass M-test to prove continuity. Observe that each f, contributes £1 to the
slope of the graph of F. Assume that F is differentiable at an arbitrary x € R and use this
observation to derive a contradiction.

6 Power Series

We consider power series of the form ZZOZO ap,x™ with a, € R.

Theorem 6.1. Suppose that Y ", a,x” converges for some x = xo # 0 and that 0 < b < |z.
Then Y02 a,x™ and the derived series Y - na,z" ' both converge uniformly on [—b,b].

Proof. Since Y anx{ converges, a,z{ — 0 as n — 0o. Choose K > 0 so that |a,zj| < K
b : b b
foralln € N. If [z| < bthen |a,2"| < |a,b"| < K| -|". Theseries ) 7 K| >[" = K/(1—|.>])
and so Y a,x{ converges uniformly on [—b,b] by the Weierstrass M-test. By the Ratio
Test, > -, Kn|%|”f1 also converges. So, by the Weierstrass M-test,y ~ na,z" ! also

converges uniformly on [—b, b]. O

Definition 6.2. The radius of convergence of the power series » - a,z" is

o
E A, T( CONVerges p .

n=0

R :=sup {|x0\

We know that the power series >~ a,z™ converges within the radius of convergence
(lx] < R) and diverges outside it (|x| > R). However, we cannot be certain what will happen
at the radius of convergence (|z| = R) without further examination.
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Theorem 6.3. Let > 7 a,z™ converge pointwise on (—R,R). Then the function f :
(—R,R) = R : x> > 2 a,z" is continuous and differentiable on (—R, R) with f'(x) =
oo napx™ . If [e,d] C (=R, R) then f|iq is requlated and

d 0 n+1 n+1
a, (d"Tt — et
[ =y
¢ n=0 n+
Definitions 6.4. The following functions C — C are defined by power series:

epr(x) = ZZ‘;D %Lv J2n1
cosh(z) =>"" i sinh(z) = 2o Ok
0o 1) 2n . 00 1" 2n+1
cos(x) = X0 T sin(@) = Xilo o

Proposition 6.5. exp’ = exp, cosh’ = sinh, sinh’ = cosh, cos’ = — sin, sin’ = cos.

Proposition 6.6. For all x € C,

cosh(x) = w, sinh(z) = exp(x)—exp(—x)

2 ’
exp(iz)+exp(—ix) exp(iz)—exp(—iz)
2 ’ :

cos(z) = 5

sin(x) =
For all x,y € C,

exp(z +y) = exp(z) exp(y),

cos(x + y) = cos(z) cos(y) — sin(z) sin(y),
sin(z 4 y) = sin(z) cos(y) + cos(z) sin(y).
Proposition 6.7. If we define log : (0,00) — R by log(z) := [{" 1 dt, then exp : R — (0, 00)

and log are mutually inverse bijections.

Proof. First observe that z > 0 = exp(z) > 1+« > 0. We know that exp(—z) exp(z) =
exp(0) = 1, so exp(—x) > 0. Thus exp’ = exp is positive on R, so exp is strictly increasing
by the Mean Value Theorem, and so is injective. Since exp(z) > 1+ z for z > 0, exp
takes arbitrarily large positive values; since exp(—z) = %, exp takes arbitrarily small
positive values. Hence, by the Intermediate Value Theorem, exp takes all values in (0, c0).
So exp : R — (0, 00) is a bijection.

If 0 <2 <1 then log(z) = — fxl % dt. By the FTC, log is differentiable with log'(z) = %
By the Chain Rule, for all z € R,

(logoexp)’(z) = (log’ o exp)(z) exp’(x)
1

0 exp(z)

=1

(log 0 exp)(0) = log(1) = [, + dt = 0 and (log o exp)(z = [ (logoexp)’ fo 1 = x. Thus,
logoexp = idg : R — R. Smce log'(z) = % >0 for x > 0, log is strictly increasing and
hence injective by the Mean Value Theorem. Since logoexp = idg, log is surjective, hence
bijective.

exp = id(g,0) 0 €Xp = log ' ologoexp = log ' oidg = log ™!

So exp~! = log and exp = log ™. O
Theorem 6.8. There is a real number m > 0 such that cos(z+m) = — cos(x) and sin(z+m) =
— sin(x).

We say that cos and sin are 2m-periodic; exp is 2mi-periodic.

7



7 Fourier Series

Fourier series are trigonometric series of the form

+ (a, cosrx + b, sinrx)

r=1

o
2

Lemma 7.1. (Orthogonality relations.) Let j,k € Z. Then

™ 0 j 7& k?
/ cos(jx)cos(kr)de =< © j=k#0,
o 2 =k =0,

/ sin(jx) cos(kz) dz = 0,

- (0 jAkj=k=0
/_sm(jx)sm(k;x) dac-{7T i — kA0

Proposition 7.2. Forn € N, define

+ » (a,cos(rz) + b, sin(rz))

r=1

Qo
Sp(x) = 5

and suppose that s, — f uniformly on R. Then

a, = %/:r f(z)cos(rz) dz forr >0,

b, = %/_7; f(z)sin(rz) dz forr > 1.
Proof. Fix r > 0. Then
d(s,(+) cos(r), f(+) cos(r-)) = sup |s,(x) cos(rz) — f(x) cos(rz)|

(@) cos(rz)]

(

— sup| s, (x) -

< sup |sp () — f(x)]
z€R

= d(sm f)

Asn — 00, s, — [ uniformly, so s,(+) cos(r-) — f(-) cos(r-) uniformly. Hence, as a sequence
in R, f; () cos(rz) do — f; f(x) cos(rx) dz and so

/ Spcos(rx) do = o cos(rz) dx

—Tr —Tr

+ ; (ak /: cos(kx) cos(rz) dz + bk/

—T

s

sin(k) cos(ra) dx)

= Tar,

which proves the claim for a,. The proof for b, is similar. O



Definition 7.3. To save space later, we shall say that f : R — R, a, € R (r > 0) and b, € R
(r > 1) satisfy the standard hypotheses if

(i) f is 2m-periodic;

(i) fl—rx is regulated,;

(ili) a, :== < [7_f(x)cos(ra) du;
by =2 [T f(z)sin(rz) da.

We call the a, and b, the Fourier coefficients of f and call the series

+ » (a,cos(rz) + b, sin(rz))

r=1

%
2
the Fourier series of f. Write s,(z) := @ + 3", (a, cos(rz) + b, sin(rz)), the nth partial
sum.
8 Orthogonality and Bessel’s Inequality
Definitions 8.1. On the vector space
Ko = {f : R = R|f|_rr is regulated and f is 2r-periodic}

we define the symmetric bilinear form*

—2 [ ro=2 [ s

We say that f,g € Por are orthogonal if (f,g)2 = 0. We write || f]|p2 for \/(f, f)r2, the
L?*-norm of f. We say that f, € %o, converge to f € %o, in the L? sense if || f, — fllz2 — 0
as n — 0o.

Lemma 8.2. (-,-);2 is a symmetric bilinear form on %oy .

Theorem 8.3. Assume the standard hypotheses on f and fit N € N. Then for any other
choice of coefficients Ay, ..., An,B1,..., By,

If = Snlle = If = swll2

where Sy(x) := %"‘25:1 (A, cos(rz) + B, sin(rz)) is the Nth partial sum for the coefficients
A, B,.

41t is not an inner product, since (f, f)z> = 0 does not imply that f = 0.



_77: m N - -
= %/_ f? —Ao% ) f—Q%Z <Ar/_ f(z) cos(rz) da:+B,,/_ f(x)sin(rz) dx>

2 N
2 E 0 E 2 2
/ f AoGQ—Q ACLT—FBb 7—{— _1A +B
1 N 1 s a N
_ 2 2 2 2 0 2 2
= 500 =40+ 2 (0= A+ 0B )+ [ g (5*21““”)

N~
*

—~
=

and this distance? is least when (x) = 0, i.e., when A, = a, and B, = b,. n
Corollary 8.4. (Bessel’s Inequality.) Assume the standard hypotheses on f. Then

e}

2
a
o+ _(al+ ) <|IfIZ

r=1
Corollary 8.5. Assume the standard hypotheses on f. Then a,,b, — 0 as r — oo.

This corollary may also be deduced from

Lemma 8.6. (Riemann-Lebesgue.) Let f € Z([—m,n|;R). Then [ f(x)cos(tx) dz — 0
and ["_f(z)sin(tz) dz — 0 as t — oo in R.

Proof. Since f,cos and sin are regulated (and so are their products), the integrals exist. Let
¢ € S ([—m,7];R) with partition {p;}¥_,. Then

/_: ¢(z) cos(tz) du = i c; /,z.)j cos(tz) dx

= Z (sin(tp;) — sin(tpj_1))

—>Oast—>oo.

For € > 0 take ¢ so that d(f,¢) < & and T > 0 so that ‘f x) cos(tx) dx‘ <Sfort>T.

Then, for t > T,
‘/ ¢(x) cos(tx) dx

/ f(z)cos(tx) dx

‘/ (x) — ¢(x)) cos(tx) dx| +

Similarly for sin. O
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9 Completeness and Convergence of Fourier Series
Definition 9.1. We say that the set of functions {1, cos(r-),sin(r-)|r € N} is complete if for
every f € %y, the Fourier series for f converges to f in the L? sense, i.e.

|\ f —snll;2 — 0as N — oo.

Proposition 9.2. (Parseval’s Formula.) If {1,cos(r-),sin(r-)|r € N} is complete and f
satisfies the standard hypotheses then

2 o0
Q,
3+ 2+ ) = Il

It can be shown that uniform convergence implies pointwise convergence and that uniform
convergence implies L? convergence. However, there is no implication relating pointwise
convergence and L? convergence.

Lemma 9.3. For ally € R,

oo 1sin((N +1/2)y)
Ly ; 0s(ry) = 5 i 2)

where the right hand side is interpreted as being N + % fory € 2nZ. Also,

/” sin((N +1/2)y) du — 1/” sin((N + 1/2)y) d
o sm(y2) U2/ sin(y/2)
Theorem 9.4. Assume the standard hypotheses on f and that f is differentiable. Then the
Fourier series for f converges to f pointwise.

Theorem 9.5. Assume the standard hypotheses on f and that f € C?*([—m,n];R). Then
there is a K > 0 such that |a,|,|b.| < & forr > 1.

Proof. f, f" and f” are all continuous and 27-periodic and so bounded. Let r > 1.
TG, :/ f(zx) cos(rx) dz

= %f(a:) sin(rz)

. %/ﬂ f'(z)sin(rz) dz

= éf’(x) cos(rx)

: — %/_: f"(z) cos(rx) dz

= _7"_12 /7r f"(x) cos(rzx) du.

So
1 v

ol <2 )

|f"(z) cos(rx)| da

1

< Lor s |f)
r z€[—m,m]
K

NGE
T2

where K 1= 28up,¢(_n  |f”(2)|. Similarly for [b,|. O
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Repeated integration by parts leads to the general rule that if f is C* then the Fourier
coefficients for f decay as rﬁk

Theorem 9.6. Assume the standard hypotheses on f and that f € C*([—n,n];R). Then the
Fourier series for f converges to f uniformly (and, hence, also in the L* sense).

Proof. We know there is a K > 0 such that |a,|, [b,| < & for r > 1, so

2K
la, cos(rz) + b sin(rz)| < |a.| + [b,] < g

Hence, by the Weierstrass M-test, %+ (a, cos(rz) 4 b, sin(rx)) converges uniformly to
some continuous g € %»,; by the pointwise convergence in the differentiable case, g = f. O

5

Lemma 9.7. The polynomz'asl h:R — R, h(z) =% — @ + vtz satisfies I(+v) = 0,
W'(+v) =0 and h(£v) = £3%.

Theorem 9.8. Assume the standard hypotheses on f. Then the Fourier series for f con-
verges to f in the L? sense.

Proof. Fix ¢ > 0 and let ¢ € (|-, n];R) with partition {pj}fzo and d(f,¢) < 7. As
usual, z € (pj_1,p;) = ¢(x) = ¢;; for convenience, let ¢y = ¢, and cxy1 = ¢;. Choose
v < smini<j<k [p; — pj—1]. We construct g € C*([—m,7];R) by setting g(z) = ¢(z) for
r € [—m, 7\ Ufzo(pj —v,p; +v) and g(p; +1t) == L 4 Lo(eo ) —¢)h(t) for t € [—v,v].
By the uniform convergence theorem for C? functions, IN € N such that the Nth partial
sum of the Fourier series for g has d(sy,g) < 5. For x € [—m, 7] \ U?zo(pj —v,p; + ),

o) = f(@)] < Jsn(@) = g@)| +|9(@) = f@)] < S+ = 5
and for x € [—m, 7] N U?:o(pj —v,pj +v),

sw (@) = f(@)] < lsn(x) = g(2)| + |g(x) = o(2)| + |o(z) — f(2)]

€ 3
< — + max |Cj4+1 — C¢j| + —
4 OSjSk|j+ .7| 4

=: J.

6271'

Hence, for v < 77,

rllsy — % = / " (sw(@) — fl@))? da

—T

(
(

e’r.

2
< ) o + J220k
2

A
RN
_l’_
o]
~
3

So [[sy — fll12 < €, as required. O

Lemma 9.9. (i) If z, — 2 in R as n — oo, then S E20=l 4 g — oo,

12



(ii) If sp =Yy, — s in R as n — oo, then o, 1= 2FIEE0=d s 5 g5 — oo,

o, is known as the nth Cesdro mean. It is possible that the Cesaro means of a series
might converge even if the partial sums do not.

Proposition 9.10. If f € Z([a,b;R) and q € (a,b) then f(¢g+) = lim,, f(z) and
f(g—=) = 1lim, », f(z) both exist, as do f(a+) and f(b—).

Lemma 9.11. For all N € N,

_ . 2
Nzl sin((n +1/2)u) _ (Sg;ﬁﬁ%?) u ¢ 217
sin(u,/2) N2 u € 2nZ

/Ow (%)2 du = N.

Theorem 9.12. (Fejér’s Theorem.) Assume the standard hypotheses on f and fiz x € R. As
usual, let s, be the nth partial sum of the Fourier series for f and let on be the Nth Cesdro
mean of the sequence (s,)0,. Then

n=0

as N — oo.

flat) + flz—)
2

on(z) —

(This limit is f(x) if f is continuous at x.)

Proof. We take « J2)
sm n+1/2
/ J sin(u/2) du.

From the above lemma,
=g [t (S
- ([0 () s [ e (S o

v ([0 () o [t () o)
:ﬁ/oﬂ(f(:chu)Jrf(x—u))(%) du

and so, if we write

sin(Nu/2) ) 2 |

ha,w) = (f(@+w) = f(e4) + f(@ = w) = f(2-)) ( sin(u/2)

flat)+fla=) 1 [T
on(x) — 5 = 2N7r/0 h(z,u) du

:ﬁ (/:h(x,u) du+/;h(x,u) du)

13



By definition of f(z+), f(z—),Ve > 0,36 > 0sothat 0 <u <0 = |f(z4u)— f(z+)] <3
and |f(x —u) — f(z—)| < 5. Now

1 0
— | h d
’ SN /0 (z,u) du

< sup [f(@+u) — f(a4) + oz —u) — flo)] /;(Si“w“/”fdu

Sup, 2N sin(u/2)
e o [sin(Nu/2)\”
= 2N7r/0 ( sin(u/2) ) du
<3
and
1 ™
‘M/g h(z,u) du
1 ™ (sin(Nu/2)\”
< g (fotw) = flat)+ fle—u) <x_>)m/5 (W) o
1 4 1
<as 10537 | s
T—20 1
<3
for suitably large N. -
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