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9. THE ROOT SYSTEM AND THE WEYL GROUP 
 
{ }Φ∈ααh  spans H , so we can find a subset { }

l
hh αα ,,

1
K  that forms a basis for H ; 

( ) lH =dim . 
 
Proposition 9.1. Let Φ∈α . Then ∑ =

=
l

i i i
hh

1 αα µ  for some Q∈iµ . 

 
Proof. We know this for C∈iµ . Let Q∈= ijji

hh ξαα , . The matrix ( )ijξ=Ξ  is non-

singular, since if it were singular we would have lηη ,,1 K  not all zero such that 

0
1

=∑ =

l

i ijiξη . Then 

 
0,

11
==∑∑ ==

l

i iji
l

i i ii
hh ξηη αα  

 
So 0,

1
=∑ =

xhl

i i iαη  for all Hx∈ . ⋅⋅,  is non-degenerate, so all 0=iη , which is a 

contradiction. 
 

llll

ll

l
hh

hh

ξµξµ

ξµξµ

αα

αα

++=

++=

K

M

K

11

1111

,

,
1

 

 
We have l  linear equations in l  unknowns with a non-singular coefficient matrix, all the 
entries of which are rational. Hence, by Cramer’s Rule, there is a unique solution 
( ) l

i Q∈µ  
 

 
Let QH  be the set of all ∑ =

l

i i i
h

1 αµ , Q∈iµ . ( ) lH =QQdim . QH  is independent of the 

choice of basis; all QHh ∈α . 
 
Let RH  be the set of all ∑ =

l

i i i
h

1 αµ , R∈iµ . ( ) lH =RRdim . 

 
Proposition 9.2. Let RHx∈ . Then 0, ≥∈Rxx  and 00, =⇔= xxx . 
 
Proof. Let RHx∈ , ∑ =

=
l

i i i
hx

1 αµ . 
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( )
( ) ( )

( ) ( )
( )( )∑ ∑

∑ ∑ ∑
∑ ∑ ∑
∑ ∑
∑ ∑

=

=

=

=

=

Φ∈

α α

α αα

α αα

αα

αα
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ααµµ

ααµµ
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µµ

2

adadtr

,,

i i

i j ji

i j ji

i j ji

i j ji

i

ji

ji

ji

ji

h

hh

hh

hh

hhxx

 

 
So R∈xx,  and 0, ≥xx . Suppose 0, =xx . Then for all Φ∈α , ( ) 0=∑ i i i

hααµ . In 

particular, ( ) 0=∑ i ji i
hααµ  for lj ,,1K= ; 0, ==∑∑ i ijii i ji

hh ξµµ αα  for all j . Ξ  is 

non-singular, so 0=iµ  for all i , so 0=x . 
 

 
So all RHh ∈α ; ( ) lH =RRdim . We introduce a total order on RH : let RHx∈ , 

∑= i i i
hx αµ . If 0≠x  we say 0fx  if the first non-zero iµ  is positive; if 0≠x  we say 

0px  if the first non-zero iµ  is negative. We have trichotomy: for each RHx∈  precisely 
one of 0=x , 0px , 0fx  is true. 
 
So, for Φ∈α , 0pαh  or 0fαh . Define 0pα  if 0pαh  and 0fα  if 0fαh . Define 
 

{ }0fαα Φ∈=Φ+ , the positive roots, and 
{ }0pαα Φ∈=Φ− , the negative roots. 

 
Clearly, −+ Φ∪Φ=Φ . 
 
A fundamental root is a positive root that is not the sum of two positive roots. Let Π  be 
the set of fundamental roots. 
 
Proposition 9.3. (i) Every positive root is a sum of fundamental roots. 
(ii) { }Π∈ααh  is a basis of RH . 

(iii) If Π∈βα ,  and βα ≠  then 0, ≤βα hh . 
 
Proof. (i) Let +Φ∈α . If Π∈α  we are done. If Π∉α  the there exist +Φ∈γβ ,  such 
that γβα +=  with αγβ p, . Repeat to get the result. 
 
(iii) Let Π∈βα ,  with βα ≠ . Then Φ∉− βα  since if not 
 

( ) ββαα +−=  or ( ) ααββ +−=  
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so either α  or β would be a sum of positive roots. Consider the α -chain of roots 
through β : 
 
 βαβαβ ++ q,,, K  

⇒  qqp
hh
hh

−=−=
αα

βα

,
,

2  by 8.11.

⇒  0, ≤βα hh  since 0, ≥αα hh  by 9.2.
 
(ii) By (i), the αh  for Φ∈α  span H . We show the αh  are linearly independent. Suppose 
not: then there exist R∈iµ  not all zero such that 
 

0=∑ Π∈i i
hiα αµ  

 
Rearrange this sum, taking all the positive iµ  to one side. Then 
 

sjsjriri
hhhhx jjii αααα µµµµ ++=++= KK

1111
 

0, >
vu ji µµ , vu ji ,  distinct for ru ≤≤1 , sv ≤≤1 . 

 
Then 
 

0,,
1111

≤++++=
sjsjriri

hhhhxx jjii αααα µµµµ KK  

 
by (iii). So 0=x , a contradiction. 

 
 
Note. +Φ  can be chosen in many different ways. However, Π  is determined by +Φ  and 

+Φ  is determined by Π . 
 
Example. Let ( )CnL sl= . The roots are 
 

ij

n

λλ
λ

λ
−
















aO

0

01

 for ij ≠  

 
Define +Φ  to be the roots with ij > . Then the fundamental roots are 
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ii

n

λλ
λ

λ
−

















+1

1

0

0
aO  for 11 −≤≤ ni  

( ) ( ) ( )1121 −+++ −++−+−=− jjiiiiij λλλλλλλλ K  
( ) lnH =−= 1dim , the rank of L . 

 
For each Φ∈α  we define RR HHs →:α  by 
 

( ) α
αα

α
α h

hh
xh

xxs
,
,

2−=  

 
αs  is linear and ( ) ααα hhs −= . The set of x  such that 0, =xx  forms a hyperplane i.e. a 

subspace of codimension 1. αs  is the reflection of RH  in the hyperplane orthogonal to 

αh . 
 

id2 =αs  

αα −= ss  
 
Let W  be the group of all non-singular linear maps RR HH →  generated by 
{ }Φ∈ααs . W  is called the Weyl group.† 
 
Proposition 9.4. (i) W  is a finite group. 
(ii) W  is a group of isometries, i.e. for all RHyx ∈, , Ww∈ , ( ) ( ) yxywxw ,, = . 
(iii) For each Φ∈α  and Ww∈  there is a Φ∈β  such that ( ) βα hhw = . 
 
Proof. (ii) Let RHyx ∈, . Then 
 

( ) ( )

yx

hh
hh

yhxh
hh

yhxh
yx

h
hh
yh

yh
hh
xh

xysxs

,

,
,

,,
4

,
,,

4,

,
,

2,
,
,

2,

2

=

−−=

−−=

αα
αα

αα

αα

αα

α
αα

α
α

αα

α
αα

 

 
So αs  is an isometry; so w  is an isometry for all Ww∈ . 
 
(iii) Now consider ( )βα hs : 

                                                 
† After Hermann Weyl. 
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( ) ααα −= hhs  
( ) ααα hhs =−  

 
So suppose αβ ±≠ . Consider the α -chain of roots through β , 
 

βαββα ++− qp ,,,, KK  
 

( )
( )

( )αβ

αβ

α
αα

βα
ββα

pqh

hqph

h
hh
hh

hhs

−+=

−−=

−=
,
,

2

 

 
Now ( ) Φ∈−+ αβ pq  since qqpp ≤−≤− . So αs  permutes the βh  for Φ∈β . Hence 

Ww∈  permutes the βh  for Φ∈β . Note that 
 

( )( ) ( ) ( )βαβαβαβ +++−=+−+ qppq  
 
so αs  inverts the βh  in a given α -chain. 
 
(i) We have a homomorphism from W  to the  group of permutations of the αh  for 

Φ∈α . Φ  is finite, so the image of this homomorphism is finite. If Ww∈  is in the 
kernel then ( ) αα hhw =  for all Φ∈α . Since the αh  span RH , id=w . Hence, W  is finite. 

 
 
Proposition 9.5. Given any root Φ∈α  there exists a fundamental root Π∈iα  and a 

Ww∈  such that ( )
i

hwh αα = . 
 
Proof. Each Φ∈α  has the form llnn ααα ++= K11 , Z∈in . If +Φ∈α  then all 0≥in ; 
if −Φ∈α  then all 0≤in . We may assume +Φ∈α  since if −Φ∈α  then use 

( )ααα −= hsh . The quantity lnn ++K1  is called the height of α , ( )αht . We use induction 
on ( )αht . If ( ) 1ht =α  we are done, so assume ( ) 1ht >α . By 8.12, at least two 0>in . 
 

∑=<
i i hhnhh

i αααα ,,0  

 
All 0≥in , so there exists i  such that 0, >αα hh

i
. Let ( ) βαα hhs

i
= . 
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i

ii

i h
hh

hh
hh α

αα

αα
αβ ,

,
2−=  

i

ii

i

hh

hh
ααβ

αα

αα

,

,
2−=  

 
So ( ) ( )αβ htht < . Passing from α  to β  changes only one in , hence β  has at least one 

0>jn , so +Φ∈β . By induction, ( )
j

hw αβ ′=  for some Ww ∈′  and some Π∈jα . Thus, 

taking Wwsw
i

∈′= α , 
 

( ) ( ) ( )
jjii

hwhwshsh αααβαα =′== . 
 

 
Proposition 9.6. The Weyl group W  is generated by 

l
ss αα ,,

1
K  for { }lαα ,,1 K=Π . 

 
Proof. Suppose 0W  is the subgroup generated by { }Π∈ii

s αα . To show 0WW =  we 
show 0Ws ∈α  for all Φ∈α . The proof of 9.5 shows that ( )

i
hwh αα =  for some Π∈iα  

and some Ww∈ . Consider 0
1 Wwws

i
∈−

α . 
 

( ) ( ) ( ) αααααα hhwhwshwws
iiii

−=−==−1  
 
Let RHx∈  be such that 0, =xhα . Then 
 
⇒  ( ) ( ) 0, 11 =−− xwhw α  

⇒  ( ) 0, 1 =− xwh
iα  

⇒  ( ) ( ) xxwwxwws
i

== −− 11
α  

 
Hence, αα swws

i
=−1 . Then 0Ws ∈α , so 0WW = . 

 
 
Example. ( )C3sl=L ; ( ) 8dim =L . 
 
















=++
















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1

λλλ
λ
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H  

 
( ) 2dim =H . 
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313221132312 EEEEEEHL CCCCCC ⊕⊕⊕⊕⊕⊕=  
 
Let 
 
















=

3

2

1

00
00
00

λ
λ

λ
h  

( ) ijijij EhE λλ −=][  
 
The roots are 
 

121 : λλα −ah  232 : λλα −ah  1321 : λλαα −+ ah  

211 : λλα −− ah  322 : λλα −− ah  3121 : λλαα −−− ah  
( ){ }2121 ,, αααα +±±±=Φ  

{ }21,αα=Π  
 
Consider the corresponding vectors Hh ∈α . Let 
 

Hh ∈















=

3

2

1

00
00
00

λ
λ

λ
, Hh ∈
















=′

3

2

1

00
00
00

µ
µ

µ
 

 
( )
( )( ) ( )( ) ( )( )

( )( )
( ) ( )( ) ( )
( )
( )hh

hhhh

′=
++=

+++++++−++=
+++++−++=

−−+−−+−−=

′=′

tr6
6

224
2222

222
adadtr,

332211

332211321321332211

231332123121332211

131323231212

µλµλµλ
µλµλµλµµµλλλµλµλµλ

µλµλµλµλµλµλµλµλµλ
µµλλµµλλµµλλ

 

 

1α
h  satisfies ( ) 121,

1
λλαα −== hhh , so 

 















−
=

000
010
001

6
1

1α
h  

 
Similarly, 
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














−=

100
010
000

6
1

2αh  

 
For RHx∈  define xxx ,= . With this notation, 31

21
== αα hh  and 

 
( ) 6

1
6
1

6
1 16,

21
−=−=αα hh  

 
The angle between 

1α
h  and 

2αh  is given by the cosine formula: 
 

θαααα cos,
2121

hhhh =  

32πθ =  
 

1α
h

1α−
h

2α−
h

2α
h

21 αα +h

21 αα −−h
 

 
{ }

21212121122121
,,,,id, αααααααααααααα +=== sssssssssssssW  
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10. THE DYNKIN DIAGRAM 
 
We shall consider the geometrical properties of the αh  for Φ∈α . 
 
Proposition 10.1. Let Φ∈βα , , αβ ±≠ . Then 
(i) the angle between α  and β  is one of 
 

6π , 4π , 3π , 2π , 32π , 43π , 65π ; 
 
(ii) if the angle is 3π  or 32π , αh  and βh  have the same length; 

(iii) if the angle is 4π  or 43π , the ratio of the lengths of αh  and βh  is 2 ; 

(iv) if the angle is 6π  or 65π , the ratio of the lengths of αh  and βh  is 3 . 
 
Proof. Let αβθ  be the angle between αh  and βh . We have 
 
 αββαβα θcos, hhhh =  

⇒  αβββααβα θ22
cos,,, hhhhhh =

⇒  
ββ

αβ

αα

βα
αβθ

hh
hh

hh
hh

,
,2

,
,2

cos4 2 =  

 
By 8.11, both factors on the RHS are integers, so Z∈αβθ2cos4 . 1cos0 2 <≤ αβθ , so 

4cos40 2 <≤ αβθ , so { }3,2,1,0cos4 2 ∈αβθ . 
 
⇒  { }2

3
2

1
2
12 ,,,0cos ±±±∈αβθ  

⇒  { }65,6,43,4,32,3,2 πππππππθαβ ∈
 











=

ββ

αβ

αα

βα

αβθ
hh

hh

hh

hh

,

,

,

,2 22cos4  

 
Suppose αβθ  is 3π  or 32π , so 1cos4 2 =αβθ . ( )( )1.11.11 −−== , so βα hh = . 
 
Suppose αβθ  is 4π  or 43π , so 2cos4 2 =αβθ . ( )( ) ( )( )1.22.11.22.12 −−=−−=== . So 

one of αα hh ,  and ββ hh ,  is twice the other, so one of αh , βh  is 2  times the other. 
 
Suppose αβθ  is 6π  or 65π , so 3cos4 2 =αβθ . ( )( ) ( )( )1.33.11.33.13 −−=−−=== . So, 

as above, one of αh , βh  is 3  times the other. 
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Proposition 10.2. Let Φ∈α . Then every α - chain of roots has at most four roots in it. 
 
Proof. Consider the α - chain of roots through β  with β  as the first root: 
 

βαβαβ ++ q,,, K  
 
By 8.11, qhhhh −=ααβα ,,2 . The LHS is 2,1,0 −−  or 3−  by 10.1. So 3≤q . So the 
length of the α -chain is at most 4. 

 
 
Let  
 

ii

ji

hh

hh
aij

αα

αα

,

,
2=  

 
and ( )ijaA = . A  is called the Cartan matrix; the ija  are the Cartan integers. 
 
Proposition 10.3. The Cartan matrix has the following properties: 
(i) for each i , 2=iia ; 
(ii) for ji ≠ , { }3,2,1,0 −−−∈ija ; 
(iii) 12 −=⇒−= jiij aa ; 13 −=⇒−= jiij aa ; 
(iv) 00 =⇔= jiij aa . 
 
Proof. If ji ≠  then jiijaa=αβθ2cos4 . 
(i) Clear. 
(ii) Follows from 10.1, 9.3. 
(iii) Follows from 10.1. 
(iv) Clear. 

 
 
We incorporate this information into a graph. The Dynkin† diagram is a graph ∆  with l  
vertices, one for each fundamental root. If ji ≠  then vertices ji,  are joined by 

jiijij aan =  edges, 30 ≤≤ ijn . The Dynkin diagram may be disconnected, as in 
 

 
 

                                                 
† After E.B. Dynkin. Also due to H.S.M. Coxeter. 
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It splits into connected components and the Cartan matrix splits into corresponding 
blocks; off-diagonal blocks are zero: 
 

















∗

∗
=

0

0
OA  

 
We define a corresponding quadratic form Q : 
 

( ) ∑∑ ≤≠≤=
−=

lji jiij
l

i il xxnxxxQ
11

2
1 2,,K  

 
Recall the correspondence between quadratic forms on R  and real symmetric matrices: 
 

( )ijmM =  symmetric 

∑= ji jiij xxmxMx
,

T  

 
The matrix of ( )lxxQ ,,1 K  is 
 























−−
−−
−−

2

2
2

2

2313

2312

1312

OOO

O

O

nn
nn
nn

 

 
Proposition 10.4. The quadratic form ( )lxxQ ,,1 K  is positive definite, i.e. ( ) 0,,1 ≥lxxQ K  
and ( ) 00,, 11 ===⇔= ll xxxxQ KK . 
 
Proof. 

ijjiijij naa ==θ2cos4  

ijij n−=θcos2  

ijjiji
hhhh θαααα cos, =  

( ) yyh
h

x
h

h
xxx

hh

hh
xxQ

j
j

i
il

ji jil j

j

i

iji

ji ,2,2
,

2,,
1,1 === ∑∑∑ = α

α
α

ααα

αα
K  

 
where ∑= i i ii

hhxy αα . So ( ) 0,,1 ≥lxxQ K . If ( ) 0,,1 =lxxQ K  then 0, =yy , so 

0=y , so all 0=ix . The converse is clear. 
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Recall. Any quadratic form can be diagonalized; there exists a non-singular real ll ×  
matrix P  such that DPMP =T , a diagonal matrix. Let 1−= xPy ; then TT yDyxMx = . 
 
Proposition 10.5. Let ( )ijmM =  be an ll ×  real symmetric matrix. Then the associated 

quadratic form ∑ ji jiij xxm
,

 is positive definite if and only if all leading minors of M  

have positive determinant. (The leading minors are 
 

( ) M
mm
mm

m ,,,
2221

1211
11 K








.) 

 
Proof. We use induction on l . Assume the quadratic form is positive definite. If 1=l , 

( )11mM = . 00 11
2

11 >⇔> mxm . Suppose 1>l . ∑ =

l

ji jiij xxm
1,

 is still positive definite as 

it is the original with 0=lx . By induction, the first 1−l  leading minors of M  have 
positive determinant; we require that ( ) 0det >M . TT yDyxMx = , D  diagonal with 
entries 0,,1 >ldd K . Now if DPMP =T , 
 

( ) ( ) ( ) 0detdetdet 2 >= DMP . 
 
Conversely, suppose that all leading minors of M  have positive determinant. The same 
is true of the smaller ( ) ( )11 −×− ll  leading minor. By induction, ∑ −

=

1

1,

l

ji jiij xxm  is positive 

definite. So we have a diagonal form in new coordinates lyy ,,1 K : 
 

∑∑ −

=

−

=
=

1

1
21

1,

l

k kk
l

ji jiij xdxxm  with 0>kd . 
2

1111
1

1
2

1,
22 lllll

l

k kk
l

ji jiij exxyexyexdxxm ++++= −−
−

== ∑∑ K  

 
This may be diagonalized by a further transformation of coordinates: 
 

id
e

ii xyz
i

i+=  
 
We get 22

11
2
11 lll fxzdzd ++ −−K . So there is a non-singular P  such that 

 



















=
−

f
d

d

PMP
l

0

0

1

1

T O
 

( ) ( ) ∏ −

=
=

1

1
2 detdet l

i idfMP  
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We assume ( ) 0det >M , so 01

1
>∏ −

=

l

i idf , so 0>f . Thus, the form is positive definite. 
 

 
We consider graphs with the following properties: 
(i) the graph is connected; 
(ii) any two distinct vertices are joined by 0, 1, 2 or 3 edges; 
(iii) the associated quadratic form is positive definite. 
 
The Dynkin diagram of a semisimple Lie algebra has connected components satisfying 
(i)-(iii). It is possible to determine all graphs satisfying (i)-(iii). 
 
Theorem 10.6. The only graphs satisfying (i)-(iii) are 
 

1A  2A  3A  … lA  

   …  
 
2B  

 
3B  

 
4B  

 
…

 
lB  

  …
 
4D  

 
5D  

 
… 

 
lD  

 

… 

 
 
6E  

 
7E  

 
8E  

   
 
4F  

 
2G  

 
 

 

 
Proof. The given graphs clearly satisfy (i) and (ii). We show that they satisfy (iii). We 
show ( )lxxQ ,,1 K  is positive definite by induction on l . If 1=l  we have ( ) 2

11 2xxQ = , 
which is positive definite. Suppose 1>l . There is a vertex l  such that when it is removed 
we have another graph on the list. By induction, ( )11 ,, −lxxQ K  is positive definite, so all 
leading minors of the matrix of ( )11 ,, −lxxQ K  have positive determinant. To complete the 
induction we show that the matrix of ( )lxxQ ,,1 K  has positive determinant. 
 
Let lY  be a graph of l  vertices and ly  the determinant of the matrix of the associated 
quadratic form. In the case 1=l , 221 ==a . In the case 2=l  we have 
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3
21
12

2 =
−

−
=a  

2
22

22
2 =

−
−

=b  

1
23

32
2 =

−
−

=c  

 
Suppose 3≥l . Remove a vertex l  joined to just one other vertex 1−l  by a single edge. 
If lY  is the given graph, let 1−lY  be the graph with vertex l  removed in this way, and let 

2−lY  be the graph with vertices l  and 1−l  removed in this way. 
 

( ) ( )( ) 2121 2112

2100
12

0

0

det −−−− −=−−−=

−
−

== llllll yyyyYy

L

M

 

  
Hence: 
 
Type lA  12 21 +=⇒−= −− laaaa llll  
Type lB  22 21 =⇒−= −− llll bbbb  
Type lD  42 2

134 =−= aad  
42 345 =−= add  

4=⇒ ld  by induction 
Type 6E  32 456 =−= ade  
Type 7E  22 567 =−= dee  
Type 8E  12 678 =−= eee  
Type 4F  12 234 =−= abf  
Type 2G  12 =g  
 
Hence, ( )lxxQ ,,1 K  is positive definite in each case. 
 
In order to show the converse, i.e. that the graphs on our list are the only possible ones, 
we shall first require some additional results. 
 
Proposition 10.7. For each of the following graphs the corresponding quadratic form 
( )lxxQ ,,1 K  has determinant zero. 
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2
~A  3

~A  … 
lA~  

  
… Etc. 

 

3
~B  

 

4
~B  

 

5
~B  

 
…

 

lB~  

  
… Etc. 

 

2
~C  

 

3
~C  

 

4
~C  

 
…

 

lC~  

 … Etc. 
 

4
~D  

 
5

~D  
 

… 
 

…
 
lD~  

 
… … Etc. 

 

6
~E  

 

7
~E  

 

8
~E  

 
  

 

4
~F  

 

2
~G  

 
 

 

 
Proof. In most cases we can calculate the determinant as before, but not in types lA~ , lC~ . 
 
Type lA~  

0

211
10

1
0121

112

=

−−
−

−
−−

−−

O

O  since the row 
sum is ( )0,,0 K

Type lC~  

( )( ) 0222

2200
22

0

0

1 =−−−=

−
−

−ll bb

L

M

Type lB~  022.22~ 22
133 =−=−= abb  

Type lD~  024.22~ 33
144 =−=−= add  

Type 6
~E  063.22~

566 =−=−= aee  
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Type 7
~E  042.22~

677 =−=−= dee  

Type 8
~E  021.22~

788 =−=−= eee  

Type 4
~F  021.22~

344 =−=−= bff  

Type 2
~G  021.22~

122 =−=−= agg  
 

 
Lemma 10.8. Let Y  be a graph in which any two vertices are joined by at most three 
edges. Suppose the corresponding quadratic form is positive definite. Suppose Y ′  is a 
graph obtained from Y  by omitting some of the vertices, or by reducing the number of 
edges, or both. Then the quadratic form for Y ′  is also positive definite. 
 
We call Y ′  a subgraph of Y . 
 
Example. 
 

=′Y  is a subgraph of =Y   
 
Proof. The quadratic form for Y  is 
 

( ) ∑∑ ≤≠≤=
−=

lji jiij
l

i il xxnxxxQ
11

2
1 2,,K . 

 
The quadratic form for Y ′  is 
 

( ) ∑∑ ≤≠≤=
′−=′

mji jiij
m

i im xxnxxxQ
11

2
1 2,,K , 

 
with lm ≤  and ijij nn ≤′ . Suppose Q′  is not positive definite. Then there exists 

( ) 0,,1 ≠myy K  with ( ) 0,,1 ≤′ myyQ K . Consider ( )0,,0,,,1 KK myyQ . This is 
 

( )m

mji jiij
m

i i

mji jiij
m

i imji jiij
m

i i

yyQ

yyny

yynyyyny

,,

2

22

1

11
2

11
2

11
2

K′≤

−≤

′−≤−

∑∑
∑∑∑∑

≤≠≤=

≤≠≤=≤≠≤=

 

 
So ( ) ( ) 0,,0,,0,,, 11 ≤′≤ mm yyQyyQ KKK . So ( )lxxQ ,,1 K  is not positive definite, a 
contradiction. 

 
 
We now return to the proof of 10.6. 
 
Suppose Y  is some graph satisfying conditions. (i)-(iii). By 10.7 and 10.8 we know that 
no graph of the form FEDCBA ~,~,~,~,~,~  or G~  can be obtained as a subgraph of Y . 
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(a) Y  contains no cycles, for otherwise Y  would have a subgraph of the form lA~ . 
 
(b) If Y  has a triple edge then 2GY = , for otherwise Y  would have 2

~G  as a subgraph. 
 
(c) Suppose Y  has no triple edge. Then Y  can have no more than one double edge, for 
otherwise Y  has a subgraph of type lC~ . 
 
(d) Suppose Y  has one double edge. Then Y  has no branch point, for otherwise Y  has 

lB~  as a subgraph. 
 
(e) If the double edge is not at one end then 4FY = , for otherwise Y  has a subgraph 4

~F . 
If the double edge is at one end, lBY = . 
 
(f) Now suppose Y  has only single edges. Then Y  cannot have a branch point with four 
or more branches, for otherwise Y  has 4

~D  as a subgraph. 
 
(g) Y  can have no more than one branch point, for otherwise Y  has a subgraph lD~ , 

5≥l . 
 
(h) If Y  has no branch points, lAY = . So suppose Y  has just one branch point with three 
branches of lengths 321 lll ≤≤ , llll =+++ 1321 . Then 11 =l , for otherwise Y  would have 

6
~E  as a subgraph. 

 
(i) If 121 == ll , lDY = . Also, 22 ≤l , for otherwise Y  has 7

~E  as a subgraph. 
 
(j) So assume 11 =l , 22 =l . Then 43 ≤l , for otherwise Y  has 8

~E  as a subgraph.  
 

63 2 EYl =⇒=  

73 3 EYl =⇒=  

83 4 EYl =⇒=  
 

 
Corollary 10.9. Every Dynkin diagram of a semisimple Lie algebra has connected 
components of type 4876 ,,,,,, FEEEDBA lll  and 2G . 
 
The Cartan matrix ( )ijaA =  determines the Dynkin diagram since jiijij aan = . However, 
the Dynkin diagram does not always determine the Cartan matrix. Recall that the ija  
satisfy 
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2=iia  

{ }3,2,1,0∈ija  for ji ≠  
 
If 1=ijn  then 1== jiij aa . If 2=ijn  then ( ) ( )1,2, −−=jiij aa  or ( )2,1 −− . If 3=ijn  then 
( ) ( )1,3, −−=jiij aa  or ( )3,1 −− . In this last case the Dynkin diagram is 2G . We have 
 









−

−
=

23
12

A  or 







−

−
21
32

 

 
and one is obtained from the other by re-labeling the vertices. 
 
Suppose 2=ijn . If 2=l  the possibilities for the Cartan matrix are 
 









−

−
=

22
12

A  or 







−

−
21
22

, 

 
again obtainable from one another by re-labeling. If 3≥l  there are two possible Cartan 
matrices: 
 























−
−

−
−

=

22
12

21
12

O

OOO

O

lB  























−
−

−
−

=

21
22

21
12

O

OOO

O

lC  

















−
−−

−
=

220
121

012

3B  
















−
−−

−
=

210
221

012

3C  

321
2 ααα hhh ==  

321 2
1

ααα hhh ==  

  
 
We place an arrow on the Dynkin diagram when we have a double or triple edge; the 
arrow points from the longer root to the shorter one. For example, with 2G : 
 

shortlong  
 
Theorem 10.10. The possible Cartan matrices with connected Dynkin diagrams are (up 
to permutation of the numbering of the vertices): 
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





















−
−

−
−

=

21
12

21
12

O

OOO

O

lA  























−
−

−
−

=

22
12

21
12

O

OOO

O

lB  























−
−

−
−

=

21
22

21
12

O

OOO

O

lC  



























−
−

−−

−
−

=

201
021
112

21
12

O

OOO

O

lD  



























−
−

−−
−−−

−−
−

=

21
210
121

10121
121

12

6E  





























−
−

−−
−−−

−−
−−

−

=

21
210
121

10121
121

121
12

7E  

































−
−

−−
−−−

−−
−−

−−
−

=

21
210
121

10121
121

121
121

12

8E  



















−
−−

−−
−

=

2100
1220

0121
0012

4F  







−

−
=

23
12

2G  
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11. THE INDECOMPOSABLE ROOT SYSTEMS 
 
A root system is called indecomposable if it has a connected Dynkin diagram. 
 
Case 1=l . We have only one possibility, 1A : 
 

1A  
 
 
 

1α
h

1α−
h

 
 
 
{ }1α±=Φ  

1α
sW = ; 2=W  

 
Case 2=l . Here we have three possibilities 
 

2A  2B  2G  
   

 
Type 2A . 
 

1α
h

1α−
h

2α−
h

2α
h

21 αα +h

21 αα −−h
 

 
( ){ }2121 ,, αααα +±±±=Φ  

 
Type 2B . 
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1α
h

1α−
h

2α
h

2α−
h

212 αα +h
21 αα +h

21 αα −−h
212 αα −−h

 
 

( ) ( ){ }212121 2,,, αααααα +±+±±±=Φ  
 
(In the above diagram, the dashed lines indicating the reflection axes are shown slightly 
offset for clarity.) 
 
Type 2G . 
 

1α
h

1α−
h

2α
h

21 αα +h
212 αα +h

213 αα +h

21 23 αα +h

21 23 αα −−h

2α−
h

21 αα −−h
212 αα −−h

213 αα −−h

 
 

( ) ( ) ( ) ( ){ }2121212121 23,3,2,,, αααααααααα +±+±+±+±±±=Φ  
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(Again, the dashed lines indicating the reflection axes are shown slightly offset.) 
 
Case 3≥l . Type lA . It is convenient to describe the root system of type lA  in a 
Euclidean space of dimension 1+l . 
 
Let V  be an ( )1+l -dimensional Euclidean space. Let { }nεε ,,0 K  be an orthogonal basis 

of vectors of the same length, so ijji Kδεε =,  for some 0>K . 
 

1 2 1−l lL
 

 
Define 101

εεα −=h , 212
εεα −=h , …, lll

h εεα −= −1 . The 
i

hα  are linearly independent. 
 

Khh
ii

2, =αα  

0, =
ji

hh αα  if 1,,1 +−≠ iiij  

Khh
ii

−=
+1

, αα  

1
2
2

,

,
2 1

1, −=
−

== +

+ K
K

hh

hh
a

ii

ii

ii
αα

αα  

 
Thus for suitable K  the 

i
hα  form a fundamental system of roots of type lA . Let 0V  be 

the subspace spanned by these vectors; ( ) lV =0dim . Consider the map VV →  given by 

10 εε ↔ , ii εε a  for 2≥i . 
 

11 αα hh −a  

212 ααα hhh +a  

ii
hh αα a  for 2≥i  

 
This is 

1α
s . Similarly, the linear map VV →  such that ii εε ↔−1 , all others fixed, is 

i
sα . 

 
W  is generated by 

l
ss αα ,,

1
K . The group generated by all transpositions ( )ii εε 1−  is 

isomorphic to 1+lS . So we have a homomorphism VSl →+1 . This map is surjective; it is 
also injective, since any permutation of { }nεε ,,0 K  that fixes each 

i
hα  is the identity. 

Hence, 1+≅ lSW . 
 
Each αh  has the form )(

i
hwh αα =  for some Ww∈  and some i . Hence 

 
{ }ljiji ≤≠≤−=Φ 0εε . 
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So ( )1+=Φ ll . 
 
Type lB . 
 

1 2 1−l lL

 
 
Let V  be a Euclidean space of dimension l  with basis { }lεε ,,1 K  such that 

ijji Kδεε =, . Define 
 

l

ll

l

l

h

h

h

h

ε

εε

εε

εε

α

α

α

α

=

−=

−=

−=

−− 1

32

21

1

2

1

M  

 
These form a fundamental system of vectors of type lB . 
 

ll
hhh ααα 2

11
===

−
K  

0, =
li

hh αα  for 21 −≤≤ li  

Khh
ll

−=
− αα ,
1

 

1
2
2

,

,
2

11

1 −=
−

=
−−

−

K
K

hh

hh

ll

ll

αα

αα  

 
21:

1
εεα ↔s  and leaves others fixed, 

32:
2

εεα ↔s  and leaves others fixed, 
M  

lll
s εεα ↔−− 1:

1
 and leaves others fixed, 

lll
s εεα −a:  and leaves others fixed. 

 

l
ssW αα ,,

1
K= ; for Ww∈ , ( ) jiw εε ±= . !2 lW l= . Each αh  has the form )(

i
hwh αα =  

for some Ww∈  and some i . Hence, 
 

{ } { }lilji iji ≤≤±∪≤≠≤±±=Φ 11 εεε  
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( ) 22 221222
2

llllll =+−=+




=Φ  

 
Type lC . 
 

1 2 1−l lL

 
 
Let V  be a Euclidean space of dimension l  with basis { }lεε ,,1 K  such that 

ijji Kδεε =, . Define 
 

l

ll

l

l

h

h

h

ε

εε

εε

α

α

α

2
1

21

1

1

=

−=

−=

−−

M
 

 
W  is the same as for lB . For Ww∈ , ( ) jiw εε ±= . !2 lW l= . The αh  are the vectors 

ji εε ±±  (for ji ≠ ) and iε2± . Hence,  
 

( ) 22 221222
2

llllll =+−=+




=Φ  

 
Type lD . 
 

1 2
1−l

l

L 2−l

 
 
Let V  be a Euclidean space of dimension l  with basis { }lεε ,,1 K  such that 

ijji Kδεε =, . Define 
 

ll

ll

l

l

h

h

h

εε

εε

εε

α

α

α

+=

−=

−=

−

−−

1

1

21

1

1

M
 

 
This is a fundamental system of roots of type lD . 
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21:

1
εεα ↔s  and leaves others fixed, 

M  

lll
s εεα ↔−− 1:

1
 and leaves others fixed, 

lll
s εεα ma1: −±  and leaves others fixed. 

 
For Ww∈ , ( ) jiw εε ±= . There will be an even number of sign changes, so !2 1lW l−= . 
The αh  have the form ji εε ±±  for ji ≠ . So 
 

( ) ( )1242 2
12

2
−==





=Φ − lllll  

 
Type 4F . 
 

1 2 3 4
 

 
Let V  be a 4-dimensional Euclidean space with basis { }4321 ,,, εεεε , ijji Kδεε =, . 
 

211
εεα −=h  

322
εεα −=h  

33
εα =h  

( )43212
1

4
εεεεα +−−−=h  

 
This is a fundamental system of vectors of type 4F . 

321
,, ααα sss  permute 321 ,, εεε  and 

change signs arbitrarily. 
 

( )
( )
( )
( )















+−+

+++↔

+=++−−

+=+−+−

+=+−−

4321

43212
1

4

343212
1

3

243212
1

2

143212
1

1

4

4

4

4
:

εεεε
εεεεε

εεεεεε

εεεεεε

εεεεεε

α

α

α

α

a

a

a

a

h

h

h

s  

 
Let { }Φ∈= ααhS . 
 

{ } Sjiji ⊆≤≠≤±± 31εε  
{ } Sii ⊆≤≤± 31ε  
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( ) S∈±±±± 43212
1 εεεε  
{ } Sii ⊆≤≤±± 314εε  

S∈± 4ε  
 
So S  contains 
 

ji εε ±±  for 41 ≤≠≤ ji  

iε±  for 41 ≤≤ i  
( )43212

1 εεεε ±±±±  
 
This collection of vectors is closed under the actions of 

41
,, αα ss K . 

 

4824.22 42

2
4 =++




=Φ  

 
(We have 24 short roots and 24 long ones.) 
 
Type 8E . 
 

3 421 5 6 7

8  
 
Let V  be a Euclidean space of dimension 8 with basis { }81 ,, εε K  such that 

ijji Kδεε =, . Define 
 

( )876543212
1

7

76

76

21

8

7

6

1

  type

εεεεεεεε

εε

εε

εε

α

α

α

α

+++++++−=













+=

−=

−=

h

D

h

h

h

M

 

87 αhha =  

Khh −=
87

, αα  

1
2
2

,

,
2

77

87 −=
−

=
K
K

hh

hh

αα

αα  
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These vectors form a fundamental system of type 8E . 
71

,, αα ss K  permute 71 ,, εε K  and 
change an even number of signs. 
 

( )
88 2

1
814

1 3: αα εεεεε hs iii +=−+++− KKa  
 
Let { }Φ∈= ααhS . S  contains ji εε ±±  for 71 ≤≠≤ ji . S  contains ∑ =

8

12
1

i iε  so S  

contains ( ) ( )8787612
1

8
εεεεεε α +=++−−− sK . So S∈+ 87 εε . So S  contains 8εε ±± i  

for 71 ≤≤ i . S  also contains ( )812
1 εε ±±± K  with an even number of negative signs. So 

S  contains 
 

ji εε ±±  for 81 ≤≠≤ ji  
( )812

1 εε ±±± K  with an even number of negative signs 
 
This is the whole of S , for it is invariant under 

81
,, αα ss K : this is clear for 

71
,, αα ss K  but 

requires a little work to check for 
8α

s . So the roots of 8E  are 
 

ji εε ±±  for 81 ≤≠≤ ji  

∑ =
±

8

12
1

i iε  where ( ) 1=±Π  

 

24022 72

2
8 =+




=Φ  

 
Type 7E . 
 

3 421 5 6

7  
 
Take V  as before – ( ) 8dim =V . Take 0V  to be the subspace of V  perpendicular to 

81 εε − . ( ) 7dim 0 =V  and 
82

,, αα hh K  form a basis of 0V . This is a fundamental system of 
type 7E . Consider ( ){ }7EhS Φ∈= αα . This set lies in ( ){ } 08 VEh ∩Φ∈αα . This 
intersection is 
 

ji εε ±±  for 72 ≤≠≤ ji  
( )81 εε +±  

( )87212
1 εεεε +±±± K  where ( ) 1=±Π  
( )87212

1 εεεε −±±±− K  where ( ) 1=±Π  
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All of these can be obtained from 
82

,, αα hh K  by means of 
82

,, αα ss K . This is obvious 
except for ( )81 εε +± . 
 

( )87212
1

21:
8

εεεεεεα +−−−↔+ Ks  
 
So ( ) S∈+± 81 εε . So S  is 
 

ji εε ±±  for 72 ≤≠≤ ji  
( )81 εε +±  

( )87212
1 εεεε +±±± K  where ( ) 1=±Π  
( )87212

1 εεεε −±±±− K  where ( ) 1=±Π  
 

( ) 552
7 2222

2
6 +++




=Φ E  

 
Type 6E . 
 

321 54

6  
 
We proceed as before. 

83
,, αα hh K  form a fundamental system of vectors of type 6E . Let 

0V  be the subspace of V  for 8E  that is orthogonal to 81 εε −  and 82 εε − . ( ) 6dim 0 =V  and 

83
,, αα hh K  form a basis of this space. 

 
( ){ } ( ){ } 086 VEhEh ∩Φ∈⊆Φ∈ αα αα  

 
The αh  in 0V  are 
 

ji εε ±±  for 73 ≤≠≤ ji  
( )873212

1 εεεεε +±±±+ K  where ( ) 1=±Π  
( )873212

1 εεεεε −±±±−− K  where ( ) 1=±Π  
 
All of these are obtainable from 

83
,, αα hh K  by 

83
,, αα ss K . 

 

( ) 72222 442
6 2

5 =++




=Φ E  

 
Theorem 11.1. The number of roots in each of the indecomposable root systems is 
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lA  lB  lC  lD  6E  7E  8E  4F  2G  

( )2+ll  ( )12 +ll  ( )12 +ll  ( )12 −ll 78 133 248 52 14 
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12. THE SEMISIMPLE LIE ALGEBRAS 
 
Theorem 12.1. (a) If a semisimple Lie algebra L  has connected Dynkin diagram ∆  then 
L  is simple. 
(b) If L  is a semisimple Lie algebra whose Dynkin diagram ∆  has connected 
components r∆∆ ,,1 K  then rLLL ⊕⊕= L1  where iL  is a simple Lie algebra with 
Dynkin diagram i∆ . 
 
Proof. (a) Let ( )αα LHL Φ∈⊕⊕=  be a Cartan decomposition with connected Dynkin 
diagram ∆ . Let LI <≠0 . We first show that 0≠∩HI . Suppose not, i.e. that 

0=∩ HI . Let Ix∈≠0  with ∑+=
α ααµ ehx  and the number of non-zero αµ  as small 

as possible. Let 0≠βµ . 
 

[ ] [ ] ( )∑∑ ==
α αβαα βααβ αµµ ehhexh  

 
By 8.7 we can choose β−e  with βββ hee =− ][ . 
 

[ ][ ] ( ) ( )∑
Φ∈−

Φ∈
−−− +−=

βα
α

βαβαβαβββββ αµβµ eNhhhexh ,  

 
Iexh ∈− ]][[ ββ  is non-zero since 

 
( )

{
0,

00

≠−=−
≠≠

βββββββ µβµ hhhhh
43421

 

 
The number of non-zero αµ  with Φ∈− βα  is less than before, a contradiction. Hence, 

0≠∩HI . 
 
We next show that HI ⊇ . Suppose not. Then HHI ⊂∩⊂0 . HI ∩  is not orthogonal 
to all 

i
hα , Π∈iα . For suppose HI ∩  is not orthogonal to 

i
hα . Let HIx ∩∈  be such 

that 0, ≠
i

hx α . Then 
 

[ ] ( ) Iexhexxe
iiii i ∈== αααα α ,  

 
So Ie

i
∈α . So Ihee

iii
∈=− ααα ][ . So for each Π∈iα  either 0, =∩

i
hHI α  or Ih

i
∈α . 

Both classes are non-empty. Choose Ih
j
∉α ; then 0, =∩

j
hHI α . This means ∆  is 

disconnected, a contradiction. Hence, IH ⊆ . 
 
Now let Φ∈α . 
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[ ] ( ) ααααααα α ehhehhe

321
0

,
≠

==  

 
So Ie ∈α . Hence I  contains H  and all αe . So LI = ; L  is simple. 
 
(b) Suppose ∆  is the disjoint union of connected components r∆∆ ,,1 K . Then Π  is the 
union of orthogonal components rΠΠ ,,1 K . Let iH  be the subspace spanned by 
{ }ih Π∈αα . Then rHHH ⊕⊕= K1  and the iH  are mutually orthogonal. Now 
consider αs  for some iΠ∈α . Then α  transforms iH  into itself and fixes each vector in 

jH  for ij ≠ ; ( ) jj HHs =α . Since the αs  for Π∈α  generate W , ( ) jj HHw =  for each 
Ww∈ . 

 
For each Φ∈α , ( )

i
hwh αα =  for some Ww∈  and some i . So iHh ∈α  for some i . Let 

{ }ii Hh ∈Φ∈=Φ αα . Then rΦ∪∪Φ=Φ K1 . Let iL  be the subspace of L  spanned 
by iH  and the αL  with iΦ∈α . We see that rLLL ⊕⊕= K1  as a direct sum of vector 
spaces. 
 
To see that iL  is a subalgebra of L  it is sufficient to show that ii Lee ∈⇒Φ∈ ][, βαβα . 
If Φ∉+ βα  then 0][ =βαee . If αβ −=  then iHhee ∈−=− ααα ][ . If Φ∈+ βα  then 

iΦ∈+ βα  and iHhhh ∈+=+ βαβα . So iL  is a subalgebra. 
 
We next check that 0][ =⇒≠ jiLLji . Let iΦ∈α , jΦ∈β . 
 

0][ =βαhh  

0][ =βαeh  since 0, =βα hh  

0][ =βαhe  since 0, =βα hh  

0][ =βαee  since Φ∉+ βα  
 

βα hh +  does not lie in any kH , iHh ∈α , jHh ∈β . So 0][ =jiLL  for ji ≠ : 
 

[ ] [ ] [ ]rrrr yxyxyyxx ++=++++ KKK 1111 ,  
 
So rLLL ⊕⊕= K1  as a direct sum of Lie algebras. We now see that each iL  is 
semisimple. Let iLI <  be soluble. 0][ =jIL  if ji ≠ , so LI < . I  is a soluble ideal of L , 
but L  is semisimple, so 0=I , so iL  is semisimple. 
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We now show that iH  is a Cartan subalgebra of iL . H  is a Cartan subalgebra of L , so 
there is a regular element Lx∈  such that H  is the 0-(generalized) eigenspace of xad . 
Since Hx∈  and rHHH ⊕⊕= K1  we can write rxxx ++= K1  with ii Hx ∈ . 
 





≠
=

→
ji
jiL

Lx j
ji 0

:ad  

 
So the 0-eigenspace of xad  on L  is the direct sum of the 0-eigenspaces of the ixad  on 
the iL . x  is regular in L  if and only if each ix  is regular in iL . So each ix  is regular in 

iL  and the 0-eigenspace of ixad  in iL  is iH . So iH  is a Cartan subalgebra of iL . 
 

( )αα LHL
iii Φ∈⊕⊕=  

 
is a Cartan decomposition of iL . So iΦ  is the root system of iL ; iΠ  is a fundamental 
root system of iL ; the Dynkin diagram of iL  is i∆ . But i∆  is connected, so iL  is simple 
by (a). 

 
 
We next consider simple Lie algebras with a given indecomposable Cartan matrix A . 
 
Existence Problem: Is there a simple Lie algebra with given Cartan matrix A ? 
 
Isomorphism Problem: Are any two such Lie algebras isomorphic? 
 
Let L  be a simple Lie algebra and H  a Cartan subalgebra of L : 
 

( )αα LHL Φ∈⊕⊕=  
−+ Φ∪Φ=Φ  

 
For each +Φ∈α  choose αα Le ∈≠0 ; αα eL C= . Choose αα −− ∈ Le  such that 

ααα hee =− ][ . If { }lαα ,,1 K=Π  then the 
i

hα  and αe  form a basis of L . βαβα +⊆ LLL ][  so 

βαβαβα += eNee ,][  if Φ∈+ βα , βα −≠ . 
 

0][ =
ji

hh αα  

ααααα ehhhe
ii

,][ =  

ααα hee =− ][  



 Φ∈+

= +

otherwise0
][ , βαβαβα

βα

eN
ee  

 
The βα ,N  are called the structure constants. 
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Proposition 12.2. The structure constants βα ,N  satisfy 
(i) αββα ,, NN −= ; 
(ii) if Φ∈γβα ,,  have 0=++ γβα  then αγγββα ,,, NNN == ; 
(ii) if Φ∈δγβα ,,,  have 0=+++ δγβα  and no pair have sum zero then 
 

0,,,,,, =++ δβαγδαγβδγβα NNNNNN  
 
(if Φ∈ηξ , , ξη −≠ , Φ∉+ξη  take 0, =ηξN ); 
(iv) if Φ∈βα ,  have Φ∈+ βα  then 
 

( )
ααβαβα hhqpNN ,

2
1

,,
+

−=−−  

 
where the α -chain of roots through β  is 
 

βαββα ++− qp ,,,, KK . 
 
In particular, 0, ≠βαN , so βαβα += LLL ][ . 
 
Proof. (i) ][][ αββα eeee −=  so αββα ,, NN −= . 
 
(ii) Suppose 0=++ γβα . 
 
 0]][[]][[]][[ =++ βαγαγβγβα eeeeeeeee  
⇒  0][][][ ,,, =++ +++ βαγαγαγβγβγβαβα eeNeeNeeN
⇒  0,,, =++ βαγαγβγβα hNhNhN  
⇒  ( ) ( ) 0,,,, =+−++− βαγβααγββα hNNhNN  
 
Since αh  and βh  are linearly independent, αγγββα ,,, NNN == . 
 
(iii) Take Φ∈δγβα ,,,  with zero sum and no opposite pairs. 
 
 0]][[]][[]][[ =++ βαγαγβγβα eeeeeeeee  
⇒  0][][][ ,,, =++ +++ βαγαγαγβγβγβαβα eeNeeNeeN  
⇒  ( ) 0,,,,,, =++ +++++ γβαβαγαγαγβγβγβαβα eNNNNNN  
⇒  0,,,,,, =++ δβαγδαγβδγβα NNNNNN  
 
(iv) Let Φ∈βα ,  with Φ∈+ βα . 
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 0]][[]][[]][[ =++ −−− ααβαβαβαα eeeeeeeee  
⇒  0][][][ ,, =++− −++−− αβααβαβαβαβα eeNeeNeh
⇒  ( )( ) 0,,,, =++ −++−− βαβααβαβαβααβ eNNNNh  
⇒  

βααβααβαβαβα hhNNNN ,,,,, −=+ −++−  
⇒  

βαβααβααβαβα hhNNNN ,,,,, =− −−+−−−  
 
Take βαβαβα −−= ,,, NNM , so 
 

βαβααβα hhMM ,,, =− +−  
 
Let the α -chain of roots through β  be 
 

βαββα ++− qp ,,,, KK  
 
So 
 

βααβαα

βααβααβαα

βααβααβαα

βαβααβα

+−+−

+−+−+−

+−+−+−

+−

=

=−

=−

=−

pp hhM

hhMM

hhMM

hhMM

,

,

,

,

,

23,2,

2,,

,,

M

 

 
So 
 

( ) ( )
( ) ( )

ααβα

ααβαβα

hhhhp

phhhhpM
pp ,,1

21,,1

2
1

,

+−+=

+++−+= K
 

 
By, by 8.11, qphhhh −=ααβα ,,2 , so 
 

( )( ) ( )( )
( )

αα

ααβα

hh

hhM
qp

ppqpp

,

,

2
1

2
1

2
1

,

+

+−+

−=

−=
 

 
So 0, ≠βαN ; βαβα += LLL ][ . 
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This result has certain consequences. Let Φ∈βα , , Φ∈+ βα , βαβαβα += eNee ,][ . Let 
βαγ −−= . Then 0=++ γβα . We have the following ordered pairs of roots whose 

sum is a root: 
 

( )βα ,  ( )γβ ,  ( )αγ ,  ( )αβ ,  ( )βγ ,  ( )γα ,  
( )βα −− ,  ( )γβ −− ,  ( )αγ −− ,  ( )αβ −− ,  ( )βγ −− ,  ( )γα −− ,  

 
We have a total order βα p . An ordered pair ( )βα ,  such that βα pp0  is called a 
special pair. 
 
Either one or two of γβα ,,  are positive; if one is positive two of γβα −−− ,,  are 
positive. Of the twelve pairs above just one is special. 
 

βα ,N , for any ordered pair ( )βα , , can be expressed in terms of ηξ ,N  for ( )ηξ ,  a special 

pair by using 12.2(i), (ii), (iv). So consider βα ,N  when ( )βα ,  is special; ΠΦ∈+ + \βα . 
This root may be expressible as βαβα ′+′=+  where ( )βα ′′,  is special and distinct 
from ( )βα , . 
 
A special pair ( )βα ,  is called extra special if for any special pair ( )βα ′′,  with 

βαβα ′+′=+   we have αα ′p . 
 
The number of extra special pairs is ΠΦ+ \ . 
 
Now let ( )βα ′′,  be special but not extra special. Then βαβα ′+′=+  where ( )βα ,  is 
extra special – such an extra special pair exists because the set of special and extra special 
pairs is finite. 
 

( ) ( ) 0=−+−+′+′ βαβα  
0,,,,,, =++ −′′−−′−′−−′′ ββααβααββαβα NNNNNN  

ββαα pppp ′′0  

( ) ( ) 0,,,,,, =++ −−′−′′−−′−−′′−−−′′ αααβββαβαααββαβα NNNNNN  
 
We show that βα ′′,N  is determined by ηξ ,N ’s for extra special pairs ( )ηξ , . We use 
induction on βα ′+′ : 
 

βα ′′,N  is determined by βα ,N , ααβ ′′− ,N , αβα −′,N , βββ ′′− ,N , ααα ,−′N . ( )βα ,  is extra 
special. 
 
Either ( )ααβ ′′− ,  or ( )αβα ′−′,  is special: 
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( ) βαβαβααβ ′+′=+=′+′− p  
 
So ααβ ′′− ,N  can be expressed in terms of ηξ ,N  for extra special pairs ( )ηξ , . 
 
Either ( )αβα −′,  or ( )ααβ ,−′  is special: 
 

( ) βαβαβα ′+′′=−′+ p  
 
Either ( )βββ ′′− ,  or ( )βββ ′−′,  is special: 
 

( ) βαββββ ′+′=′+′− p  
 
Either ( )ααα ,−′  or ( )ααα −′,  is special: 
 

( ) βααααα ′+′′=+−′ p  
 
Hence, βα ′′,N  can be expressed in terms of ηξ ,N ’s for extra special pairs ( )ηξ , . So 
relations 12.2(i)-(iv) expresses all βα ′′,N ’s in terms of ηξ ,N ’s for extra special pairs 
( )ηξ , . 
 
Theorem 12.3. There is a unique simple Lie algebra, up to isomorphism, with a given 
indecomposable Cartan matrix. 
 

( )αα LHL Φ∈⊕⊕=  
( ) Φ+= lLdim  

 
Thus, the simple Lie algebras and their dimensions are given by 
 

( ) ( )2dim += llAl  
( 1≥l ) 

( ) ( )12dim += llBl  
( 2≥l ) 

( ) ( )12dim += llCl  
( 3≥l ) 

( ) ( )12dim −= llDl  
( 4≥l ) 

( ) 78dim 6 =E  ( ) 133dim 7 =E  ( ) 248dim 8 =E  ( ) 52dim 4 =F  ( ) 14dim 2 =G  
 
Note. The following are isomorphic: 
 

22 CB ≅   

33 DA ≅  
 

112 AAD ⊕≅   
 
Proof. Uniqueness. Let LL ′,  be simple Lie algebras with indecomposable Cartan matrix 

( )ijaA = . L  has a Cartan decomposition ( )αα LHL Φ∈⊕⊕= . If { }lαα ,,1 K=Π  then H  
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has basis { }
l

hh αα ,,
1
K ; L  has basis { } { }Φ∈∪ αααα ehh

l
,,

1
K . Multiplication of basis 

elements: 
 

0][ =
ji

hh αα  

ααααα ehhhe
ii

,][ =  

ααα hee =− ][  





Φ∉+≠
Φ∈+

= +

βα
βαβαβα

βα 00
][ , eN

ee  

 
All scalar products βα hh ,  are determined by A . Also, all of the αh  (as linear 

combinations of the 
i

hα ) are determined by A . 
 

ijji
hahhs ij αααα −=)(  

 
So the 

i
sα  are determined by A . The Weyl group W  is generated by 

l
ss αα ,,

1
K . So W  is 

determined by A . )(
i

hwh αα =  for some i  and some Ww∈ . So the αh  are determined by 
A . 
 

( ) α
αα

βα
ββα h

hh
hh

hhs
,
,

2−=  

 
So ααβα hhhh ,,2  is determined by A . But 
 

∑ Φ∈ 












=

β
αα

βα

αα

2

,
,

,
1

hh
hh

hh
 

 
by 8.13. So αα hh ,  is determined by A . So βα hh ,  is determined by A . 
 
Suppose a basis { } { }Φ∈′∪′′ αααα ehh

l
,,

1
K  of L′  is given. We describe how to choose 

a basis of L . The 
i

hα  are uniquely determined. Choose 0≠αe  in αL  for each Π∈α . 

For each ΠΦ∈ + \α  there is a unique extra special pair ( )γβ ,  such that γβα += , 
αγβ p, . 

 
Assume by induction that γβ ee ,  are already chosen. Choose αe  by ][, γβγβα eeNe =  where 

γβγβ ,, NN ′= , the structure constant for L′ . Having thus chosen αe  for +Φ∈α , we 
choose α−e  by ααα hee =− ][ . 
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The βα ,N  for arbitrary βα ,  are determined by the ηξ ,N , where ( )ηξ ,  is extra special, by 
12.2. Since ηξηξ ,, NN ′=  for all extra special ( )ηξ ,  it follows that βαβα ,, NN ′=  for all 

Φ∈βα ,  with Φ∈+ βα . 
 
This shows that L  and L′  are isomorphic. 
 
Existence. (Sketch proof.) Begin with Cartan matrix ( )ijaA = . Let H  be an l -
dimensional vector space over C  with basis 

l
hh αα ,,

1
K . We define HHs

i
→:α  by 

ijji
hahhs ij αααα −=)( , a self-inverse map. Let W  be the group of all non-singular linear 

maps HH →  generated by 
l

ss αα ,,
1
K . W  is finite. Correspondingly, 

 
( ){ }liWwhwh

i
≤≤∈= 1,αα  

 
is also finite. (The αh  were determined in Chapter 11.) We now define a bilinear map 
 

C→× HH  
( ) yxyx ,, a  

 
This form is uniquely determined by A . Define ∗∈Hα  by ( ) xhx ,αα = ; let Φ  be the 
set of all such α . 
 
Let L  be a vector space over C  with ( ) ( ) Φ+= HL dimdim  with basis  
 

{ } { }Φ∈∪ αααα ehh
l

,,
1
K  

 
Define a bilinear map 
 

LLL →×  
( ) [ ]xyyx a,  

 
We define [ ]  on the basis elements by 
 

0][ =
ji

hh αα  

ααααααα ehhehhe
iii

,][][ =−=  

ααα hee =− ][  





Φ∉+≠
Φ∈+

= +

βα
βαβαβα

βα 00
][ , eN

ee  
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The βα ,N  can be chosen arbitrarily if ( )βα ,  is extra special, e.g. 1, =βαN . βα ,N  is 
determined for all other pairs by 12.2. So multiplication of basis elements is determined 
by A . We make various checks: 
 
Check [ ] 0=xx  for all Lx∈ . (Easy.) Check [ ][ ] [ ][ ] [ ][ ] 0+++ yzxxyzzxy . (Most are easy, 
but αex = , βey = , γez =  is difficult.) Then L  is a Lie algebra, ( )αα LHL Φ∈⊕⊕= , 

αα eL C= . Check that H  is a Cartan subalgebra of L . (Difficult.) Then 
( )αα LHL Φ∈⊕⊕=  is a Cartan decomposition of L  with respect to H . (Easy.) Then Φ  

is the set of roots of L  with respect to H . { }lαα ,,1 K=Π  is a fundamental system of 
roots inside Φ . We have  
 

ija
hh

hh

ii

ji =
αα

αα

,

,
2  

 
so A  is the Cartan matrix. Finally, the argument of 12.1(a) proves that L  is simple. 

 
 
Review. 
 

( )ij

H

aAL = →Φ →

Π
roots

lfundamenta
choose

subalgebra
Cartan
choosesemisimple  

 
If we choose a different Cartan subalgebra and a different fundamental system do we get 
a different A ? 
 
Theorem 12.4. (i) Let L  be a Lie algebra and 21, HH  Cartan subalgebras. Then there 
exists an automorphism LL →:θ  such that ( ) 21 HH =θ . 
(ii) A subalgebra H  of L  is a Cartan subalgebra if and only if H  is nilpotent and 

( )HH N= . 
 
Theorem 12.5. Let Φ  be the root system of a semisimple Lie algebra and let 21,ΠΠ  be 
two fundamental systems in Φ . Then there is a Ww∈  such that ( ) 21 Π=Πw . 
 
12.4 and 12.5 imply that the Cartan matrix is uniquely determined by L . So the simple 
Lie algebras on our list are pairwise non-isomorphic. 
 
We have four infinite families of simple Lie algebras and five exceptional ones: 
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Classical Exceptional 
lA  lB  lC  lD  6E  7E  8E  4F  2G  

( )2+ll  ( )12 +ll  ( )12 +ll  ( )12 −ll 78 133 248 52 14 
1≥l  2≥l  3≥l  4≥l       

 
Type lA . We can write ( ) ( ) ( ) 112dim 2 −+=+= lllAl . The set ( )C1+lsl  of all 
( ) ( )11 +×+ ll  matrices of trace zero forms a Lie algebra of type lA . The diagonal 
subalgebra is a Cartan subalgebra. 
 
Type lB . The set ( )C12 +lso  of all ( ) ( )1212 +×+ ll  matrices X  satisfying 
 

X
I

I
I

IX

l

l

l

l















−=

















00
00

001

00
00

001
T  

 
forms a simple Lie algebra of type lB . The diagonal subalgebra is a Cartan subalgebra. 

( )C12 +lso  is isomorphic to the Lie algebra of all ( ) ( )1212 +×+ ll  skew-symmetric 
matrices. Elements of ( )C12 +lso  have the block form 
 

















−−
−=

T
1122

T
01

1211
T
02

02010

XXX
XXX
XX

X  

 
where 11X  is an arbitrary ll ×  matrix, 12X  and 21X  are ll ×  symmetric matrices and 01X  
and 02X  are arbitrary l×1  matrices (row vectors). 
 
Type lC . The set ( )Cl2sp  of all ll 22 ×  matrices X  satisfying 
 

X
I

I
I

I
X

l

l

l

l








−

−=







− 0

0
0

0T  

 
forms a simple Lie algebra of type lC . The diagonal subalgebra is a Cartan subalgebra. 
Elements of ( )Cl2sp  have the block form 
 









−

= T
1121

1211

XX
XX

X  

 
where 11X  is an arbitrary ll ×  matrix and 12X  and 21X  are ll ×  symmetric matrices. 
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Type lD . The set ( )Cl2so  of all ll 22 ×  matrices X  such that 
 

X
I

I
I

I
X

l

l

l

l








−=








0

0
0

0T  

 
forms a simple Lie algebra of type lD . The diagonal subalgebra is a Cartan subalgebra. 

( )Cl2so  is isomorphic to the Lie algebra of all ll 22 ×  skew-symmetric matrices. 
Elements of ( )Cl2so  have the block form 
 









−

= T
1121

1211

XX
XX

X  

 
where 11X  is an arbitrary ll ×  matrix and 12X  and 21X  are ll ×  skew-symmetric 
matrices. 
 

( )Cmsl  is the Lie algebra of ( ) ( ) ( ){ }1detGLSL =∈= XX mm CC ; ( )Cmso  is the Lie 
algebra of ( ) ( ) ( ){ }1det and GLSO T ==∈= XIXXX mmm CC . 
 
Type 2G . ( ) 14dim 2 =G . Consider the algebra of octonians (a.k.a. Cayley numbers), O . 

( ) 8dim =O . O  has basis 721 ,,,,1 eee K : 
 

1 is the multiplicative identity; 
12 −=ie  for 71 ≤≤ i ; 

kji eee ±=  for 71 ≤≠≤ ji . 
 

1

2 3
4

56
7

 
 

The projective plane over the 2-field. 
 

kji eee =  if ji → ; kji eee −=  if ji ← . 
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O  is a non-associative algebra. The set of all derivations of O , i.e. linear maps 

OO→:D  such that ( ) ( ) ( )yxDyxDxyD += , forms a Lie algebra of type 2G . 
 
Type 4F . Define the octonian conjugate: 
 

∑ =
+=

7

101 i iieaax  

∑ =
−=

7

101 i iieaax  

10axxx =⇔=  
 
A matrix M  over O  is called Hermitian if MM =T . Let J  be the C -vector space of 
all 33×  Hermitian matrices over O . Such matrices have the form 
 
















=

1
1

1

czy
zbx
yxa

M  

 
where C∈cba ,,  and O∈zyx ,, . ( ) 27dim =J . We define multiplication on J  by 
 

( )12212
1

21 MMMMMM +=×  
J∈× 21 MM  for J∈21,MM  

 
J  is a commutative non-associative algebra; it is an example of a Jordan algebra, the 
axioms for which are that 
 

XYYX ×=×  
( ) ( )XYXXYX ××=×× 22  

 
The derivations of J  form a simple Lie algebra of type 4F . 
 

6E , 7E  and 8E  can all be described in terms of O  and J . 
 
There is an alternative approach to the existence theorem, which proceeds (in outline) as 
follows: 
 
Let L  be a simple Lie algebra with Cartan matrix ( )ijaA = , ( )αα LHL Φ∈⊕⊕= . H  has 
basis 

l
hh αα ,,

1
K . Let 

 

ii

i

hh
h

hi
αα

α

,
2

= . 
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lhh ,,1 K  also form a basis of H . Choose 

i
Lei α∈≠0  and 

i
Lfi α−∈≠0 . 

 
( )

jij

ji

jijij

ea

hh

hh

ehh

ehhe

ii

ji

j

=

=

=

=

αα

αα

α

α

,

,2

,

][

 

jijij fahf −=][  
 
Choose if  with [ ] iii hef = ; lee ,,1 K  generate αα

L+Φ∈
⊕ ; lff ,,1 K  generate αα

L−Φ∈
⊕ ; 

lhh ,,1 K  generate H . So { }lihfeG iii ≤≤= 1,,  generates L . We have relations R : 
 

0][ =jihh  

jijij eahe =][  

jijij fahf −=][  

iii hef =][  
0][ =ijef  if ji ≠  

0]][[ =jiii eeee K  if ji ≠  ( ija−1  ie ’s) 
0]][[ =jiii ffff K  if ji ≠  ( ija−1  if ’s) 

 
(The requirements for ija−1  ie ’s and if ’s arise from consideration of the iα -chain of 
roots through jα .) The Lie algebra generated by G  with relations R  is a finite-
dimensional Lie algebra with Cartan matrix A . 
 
L  is constructed as follows: let R  be the polynomial ring lll hhffee ,,,,,,,, 111 KKKC  
with non-commutative variables. [ ]R  is the Lie algebra obtained from R . Let M  be the 
subalgebra generated by lll hhffee ,,,,,,,, 111 KKK . Let I  be the ideal of M  generated by 
 

][ jihh , jijij eahe −][ , jijij fahf +][ , iijij hef δ−][ , ]][[ jiii eeee K , ]][[ jiii ffff K . 
 
Then IML = . We can show that L  is finite-dimensional and has Cartan matrix A . 
 
 
 
 


