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These notes are based upon several sources, notably the lectures given for MA4A2
ADVANCED PDES in the spring of 2006 by Dr Valeriy Slastikov at the University of
Warwick. That course drew heavily on Evans’ monograph [Ev]. When that course
ran as a reading course two years later, with Dr Florian Theil leading the course and
with me as his assistant, we altered the syllabus slightly, skipping over the introduc-
tory classical theory so that the Lax—Milgram theory for parabolic problems and/or
non-cylindrical domains could be explored some more; this material is treated in
Showalter’s book [Sh] and is not contained in these notes.

I would like to thank Eriatarka and Clare Jones for pointing out typographical
errors in these notes. There are no doubt many more lurking undetected, for which

I take the blame. I would welcome corrections at t.j.sullivan@warwick.ac.uk.
T.J.S.
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1. Calculus (basic analysis).

2. Linear algebra.

3. Measure theory.

4. L? spaces.

5. Linear functional analysis: Banach spaces, Hilbert spaces and linear operators.

6. Some basic ideas about PDEs.
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0 Some Basic Facts about PDEs

Definition 0.1. A partial differential equation (PDE) is an equation involving an
unknown function and its partial derivatives.

In general, we need further information in order to solve a PDE: for example,
consider the Poisson' equation

for x € Q C R?, say. We also specify boundary conditions (BCs), for instance of
Dirichlet type

ulgo =g
or Neumann type 5
u
.
where % means Vu - v, and v is the unit outward normal field to 0f2.

Example 0.2. Foru : 2 — Rand z € Q) C R", we specify I : R xR"xRxQ — R
and ask that
F(D*u,Du,u,r) =0 Vz € Q. (0.1)

This is the general form of the second order PDE. If u satisfies (0.1) then we call u
a solution of the PDE.

The choice of BCs can affect the solution a great deal. For example, if we try to
solve Laplace’s equation
Au=0

on the half-plane Q := {(z,y) € R?|z > 0} subject to the single BC u|f,—qy = 0,
then we have two solutions:

u(z,y) =0 and u(x,y) = z.

If we impose a second BC that u(z) — 0 as x — oo, we get the first of these two
solutions; the BC u(z) — 2 — 0 as & — oo gives us the second.

In general we wish to find the solution u to our PDE explicitly. However, we
are very lucky if we can do this. Otherwise, we must settle merely for proving the
existence of solutions and their uniqueness.

Solutions to PDEs may not be unique. For example, if we seek to solve the

nonlinear equation
Au = u(u® — 1)

on a region 0 C R? that is symmetric about both coordinate axes and not convex,
then whenever u is a solution, so is —u. If we cannot prove uniqueness, then we
must specify or choose a solution by other means.

The regularity (continuity, differentiability, & c.) of solutions is also of concern.

1Siméon-Denis Poisson (1781-1840).



We make frequent use of multi-index notation: for a = (aq,...,a,) € Nj, we
set
la] == a4+ + ay,

and oo
“lu
D% :=———: 0 —R.
“ ozt ... 0xon -
We have the gradient:
ou ou
Du = =l =—,...,— | : Q= R";
u=Vu <8z1’ ’ 0%) R

and Hessian:

2
Dzu::( Ou ) Q) — R™™,
81’2'81’]' 1<i,j<n

Definition 0.3. A PDE is linear if it is of the form

D aa(x)D = f(z). (0.2)

o<k

For linear PDEs, we have superposition of solutions: if u;,us are solutions then
Brur + Baus is a solution for all f;, G2 € R.

Definition 0.4. A PDE is semilinear if the highest-order terms are linear:
Z o (2)D% + ag(D*u, ..., Du,u, ) = 0. (0.3)
la|=k
For example, a(z)Au = f.

Definition 0.5. A PDE is quasilinear if it is of the form

Z ae(D* Y, ..., Du,u, 2)D% + ag(D*u, ..., Du,u, z) = 0. (0.4)
la|=k

For example, xuAu = f.

Definition 0.6. A PDE is nonlinear if the highest-order derivative enters non-
linearly; i.e., it is neither linear, semilinear nor quasilinear.

For example, F(D*u) = 0 is nonlinear if F' is nonlinear.
Examples 0.7. Some classical examples of PDEs:

1. Laplace: Au = 0.

Poisson: Au = f(z). (Nonlinear Poisson: Au = f(u,x).)
Heat: u; — Au = 0.

Wave: uy — Au = 0.

Eikonal: |Du| = 1.

Hamilton-Jacobi: u; + H(Du,z) = 0, H convex.

NS e W

Reaction-Diffusion: u; — Au = f(z).



1 Laplace’s Equation

1.1 Laplace’s Equation

We seek solutions u: Q — R, Q C R”, to Laplace’s equation 2

Au =0, (1.1)
where o2 o2
A= 4o _
or? Tt 0x2

We typically think of {2 as an open set, and so use € for a closed set. We also assume
that €2 is connected.

Definition 1.1. u: Q — R is harmonic if Au = 0 on €.

For Q) C R with measure ||, let { denote the mean value integral:

fml,

In particular, we use this notation for the spherical mean:

][ B W 1 /
OB, () n,rn—l 6]37«(1‘)7
][ wn /
B (z) nt" IB%T(x)’

where w, is the surface area of the unit sphere S*~! C R,

and

Definition 1.2. u: Q — R satisfies the mean value property (MvP) if either
() w(®@) = fop, @ u(y) dS(y) for all B, (z) € Q; or
(i) u(z) = fBT(I) u(y) dy for all B,(x) C Q.
Exercise 1.3. Show that versions (i) and (ii) of the MVP are equivalent.
Theorem 1.4. If u € C*(Q) is harmonic, then u satisfies the MVP.

Proof. Fix x € €2 and define

We want to show that ¢'(r) = 0. ¢/(r) = % fa&.(x) u(y) dS(y). Setting z := =,

u(y) dS = wlx +7rz)dS(z).
]gﬁrm (v)dS(y) ][ (z +r2) dS(2)

OB (0)

2Pierre-Simon, Marquis de Laplace (1749-1827).
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' (r) = ]{31831(0) Du(x 4 rz) - zdS(2)

:][ Du(y) - L7 as(y)
OB, (z)

r

— X

— ]([9 @(y) dS(y) since Y L OB, (z)

Br(x) (91/

= ][ Au(y) dy
Br(x)

= 0 since w« is harmonic.

50 fys, (@) u(y) dS(y) = constant = u(z) since fop () u(y) dS(y) — w(z) as r — 0.
Hence w satisfies the MVP. O

Theorem 1.5. If u € C*(Q) has the MVP, then u is harmonic.

Proof. Suppose not, i.e. that there exists xy € ) with Au(zg) # 0. Without loss of
generality, assume Au(zg) > 0. So there is a ball B, (zy) C €2 such that Au > 0 on
]BT(SC()>.

=g, w0

B (z0)

So ¢ is not constant, so u is not harmonic. O

Proposition 1.6. Ifu € C(2) satisfies the MVP, then the minimum and maximum
of u are attained on OS2 or else u is constant.

Proof. We prove the claim for maximum; the same proof applies for minimum. Set

QMI:{I’GQ

ule) = M= maxay) |

yeN

Obviously, 2y, is relatively closed with respect to 2. We want to show that €2, is
also relatively open. Then, since () is assumed to be connected, we have 2, = €2,
and result follows. Take x¢ € Qy, B, (z9) C .

M > ][ u(y) dy = u(zg) = M.
B (zo)

We have equality if, and only if, u(y) = M for all y € B,.(zg), so B.(zo) C Q.
So, for all xy € Qy, there exists a ball B,.(zg) C Qy, so Q) is (relatively) open, as
required. O

Corollary 1.7. Given f € C(Q), and g € C(09), there exists at most one u €
C?() N C(Q) satisfying Poisson’s equation

Au = f in €,
u =g on 0S.

Proof. Suppose that wuy,us both satisfy the above. Consider w := u; — us. Then
Aw = 0in Q and w = 0 on Jf). w satisfies the MVP, and so attains its maximum
and minimum on 0f2, where it is zero. So w is identically zero, and u; = us. O

8



There are also questions of regularity concerning solutions of Laplace’s equation.

Theorem 1.8. If u € C(Q)) is harmonic (or satisfies the MVP), then u € C*({).
(In fact, u is analytic, u € C¥(Q2).)

Proof. Let
1 .
n(z) == { ©P (W—l) el < (1.2)
0, 2| > 1;
with C' chosen so that [,,n(x)dz = 1. Define n.(z) := e~ "n(x/e). Take

z € Q. = {x € Qld(x,00) > e}. (1.3)

For such an z define

we(a) = (e %) (z) = / e — y)uly) dy.

Obviously, u. € C*(€2.). We wish to show that u(z) = u.(z) for z € ..

/anx—y)u(wdy ~% [ ('x‘y') u(y) dy

=
<I$—y|)
g g/ y)dr
/ (2 )wnr" Lar
:u(x)/Bl(O)

= u(x).

So for all z € Q., u(x) = u.(x). Sou € C>(§2) for all € > 0, so u € C*(Q). 0O

Theorem 1.8 extends our notion of “harmonic” to functions that are not twice
differentiable.

Theorem 1.9 (A priori derivative estimates). Fiz zo and write Bg := Bg(z¢). Let
u € C(Bg) be harmonic. Then for 1 <i <mn,

n
[Dyu(zo)] < 4 max ul,
R

where D; :=

Proof. To simplify the proof, we assume that u € C1(Bg). A(Dsu) = 0 = Dju is
harmonic.

1

Dyu(zo) = ]i Dyu(y) dy

n
R /BR u(y) dy

- T /{BR u(y)vi(y) dS(y),




where v; is the i*" component of the unit normal . Hence,

n _ n

Corollary 1.10 (Liouville’s theorem.?). If u is harmonic on R™ and bounded, then
u s constant.

Proof. For any R > 0 and xy € R,

|D;ju(xo)| < = max |u

Br(zo)

< - constant.

s =S

So |Dsu(zg)| = 0 for all i and zg. So u is constant. O

Theorem 1.11 (Theorem 1.9 improved.). If u € C(Bg) is harmonic, then for
la] =m e N,

n™me™ tm)!

BT e ul.

D%u(xzg)| <
Dou(ey)] < " ma

Proof. For simplicity, we treat only unmixed derivatives and write D;" for g;. We

apply proof by induction. The case m = 1 is true as shown above. Assume true for
m. Taker = (1 —-0)R, 0 < 6 < 1.

D7 ()| < 2 max [Du.
T ™

mem— 1 m

However, the estimate |D!"u(z,)| < 2o ™! maxz_ |ul is not good enough. We need
to estimate |D]"u(y)| for y € B, (x¢) = B,. Take B,(y) C Br(xo) for all y € B, (xo);
i.e., take p = R —r. We use the inequality for m in the ball Br_,(y) for all y € B,.

n™e™ m!
max |Dj"u(y)| < ————— max |[ul
B, (R - T)m Br—r(y)
- n™e™ m! "
max |ul.
~ (B=r)" B
So
nn™e™ lm!
D™ ()| < —=——— max |u
Dy u(an)] < 257
n n™e™ m! m
= — — max |u| with § = ——
(1= i) B (Gg) "B B m+1
m~+1 1 m
= %6771—1771! <%) (m+1) Hé_ix |ul
nm—l—l . 1 m
= W(m+ 1)lem? (1 + E) I%X|U|
n™em(m + 1)!
S e maxul
since (1+ L)™ <e. O

3Joseph Liouville (1809-1882).
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Theorem 1.12. If u is harmonic on €2, then u is analytic.

Proof. Exercise. Prove this using the above estimates of |D%u(zo)]. O

1.2 The Fundamental Solution

We seek to solve Au = 0 on R", assuming that u is spherically symmetric, so
u = u(r). In spherical polar coordinates

ou N
and o ) . .
_u . " $i o / - ﬂ
8%2—11(7") = =u'(r) (r 7"3)’
Thus,
Au=u"(r) + n- 1u/(7").

v'(r):—n 11}(7’)
v dr
= logv(r)=—(n—1)logr +logC

Thus,

U(’l“) = Cl/ dr + 02

,r.n—l

| Cilogr+Cy, n=2;
- Cg/?”n_2—|—C4, nZB

By a choice of constants we have:

Definition 1.13. The fundamental solution of Laplace’s equation on R” is

—s=loglz|, n=2;
®(z) = moe ’ (1.4)
{wn(n—2) a2 n 2 3.

We now use this to solve the Poisson equation —Au = f on R™:

Theorem 1.14. If f € C*(R") := {f e C*(R")
then

supp f = {z|f(z) # 0} is compact},

solves —Au = f.

11



Proof. Note that
ue) = [ ey = [ e -y
S0
Bufa) =& [ 2()f(e - ) dy
— [ e)ase-vay
= [ pase e [ emase-pa

B (0)C

We estimate:

/ B(y)Af(z — ) dy < sup [Af] / B(y)| dy
B:(0)

B. (0)
_ [Ce?loge|, n=2;
- Ce?, n > 3.

Also, using the facts that A, ®(z —y) = A,P(z — y) and 0 (Ba(O)G) = 0B.(0),
af

/}BE(O)G O(y)Af(z—y)dy = /8]]3%5(0) O(y) 5 (v-y) dS(y)—/ Vo(y)-V f(z—y) dy.

B.(0)C

We estimate:

0
[ ewle-nasw=c [ jewldsw
9B (0) v 9B (0)
[ Celloge|, n=2;
] Ce, n> 3.
and
od
[ ve) Via-pa= [ sewse-pa- [ 2
B (0) B (0)C OB (0) YV

= —/ %(y)f(x—y) dS(y)
9B (0)

(y)f(x —y)dS(y)

since the normal v = — %, and D®(y) = 22+ 22 — D .y =
‘y| Wn, Iy\ ov

—1
= /a oo flx —y)dS(y)

wné«n—l

~1
= o /a - f(y)dS(y)

Z]{)B()f(y)ds(y)
— — f(x)

e—0

So Au(x) = O(e) — f(z). Take the limit as ¢ — 0.

12
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Having solved Poisson’s equation on R", we now seek to find a solution u € C2()
to
—Au=f, on
u =g, on 0f).

Our idea is to use Green’s identity on V; := Q\ B.(z):

/ A®(y — z)u(y) dy — / P(y — x)Au(y) dy

_ 8_‘1)@ — z)u(y)dS(y) — /a § Py — x)%(y) dS(y)

OV (91/

/ Dy — ) Auly)dy — | Dy — ) Auly) dy.

a e—0 Q

0 () dsw) = [ 2

OV (91/

s+ [ S as)

a0 OV

(y) dS(y)

S

ou ou ou
[ ro-ngmism= [ sw-nFmasw s [ ew-ng

SCﬁBS(O) ‘cb(y)‘ dy—0

- [ot-aaunay = [ F-ouwase - [ su-n5wasw

90 8V

Hence,

ue) = [ =03 0)ase) - [ ) G- 0ds

—~—
=9

- / P(y — ) Au(y) dy.
Q N
7
We now define I'* by
AT =0 in
I'(y) = ®(y — z) on 02
and G(z,y) := ®(y —z) — I'*(y). Then

ue) == [ a5 @) aS) - [ AuGla.p)dy

z—/mg(y)gGwde /f

Exercises 1.15. (i) Check that the above definitions make sense.

(ii) Show that G is symmetric: G(z,y) = G(y, ).

13



2 Function Spaces

2.1 Weak Derivatives and Sobolev Spaces

In the sequel, much use will be made of smooth functions with compact support,
which will also be referred to as test functions:

C>(Q) { Q=R ¢ is infinitely differentiable and }
= : — .

supp ¢ := {x € Q|¢(x) # 0} is compact

Recall that if u € C'(Q), then for all ¢ € C=(Q),

ou

Q Ox;

(2)p(z) dz = — / u(z) §¢ (2) du.

Note, however, that the RHS makes sense even if u is not differentiable, but only in
LY(Q).

Definition 2.1. If u,v € L'(Q2) and, for all ¢ € C>(9),

| w5 @ e = [ vipota) ds

we say % ‘= v in a weak sense.
T

Definition 2.2. If u,v € L'(Q2) and, for all ¢ € C>(9),
[ urote)ds = (<17 [ o(@yole) da,
Q Q

we say D% := v in a weak sense.

Example 2.3. Let u(x) = 2 for 0 <2 <1 and =1 for 1 <z < 2. The classical
(“strong”) derivative v/(z) =1 for 0 <z < land =0for 1 <z <2.

/02u(x)¢'(x) der = /01 x¢'(z) dr + /12 ¢ (z) da
[ o+ o) ot

__A (2)6(x) dz

where

(2) = 1, 0<z<1;
WY 0, 1< <2

Note that we can change the value of v(1) to be 1 and still retain the desired equality,
so weak derivatives are defined only up to sets of measure zero.

14



Example 2.4. Not all functions are weakly differentiable. Consider

(2) = z, 0<x <1,
U= 2, 1<a<2

We have f02u(x) = —fO x)dr — ¢(1). Suppose there is a v € L((0,2))
such that

/02 ¢(z)dr + ¢(1) = /Ozv(x)cb(ft) dz

for all ¢ € C'°((0,2)). Take a sequence ¢, in C°((0,2)) with ¢,,(1) =1 for all m
and ¢,,(r) — 01,. Then for each m,

/02 G () dz + Pp(1) = /Ozv(x)qﬁm(fﬁ) dz

Take the limit as m — oo. fol ¢m(x)dzr — 0 since ¢,,(x) — 0 almost everywhere

and |¢,,| < 1. Similarly, fol v(x)pm(x) dez — 0. Hence, 1 = 0, a contradiction. So u
has no weak derivative.

Lemma 2.5. A weak derivative, if it exists, is unique (up to sets of measure zero).

Proof. Suppose that u has two weak derivatives v; and ve. Then, for all ¢ € C°(Q),

(~1) / o1 (2)p(x) dz = / u@)D" () do = (1) / va(2)9(z) da.

So [, (vi(x) — va(z))p(x) dz = 0, and so vy = v, almost everywhere. O

Corollary 2.6. If a function has a strong derivative, then it has a weak derivative
and the two are equal.

Definition 2.7. Given k € Ny and 1 < p < oo, define the Sobolev space* WEP(Q)
to be

WEP(Q) := {u: Q — Rlu € LP(Q) and for all || < k, D € LP(Q)}.
We often write H*(Q) for W*?2(Q).
Lemma 2.8. (Product rule.) If u € WhP(Q), £ € C(Q), then

(Dy, (u€))(2) = (Dgu(x))é(x) + u()(Da,&(2)).
Proof.

[ w@ge)s @ e = [ o) FE @ do - [ uw)g ot ds
— [ D)o@ do - [ a3 (@)ota) da
=~ [ o) (Dut)elo) + ) 55 () o

So the weak derivative exists and is as claimed. O
4Sergei L’vovich Sobolev (1908-1989).
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Exercises 2.9. 1. Show that D*D’u = D*Py = D°D%.
2. Show that Du = 0 = u = constant.

Definition 2.10. For u € W*?(Q), define

( 1/p
> [prurar] L <p<oc
[ullwrr) = lof <k 72 (2.1)
Z esssup | D%u(z)], p = 00.
[ lol<k 7Y
Lemma 2.11. || - |[yyrsq) is a norm on W*P(€).

Proof. 1t is easy to see that ||u||y#rq) > 0 for all u, and that ||u||yr.rq) = 0 if, and
only if, u = 0 almost everywhere. It is also clear that [[Au|lyrr) = [Al||lullwrrq)-
So it remains only to check the triangle inequality. For finite p:

1/p
-+ by = (30 [ 197+ )
jaf <k 72
1/p
lof <k 72
1/p
= Z |ID%uy + DauQHip(Q)
lo| <k
1/p
< | 2 (ID"wllzstey + D" el o)
| <k
1/p 1/p
< Z D700 + Z ID%ua[75 0 by Minkowski’s inequality
|| <k la|<k
= HulHW’W(Q) + ||U2||Wk,p(9).
The check for p = oo is similar. O

Theorem 2.12. W*?(Q) is a Banach space for 1 < p < oo. For1 < p < oo, it is
also separable.

Proof. (Proved only for 1 < p < c0.) WFP(Q) is linear and normed with norm
|-[[wrr() as above. To show that WkP(Q) is complete, let (u,) be a Cauchy sequence
in W*P(Q). We have to show that v, — wu in W*P(Q) for some u € WkP(Q).

n tooo
For |a| <k, (D%u,) is Cauchy in LP(?), and u,, is Cauchy in LP(2). Therefore,
by the completeness of LP(Q2), u,, — win LP(Q2) and D%u,, — u, in LP(£2). We want

16



to show that u € W*»(Q), or, equivalently, that u, = D*U. For |a| < k,

Jo umD*¢=—=(=1)"! [,(D um)
JouD*¢ === (1) [ uag

th

So u has o' weak derivative and D*u = u,. So u € W*P(Q) and v, — u in

Wkr(Q).
For p < oo, LP(1) is separable, so ngk LP(Q) is separable. Since any subspace
of a separable metric space is itself separable, W*P(Q) is separable. O

Corollary 2.13. H*() is a separable Hilbert space with inner product
(f, ar) = Z/DO‘ 2)D%(z) dz
la|<k

/f z) + Vf(x) Vg(r) + V2f(x) : Vig(z) + ... da.

2.2 Approximation of Weakly Differentiable Functions

Definition 2.14. We say V is compactly embedded in €2, and write V' CC €, if
V CV CIntQ, with V compact.

Definitions 2.15. The local L? space LIOC(Q) is defined by u € LY () < u € LP(V)
for all V- CC Q. The local Sobolev spaces W;P(Q) are defined in the obvious way.

Theorem 2.16. Let Q0 C R™ be open and bounded and uw € W5P(Q). As before, set
Q= {2 € Qld(z,00) > e}, set

n(x) = { Cexp (\xP 1)7 2] < 1

0, |x| > 1.

such that [5,n(x)dx =1, and set n.(x) = e "n(x/e). Define
wla) = (e x)(e) = [ o= g)uly)dy

Then u. € C*(Q.) and u. o n VV{Zf(Q)

Proof. u. € C*(£).) follows immediately from the definition of u. and the standard
smoothness properties of a convolution.
We now show that D%u. = 1. x D%u.

D* /Q n-(r — y)uly) dy = / Dne(z — y)u(y) dy
= (1) [ Dyt = puta)dy
= / ne(z — y)Dyu(y) dy.
Q

17



For each z € Q., n.(x — y) has compact support B.(x) in 2, and is smooth, and so
lies in C°(§2). So

Du.(r) = / ne( — y)D%u(y) dy = (n.  D*u)(x).

We now want to show that v, — w in L

oc(§2). Take x € V . CC Q with V C Q.
for small €.

|ue(w) — u(z)] =

/ ne(e — y)uly) dy — u(z)
Q

/Qm(x —y)u(y) dy — /Qne(x —y)u(r)dy
< / ne(z — g)|u(z) — u(y)| dy

- / e — )| Y& — )] P ) — u(y)| dy where 1/p+ 1/q = 1

1/q
/ N-(z —y) dy
Q /

~~

=1

since / n(x —y)dy =1
Q

1/p

< by Holder’s inequality.

/Q 1oz — y)lu(z) — uly)? dy

Also,

[ o) = wipdr < [ [ o= lute) = ut)l g

// 2)|u(z — z) — u(z)P dzde with z := 2 —y, W C Q
w 5(0
g/ dzsup/ lu(z — 2) — u(x)|P de.
<(0) |z|<e
_/_/

By Lebesgue’s dominated convergence theorem,
sup/ lu(z — z) — u(x)|? dz — 0.
|2|<e £—0

But [, |u.(z) — u(z)Pdz =2 0, since u. — u in LP(V) if, and only if, u. — u in
LP (Q); D%, = n. x D, so D®u. — D% in LP(V), equivalently, in L? (£2). O

loc loc

Theorem 2.17. Ifu € WFP(Q), then there is a sequence of functions u,, € C*(2)N
WHhP(Q) such that u,, — u in W*P(Q) (not just in W,"P(Q)).

Proof. Omitted. O
Thus, we have a useful alternative definition of weak derivative:

Definition 2.18. Let u,v € L'(Q). If u,, — v in L'(Q) and D*u,, — v in L*(Q),
then u has o™ weak derivative D®u := v.

18



Lemma 2.19. The norm

lull == [ID"u] (e,

o] <k
is equivalent to the usual norm || - |lwro) on WHP(S).

Proof. Recall that W*?(0) is a Banach space with norm

1/p

fullwrney == | S ID%ul, o,

lo| <k

It is enough to show that for all n,p > 1 and a; > 0,

1 n n 1/p n
LS < (z@ <Y
n =1 =1 i=1

It is easy to see that 3 ", af < (37;, a;)” for p > 1. Note also that

n p n
P p p
E a; | < |(nmaxa;) =nPmaxa; <nP g a;,
1 1
i=1 '

and the result follows. O

Definition 2.20. The closure of C°(Q) in W#?(Q) is denoted by W (). (Some
authors denote this space by W k(€).)

Note that W5P(Q) ¢ W*?(Q) is a Banach space with norm || - [ wrr(e)-

Lemma 2.21. If u € WJP(Q), then u extends to

] oux), ze
() = { 0, x &

and @ € WP (Qy) for all Q; D Q.

Proof. u € WeP(Q) < there exist u,, € C®(Q) such that u,, — u in W*?(Q).
Define ,, := u,, as above. Clearly w,, € C°(£;) for all 2 O Q. Then

i = @l yrn,) = ltm = vllwes@) — 0,

SO Ty — @ in WHP(Qy), and so @ € WaP(y). O

Lemma 2.22. Ifu € WJP(Q), then 4. — u in W*P(Q).

e—0

Proof. Exercise. O
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Theorem 2.23 (Friedrichs’ inequality®). If u € W (Q) and Q is bounded, then

1/p

lullzo@) < (diam(2))* | > [Dulf,

|a|=k
Proof. Set d := diam(£2) and, without loss of generality, suppose that
QCQ:={reR"0<z <dforl<i<n}.

Extend u to be zero outside  and obtain @ € Wi?(Q). If we write = (21, . .., Tp_1, y) =
(', x,), then, by the fundamental theorem of calculus,

N ™ oon

By Holder’s inequality, with % + % =1,

N noon
@)l =| [ 5
In ~ |P 1/7’ In 1/(]
(o) ([
0 Tn 0
Tn aa p 1/1”
= J'/ / d .
( 0 Oxy, y)
Hence,
u(x)|Pde = 12 z)|P dx
Q
_dp/q// dydx
p
< drlag / AL
Q a:L’n
_ g/ / ou |* .
Q 825'”
And so
2 k
] e T e e =
O || oo O || 1o Oy || oo

1/p
and this is at most d* _, |ID%u|?, it is also at most d¥ D%ul|?,
lor|=k Lr() o=k Lr(Q)"
0

SKurt O. Friedrichs (1901-1982)
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Note that Friedrichs’ inequality fails on the space W*?(Q): simply take u to be
any non-zero constant function. There are variants of Friedrichs’ inequality that
allow for non-zero boundary values at the cost of including a term of the form
|u||Lr@o0). However, it is not immediately clear how u can be restricted to the
boundary of Q2 (a set of Lebesgue measure zero) in a well-defined sense: see the
discussion of traces later for an answer to this problem.

In W;?(€2), therefore, the following four norms are all equivalent:

@ p l/p
o (S IDulte)

® 2 aj<k D% ullLr);

o (S 1Dl

® 2 jaj=k D%l Lr0)-

So, for example, in H}(Q) = W, *(),

jull= ([ |Vu<x>|2dx)1/2

is equivalent to the usual norm

1/2
allz oy = ( [utpas [ |Vu<x>|2dx) .

2.3 Weak Solutions to the Poisson Equation
We now wish to find u € H}(Q) = W, *(Q) such that

—Au=f on
u=20 on 0f).

1/p
3

To do this we solve the variational problem of finding

in % /Q Du(z)[2 dz — /Q F@)u(z) d.

ueHL ()
We claim that these two problems are equivalent:

Proof. (=) Write

I(u) = / Du(z)[2dz — / F(@)u(z) dz
2 Jo 0

and suppose that uy € Hj(Q) is a minimizer for I. Let f(t) := I(ug + t¢) for
¢ € HYQ) and ¢t € R; then f(0) delivers the minimum (0 is a minimizer). f is
smooth in ¢, so f'(0) = 0. Thus,

1

I(ug + top) = 5 / ID(ug(z) + té(x))|* do — / f(x)(uo(z) + tp(x)) da
Q Q
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and
0

a[(uo +to) . = /QDuo(x) -Do(z) dox — /Q f(z)p(z)dx = 0.

So [, Dug(z) - Do(x) dz = [, f(x)d(x) dx for all ¢ € Hy(Q), so

- [ Aufe)ota o = [ rol

—Auyg = f on
ug =0 on 0f;

and so

since ug € H} ().
(<) Suppose that u € H} () solves

—Au = f on
u=20 on Of).

Then, for all ¢ € H} (),

/Q Du(z) - Do(x) — f(z)d(x) dz = / (Au(x) — f(x))d(z) d = 0.

Q

So, if we write ¢ = u — w, where u,w € H}(Q),

/QDu(x) - (Du(z) — Dw(z)) — f(x)(u(x) —w(x))dz = 0.

Hence,

/|Du |2d:):—/f d:):—/Du() Dw(z d:):—/f (z)dx

<5 [ Du@Pde+ 5 [ o [ f@pud

where the inequality is the Cauchy—Schwarz inequality in the form
1 1
/ Du(z) - Duw(z) dz < / L Du@) + 2 Dw() 2 d.
Q Q2 2

Thus, I(u) < I(w) for all w € HJ (). O

Proposition 2.24. If Q is bounded, then there exists a unique element of Hy ()

that attains
inf /|Du |2dx—/f
ueH1

Proof. Let I(u) be as before and set d := diam(f2).
Step 1. We show that I is bounded below.

1/ Du(z)[? dz > ‘—l/ ()2 da.
2 Ja 2 Jq
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/Qf(x)u(:c) dz < g/ﬂ|u(x)\2dx—|— %/Qf(xf "

Hence,
I(u) = % /Q Du(z)? de — /Q F@)u(z) d

d d

> §/Q|u(x)\2dx—§/Q|u(x)\2dx+%/ﬂf(x)2dx
1

= _Q_d/gf(x)de

= —constant,

and so [ is bounded below.
Step 2. Now let (u,) be a minimizing sequence, i.e.
I(u,) — Inf I(u)=a+# *+oo.
() = int 1) =07
We wish to show compactness in some sense: [(u,) < some constant for all n should
imply that there is a u with I(u,) — I(u) < 0. There are two equivalent ways to

approach this: either show that I(u,) < 0 for large n, or show that I(u,) < C for
all n.

We will then apply the following weak compactness result from functional anal-
ysis:

Theorem 2.25. (Banach—Alaoglu.) Let X be a separable Banach space, and X* its
dual space. If (z},) C X* is a bounded sequence, then there is a subsequence (z}, )
that converges in a weak topology: (x} ,x) — (x*,x) for allx € X.

*
ng?

So, if we can prove that (u,) is bounded in H}(Q2), (u,) will be weakly compact.
d 2 1 2 . . 5 - .
5 |ty ()] da < 5 |Du,,(z)|* by Friedrichs’ inequality
Q Q

< /Qf(x)un(x) de +C

< % (g/ﬂ|un(x)|2dx+§/ﬂf(x)2dx) e

5 [lw@P st g [ fapdtc

So 4 [ Jun(z)[?dz < L [, f(z)?dz + C < some constant, so (u,) is bounded in
L*(Q). Since

%/Q|Dun(x)|2dxS/Qf(x)un(:)s)dijC'

(/Q f@)?dx) " (/Q |un(x)\2dx) e

constant

IA

IA
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So (Duy,) is bounded in L*(€). So |unllgp () is bounded, and so there exists a
subsequence (u,,) C (u,) such that u,, — u € HJ ().
Now, by Cauchy—Schwarz,

inf I(v) —hmlnf /HDunk )|1?dz — /f ) Uy, (T
vEH&(Q)
> —/\Du(m)|2dx—/f(3:)u(x)dx
2 /o Q

so u is indeed a minimizer of I on H{ ().
Step 3. To show uniqueness, suppose that there are two minimizers u; and us,
and set u := auy + (1 — a)uy. Then, by the strict convexity of I,

Iau; + (1 — a)ug) < al(uy) + (1 — a)l(ug)
=amin/ + (1 —a)min/

=min [,

a contradiction. So there is a unique minimizer. O

2.4 Approximation up to the Boundary

We have approximations of elements of VVIIZCP (Q) by sequences in C*°(£2), and ele-

ments of W*P(Q) by sequences in C>=(Q)NW*P(Q). We now prove another approx-
imation theorem:

Theorem 2.26. Suppose that ) is bounded and that O is C. If u € Wkr(Q),
then there exists a sequence (u,,) C C*(Q) such that u, — u in W*P(Q).

Proof. We will prove this only for star-shaped® domains.
Let u € W*?(Q2) and set Q,,, := {z |"=2z € Q}. Observe that

UDOLD--D20,D---D0

and Q CC Q,, for all m. Since Q is star-shaped (about 0, by translation), we can
set u,(z) == u (mT_lx) for x € Q,,. Note that u,, € W*?(Q,,). We want u,, to

approximate u in W*P(Q).
m— 1
u( p- x) — u(x)

it — e < /
Q

P

:/‘u x—ﬁ —u(x)

sup /|u r+z) —u(z)Pde
|z|<d/m

p

dx

dx

— 0,
m—00

60) is star-shaped with respect to xg € Q if any ray (half line) based at g intersects 9 only
once.
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SO Uy, — w in LP(2).

Similarly,
D"t = D" ull ) = [ IDun(a) = Doula)]?da
p
_/Dauml)Da()dx
QO m
m— 1\ m—1 g
:/ ( ) (D?‘n 1 u( x)) — D%(x)| dz
Q m m
m— 1\ ’
:/ (7) — 141 | D%(z) — D*u(z)| dx
Q m

p

dx

_ 1\ P _
<c - (Ll) / Do, (m 1:5)
m Q m

+ C’g/Q ’Dau (93 - £) - Do‘u(x))p dz

m

— 0,
m—00

and so D%u,, — D% in LP(£2).
We now have u,, € W*?(Q,), Q CC Qy,, such that [u,, — ullyrsq) — 0. Now

approximate each w,, by smooth functions u,,. € C*(£,,) such that wu,, . L(; U,
e—

in both W}"?(Q,,) and W*?(Q), since Q@ CC Q,,. Also, Uy € C=(Q), since Q C

loc
QCQ,,.

um@ e um

AN
N
AN
N
N

u

So we can choose e(m) — 0 such that wy, .(m) € C*(Q) and wy, () — © in WHP(Q).
]

2.5 Extensions of Weakly Differentiable Functions

Theorem 2.27 (Extension theorem). Let Q2 be bounded and let 92 be C'. Let Q CC
V and u € WkP(Q). Then there exists a bounded linear operator E: WkP(Q) —
WkP(R™) such that

(i) Eu(z) = u(x) for all z € Q;
(ii) || Bullwesmny < Cllullwrey, where C depends only on k,p,Q,V;
(iii) supp Eu C V, so, in effect, Eu € W*P(V).

Exercise 2.28. Use the extension theorem to prove the previous result about ap-
proximation up to the boundary.
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Proof of theorem 2.27. We prove the result for W1?(Q).

Step 1. Make a transformation of coordinates so that 02 is the flat hyperplane
{z,, = 0} near o € 02. Write B := B, (z¢) as ByWB_, where By has z,, > 0 (inside
Q) and B_ has z,, < 0 (outside Q). Suppose that u € C*(Q). Extend u : B, — R
tou: B— R by

[ (), r € By;
() { =3u(a’, —x,) + 4u(a’, -2, /2), € B_.

We check continuity of u:

tlaa(x) = u(2’,0) = —=3u(a’,0) + 4u(a’,0).

u

Clearly is continuous for 1 < ¢ < n. Also,

ou
oz,

ou , , 8u 2 ou ,

So @ € C*(B). We now check that ||a|lwisp) < C|lullwres,). From the definition
of u, it is clear that

/ a@)Pde <C | |u(@) da.
B By

Similarly, for 1 <1 < n,

u 8—36’ x +3
8u<x>_{§ (), €B
ou ou

oz, aa—(:c —Z,) — 288571 (x’ —””—") , T € B_,
p
z)| dx < C’/
| |5 5 |9

Hence, H?_LHV[/LP(B) < CHUHWLP(B+)-

Step 2. Cover 0f) with balls B; as in Step 1. Since 0f2 is compact, we can take
a finite subcover and a partition of unity subordinate to that finite subcover. The
sum of the u;’s, weighted by that partition of unity, then gives our extension Fu,
defined for u € C*°(Q). Now extend E from the dense subspace C*({2) to all of
Wkr(Q). O

p

Ou de < C

ou
e (z)

ox; (z)

By

Since

we also have

2.6 Trace

Suppose that we try to solve the Poisson equation

{ —Au(z) = f(z), =€ Q;
u(z) = g(x), x € 0SY;

where f, g are both L?. The previous results suggest that the solution u should lie
in W2(Q2). However, such a u is only defined up to sets of measure zero, and 95
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has zero measure in €2, so what does the BC u = g on 0f) actually mean? Given
u € WH2(Q), if we change its value on a null set, we do not change [, [u(z)|* dx.
However, it turns out that if we control both v and Du on €2, then we automatically
control u on 0f).

Theorem 2.29 (Trace theorem). Let Q be bounded and let 9Q be C' Then there
exists a bounded linear operator T: WHP(Q) — LP(0R), called the trace operator,
such that

(i) Tu = ulpq if u € WHP(Q) N C(Q), i.e. T extends the notion of “restriction to
the boundary”;

(i5) |Tullro0) < Cllullwrsg) for all w € WHP(Q), where C' depends only on
and p.

Proof. Step 1. As before, take 02 to be flat near zo € 0Q. Take u € C™(2)
(although it is only necessary that u € C*(Q)). Choose a non-negative function
£ € CF(B,(x0)) such that {(z) = 1 for x € B, /5(x0) (and so & decays smoothly to 0
at OB, (xg). Let I := B, 2(z9) N 0S2. Then

/ (@) da’ < / £ ()P do’
r 0NB, (z0)

0

By 825'”

and

(()|u(@) ") dv = - / §(@)u(@)Pry(r) dz

9B,

—— [ P
89NBy (z0)
since & = 0 on IB, (zo).

/ (@) da’ < / £ ula) P do?
r 9QNB, (z0)

8 p
= |/ 5 €@mP d

(z)dz

_ / 2 (@) + €ln)plula) P sgnu(e) -

ou
a—%(ff)

dx

<

()P de + / €() plu(z) P!

By
ou

< C /B lu(z)[P dz + C, /B u(@) | 5 @)

<C (/B ()P dz + /B \Du(:c)|pdx) ,

where the last line follows by Young’s inequality ab < % + % in the form

2| < (| 4 o) = (| 7w

dx

Ju(z)["!

T |u(:c)|p) .
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ThU.S, ||u||Lp(1") S CHUHWLP(Q).
Now cover 02 by a finite number of such sets I'; to give

1Tl Loo0y = el oony <D lulleey) < Cllullwirg).-

Step 2. We extend the above to functions u € W'?(Q). Take a sequence (u,,) C
C>=(Q) such that u,, — u in W'(Q). The operator T is clearly linear by its
definition as “restriction to the boundary”.

||Tum - TunHLP(BQ) = ||um - unHLP(BQ)
< Olftm — tnl|wrr)
H O
since (u,,) is Cauchy, so (T'u,,) is Cauchy in LP(0S2). Since LP(0f2) is complete,
Tu,, — v =: Tu. For each m,

[T U] Lr@0) < Clltim|lwrr),

and so, taking the limit as m — oo, || Tu||rr@0) < Cllullwir). Thus, Tu is well-
defined and depends only on u, not the choice of sequence ().
Step 3. If u € W'P(Q)NC(Q), then Tu = ulpq. This is clear, since Tu,, = U, —

win C(0Q) and Tu,, — Tu in LP(092) (convergence almost everywhere). Hence,
Tu= u| o0 - ]

Theorem 2.30. Let Q be bounded and let Q be C. Then u € W, P(Q) if, and
only if, u € WHP(Q) and Tu = 0.

This result extends to higher-order derivatives. Thus, we have an equivalent
definition for Wy P (€):

Wy (@) = {w € WH(Q)| ¥la| <k —1,7D" = 0}

Theorem 2.31 (Green’s theorem). Suppose that u € WP(Q) and v € WH(Q),
with % + % =1. Then

Ou (x)v(z)de = — v

(x)u(x) dx +/ u(z)v(x)y(x) dS(x).

Q a:L', Q a:L', 90

Proof. Exercise. Hint: Take sequences (uy,), (v,) C C*(Q2) converging to u and v

respectively. Use Tu,, — T, Tv,, — T. O

2.7 Review of Sobolev Spaces

Suppose we wish to solve
{ —Au = f € LP(Q);
u|aQ =0.
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. Weak derivatives. Even if u ¢ C*, we can still define a derivative, so the
solution u to the above doesn’t have to lie in C?(2). We define the weak
derivative c% by

/Q w@) 22wy de = — [ 2Ly de Vo e CF(Q).

For this derivative to be well-defined we need that u € L*(£2).
. Sobolev spaces.
WkP(Q) .= {u € LP(Q)|D € LP(Q), |a| < k}.
(a) WHFP(Q), 1 < p < oo, is a Banach space.
(b) H ( ) = WH*2(Q) is a Hilbert space.
) W
)

(c
(d

FP(Q), 1 < p < 00, is reflexive (X** = X).
WkP(Q), 1 < p < oo, is separable.

Theorem 2.32. (Banach-Alaoglu.) If X is a reflexive Banach space and
(tm) is a bounded sequence in X, then there is a subsequence (uy,;) such that
Um;, = u € X.

So if |[tm|lwrr) < C, 1 < p < oo, then there is a subsequence (u,,,;) such

that
/um] dx—>/ xz)dr V¢ e L1(Q),

/Do‘umj dx—>/Da D)z Vo € LUQ), |a| < k.
Q

. C*>(Q) is dense in W*P(Q2). If we prove some property for u € C*(£2) and
this property respects limits in the W*?(Q) norm, then that property holds
for u € WHP(Q) as well.

- WEP(Q) = closure of C°(Q) in W*P(Q). For WJP(Q) we have better approx-
imation theorems (not just on V. cC Q). WeP(Q) = Wk?(R") if we extend

by 0 outside {2. We have an explicit formula for a sequence of approximations
U, — u in WEP(Q) = WEP(R™):

e—0

where

and [, n(x)de = 1.
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5. Extension of W*?(Q) to WkP(V), Q cC V.

where Eu = u on . C>(Q) is dense in W(Q).

6. Trace. Does the condition u|gpg = 0 make sense, given that 02 has zero
measure? There is a linear map T : W'?(Q) — LP(99) such that

(a) Tu = ulag for u € C(Q) N WLP(Q);
(b) ||Tu||LP(8Q) < CHUHWLP(Q).

Thus, we have an an equivalent definition for W,”(Q):

Wo(Q) == {u € W*(Q)|V|a| <k —1,TDu=0}.

7. A bound [, [Dun,(z)|*dz < C is enough for weak compactness, Du,,, — v. If
u € WHP(Q), then ||ul|rp) = diam(Q)||Dul| 1r(q), and so v = Du.

If we wish to solve
{ —Au = f € LP(Q);
U|aQ =9,

then we find w smooth enough with w|sq = g and solve

{ —Au—w) = f+ Aw;
(u—w)|sq = 0.

2.8 Sobolev Inclusions

If u € WHFP(Q), does it belong to any other function space, such as L4(Q), C(Q),
cH(Q)?

Theorem 2.33 (Gagliardo—Nirenberg inequality” for R"). Let Q =R", 1 < p < n,

and # = 1—1) — % Then there is a constant C, depending only on n and p, such that

[u]| gy < ClIDul|Lr@ny  Yu € WHP(R™).

Equivalently, WHP(R™) C LP"(R") and the inclusion i : WHP(R") — LF"(R") is
continuous.

Definition 2.34. p* = n”Tpp is sometimes known as the Sobolev conjugate of p.

Proof of theorem 2.33. First consider the case u € C®(R"), p=1,p* = =

n—1"

i Ou
lu(z)| = ‘/_OO axi(xl,...,yi,...,xn)dyi

< / Du(y)| dy,

"Emilio Gagliardo, Louis Nirenberg (1925-)
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for each i = 1,...,n. Hence, |u(x)|" <], [; [Du(y)| dy;, and so

E[(/ Du(y) \dyZ>L11.

- J11(/ Dutlan) " do
= </R|Du(y)|dy1)nll/Rli </R|Du(y)|d%>"11 dz,

(2

So

[ tute)

The usual Holder inequality can be generalized to

JERE (/fl)_(/f)_

fori—l—---—l—pinzl,pi>1. Thus,

p
1

/ H( / |Du<y>|dyz-)” H( [ [ utlanan)™

=2

o= an < ([ |Du<y>|dy1)“ (/ [ 1Duty |dx1dyz)fl

/R/R\u(xﬂ"nl dayda,
<[/ \Du(y)\dyl)"llf[( /] \Du(y)\dmdyé)"ll] da»

- </R/R\Du(y)\dx1dy2) /R </R\DU(Z/)\dy1>"llg <44‘Du(y)‘dxldyi>m] .
< (L) ([ [eonsnsa) " EL (] [peonstean)

Thus, repeating this procedure a total of n times:
= =
u(z)|7T dz < H ( |Du(x |da:) = ( |Du(z)| dx) .
R

This proves the claim for p = 1 with constant C' = 1.
For p > 1, set v = |ul®, b > 1:

R R

n
n—1

P ar< ([ Do) ac)

R” R

31



Le.,

()22 dar < (/R b\Du(m)Hu(:cﬂb_ldx) '

Rn

IDu(z)|[u(z)" da < ( 5 |Du(x)\pdx)% (

p—1

|u<x>ﬁh-”zﬂfdx) '

R™ Rn

So

n p—1

2 PG . -
ol e <o ([ putopar)™ ([ )t ac)
R™ R» R™

Solving 2 = (b — 1)k for b gives b = p(n"f_pl), so 2L = =

_n_
n—1

p*. Therefore,

1
pF

( [ @ d:c) e ( i |Du(x)\pdx> '

where C' depends only on n and p.
Finally, to obtain the result for v € WH?(R"), note that if u,, — u, then

1

< o 8 = d‘”) "sc < [ 1Dun(z) - Dug(@)P dif); ,

and so the theorem holds by the usual approximation results. O

Theorem 2.35 (Gagliardo—Nirenberg inequality for Q C R"). IfQ C R™ is bounded,
00 is O, and 1 < p < n, then WLP(Q) C LP"(Q) and

[ull o @) < Cllullwrr)

for all w € WHP(Q), where C' depends only on Q2 and p. (Hence, also, WP(Q2) C
Li(QY) for q < p*.)

Proof. This follows from the extension theorem (theorem 2.27) and the inequalities
[ull o) < 1Bl @y < CllEullwro@ny < Cllullwir)- O
For W,?(Q), we have 1wl o () < Cl|Dul| ey

Theorem 2.36. Let Q C R"™ be bounded with 9 C*. Then WFP(Q) C Li(Q),
where % = i +E p>1, kp <n, and |Jul| o) < Cllullwra) for all u € WHP(Q),
where C' depends only on 2, k and p.

Proof. First take u € W*P(R™). We know that
vl Lo* &y < C||Dul|Logny,
and that for |a| =k,

||Da_1u||Lp* (R™) S C||Dau||LP(R7L).
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Take v := D% o and apply the Gagliardo-Nirenberg inequality:
ID*"?u]| e gy < CIID* | pogeny

— % Applying this a total of £ times yields

[ul|a@ny < Cllullwrsn),
or, by equivalence, for |o| = £,

[u]| Loeny < C|[Dul| Lo(@n).-

Now, for u € W*P(Q), Eu € W*kP(R") and

[ullog) < [[Eul|La@ny < CllEU/lwnnny < C'lullwnr). m

What about the case p = n? Intuitively, for W™(Q), ¢ = n"Tpp = oo. How-
ever, WIm(Q) € L>(Q), although Wh*(Q) C L(Q) for all finite ¢: take u(x) :=
loglog(1 — |z|™!) on Q :=B1(0) C R?. u € Wh™(Q) but u(z) — oo as |z| — 0.

Theorem 2.37 (Poincaré inequality®). Let Q C R™ be bounded and connected with
9Q CL. Then, for all u € W1P(Q),

/Qu(:c)—]ﬁu

where, as in our treatment of the Laplace equation, fﬂu = fQ u(x)dx denotes
the mean value of u on 2, and C' depends only on Q and p.

p
dr < c/ Du(x)? da,
Q

Proof. First consider the case n = 1, v € C*([0, 1]). By the mean value theorem,
there exists an a € (0, 1) such that u(a) = £, u.

u() — ]ﬁ " / ") da
< /01 (2)] da

<[ MM)?

P 11 1
dz < C/ / [/ (y)| dydz = C’/ |u'(z)|P dz.
o Jo 0

p

Hence,

/01 u(x)—]éu

To treat the other cases, we first need the following definition and compactness
theorem:

Definition 2.38. Suppose that X and Y are Banach spaces with X C Y. We say
that X is compactly embedded in Y, and write X CC Y, if

8(Jules) Henri Poincaré (1854-1912)
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(i) there is a C such that ||z|ly < ||z||x for all z € X;

(ii) any bounded set in X is precompact in Y (i.e., every sequence in such a
bounded set has a subsequence that is Cauchy in V).

Theorem 2.39 (Rellich-Kondrachov compactness theorem). Suppose that 2 C R"
is open, bounded (and connected), and that 9Q is C*. If 1 < p <n and ;z% = % —1

then WHP(Q) C LP"(Q) and WP(Q) cC L4(Q) for 1 < g < p*.

Now consider n > 1. Suppose that the inequality is false. Then there is a
sequence (uy) C W'P(Q) such that

/Q up(x) — ]éuk

Uk — fQ ukHLp(Q) 2 /{?HDukHLP(Q). Let

p

dz > k:p/ |Duy(x)|P dz,
Q

ie.,

() = up(x) — fo un

B H“k — fo ukHLP(Q)'

Duy,
||u’“_fﬂ Uk ||LP(Q)
In particular, v, is bounded in W'?(Q). So, by the Rellich-Kondrachov theorem,
vp — v in LP(Q). So f,v =0, |[v|Lr@ =1, and

, 80 | Dugllrr) < 1.

Thus, f,vr = 0, ||lvkllr@) = 1, and Dy, = -

/QU(I) 99 (r)dz = lim o) (ol0) () dz = — lim v

(x)p(x)dx = 0.

Hence, [, v(z)D¢(z)dz = 0, so Dv = 0, and so, since (2 is connected, v is constant
with value 0, since f,v = 0. This contradicts [|v||1r@) = 1. 0O

We now prove the Rellich-Kondrachov theorem, as used above:

Proof of theorem 2.39. By the Gagliardo—Nirenberg inequality(theorem 2.35), W1?(Q) C
L1(Q) for 1 < ¢ < p*, with

HUHLP*(Q) < CHuHleP(Q).

We have to show that ||ul[zeq) < C|lullwir@:

[ w@lrde = [ utlay

<C </Q ()P dx)p .

Hence, [[ul|La) < [lullpm @) < C'[lullwrrg).
We now have to show that if (u,,) C WP(2) is a bounded sequence, then (u,,)
is precompact in L?((2).
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Step 1. Without loss of generality, consider u,, € W?(R") such that supp u,, is
compact and supp u,, C V for all m and some bounded set V. Take u;, := 1. xu,, €
C>°(R") as usual. uZ, 2 Um uniformly in m, and uS, — u,, in WHP(R").

e—

U, (%) — U () = / (2 = y)um(y) dy — u(z)
— [ 1yl = ) dy — uw
= / N(Y)um(x — ey) dy — u(z)
— [ 1(0) (e = 23) = n(a))

1
d
z/ n(y)/ aum(x—a&y)dtdy.
n 0

Therefore,

@) = ) < [ 0o [ D= sty ey

and so

i (2) — 1 ()] d ga/ () / \Dum(:c)|dx/11dtdy

R® B1 (0) 0

<e [ |Dup(z)|de,
Rn

since suppn C B;(0) and |y| < 1. Hence, [, [us, () — um(2)|dz < e [i, |Duy, ()] dz,
S0
||ufn — um||L1(V) S €C||Dum||L1(V) S €C,||Dum||Lp(v) S EC”.

We need to estimate ||us, — tp|La(v):

s, = wmllzaevy < llus, = wnllZrry s, = wmll Loty < Cllus, = wmllprw)-

This is a consequence of the following corollary of Holder’s inequality: for 0 < 6 < 1,

1 _ 6, 1=0

TR 0 1-6
[l o < Jlwllze l[ullz"

Step 2. u;, is uniformly bounded for each € > 0:

/

C C
)l =| [ o= ) an| < Shunllow < S

u;, is uniformly equicontinuous for each ¢ > 0:

C c’
[ Dot = pun) ] £ ol < v

D, (2)] =
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Thus, ||uS, — wn raq) < Ce? and (uf,) is uniformly bounded and equicontinuous for
each ¢.

Step 3. We want to prove that for each § > 0, there is a subsequence (up,,) C ()
such that limsup; ;. |tm; — Um,||Ley < d. Fix § > 0. Choose € > 0 such that
|u5,, = Uml||zaqvy < 0/2. By the Arzela-Ascoli theorem, there exists a subsequence

(uf,) € (ug,) such that (uf, ) converges uniformly on compact subsets of R". So

sup |u;, (r) —u;, ()| — 0.
SCEV J ],k—>oo

Thus, lim sup; ;. . [|u,, — 5, l|2aqv) = 0, and

Hm sup [|tm; — tmy [|za(v)

7,k—o0

< timsup ([Jum, = 5, oy + 5, = 5, laar) + 55, = tm L2217
J,k—o0

< Hmsup [[um; — ug, [[povy +limsup [|ug, — ug,, [lzaqry + Hmsup [Jug,, — tm, [[Lov)

j—o0 J,k—o0 k—oo

<.

Take subsequences for d =1, %, i, ey 2—1“ ... and take a diagonal subsequence: thus,

there exists (uy,, ) such that imsup; ;o [tim; — tm, ||Lavy = 0. O

Thus, WH?(Q) cC LP(Q) for 1 < p < oo — more on this later. So, if we have a
weakly convergent sequence u,, — u in W1P(2), we can find a strongly convergent
subsequence u,; — u in LP(€).

2.9 Holder Spaces
Definitions 2.40. Define the norm || - [|¢q) by

[ullog@y = sup [u(z)],
e

the seminorm [-], by

u(z) —u
oy = sup [ulz) — uly)l
syeQazy [T Y|
and the norm || - ||o, by
[ulloy = llullo@) + [ulos-
Exercise 2.41. Show that || - ||o,, is indeed a norm.

Definition 2.42. The Hilder space C*7(Q) is space of functions u € C*(Q) for

which the norm
||U||ckw((z) = Z ||Dau||0(s‘2) + Z [Dau]o,v

|a| <K la|=k

is finite.
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Exercise 2.43. Show that C*7(Q) is a Banach space but not a Hilbert space.

n

Theorem 2.44 (Morrey’s inequality for R™). Consider R", p > n, v := 1—=2. Then

there is a constant C' depending only on n and p such that, for all u € W'P(R™) N
CL(R"),
HUHCOW(R") < C||U||W1,p(Rn).

Proof. Step 1. Consider B, (x). We want to show that

[Du(y)]

PN,
B (2) [T — Y[

f )~y <0

Take w € S"™™1 = 0B(0), 0 < s < r.

s

lu(z + sw) — u(x)| =

d
i au(x + tw) dt'

s

d
i aDu(:)j +tw) - w dt‘

< / Du(z + tw)
0

/ lu(z + sw) — u(x)| dS(w / / |Du( x—i—tu))
81831(0) 81831(0

D
<[ o,
By(z) 1T — Y|~

D
sl / u(z + sw) — u(z)| dS(w) < 5" / Ly)'_l dy
B4 (0) By (z) [T — y["

D
comt [ DAL,

1 / [Du(y)] "o
u(y) — u(x dyg/ fdy/s” ds
B, (z)| T(x)‘ ) @) Bo(2) 1T — Y[ 0
1 7“"/ [Du(y)]
— _ I gy
B (2) 7 J3, () l = y["!

F o -l se [ 2L,
() @) [ =yl

Step 2. We now estimate |u(x)| for all z: |u(z)] < |u(x) — u(y)| + |u(y)|.

w(x)| = u(x)|d u(x) —u d U dy.
[u(z)]| 71[31(@| (2)] yﬁ]][&(m)l (z) —u(y)| y+]][31(m)| (y)| dy
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Also,
]é 1014 < Clulia o < Ol
1(x

|Du(y)|
F oo —uiay<c [ UL
Bi(2) Bi(o) 1T — Y
) p1
v dy Z
<C (/ [Du(y)[” dy) </ (n—l)P_l)
B1(z) Bi(z) |z — y| »
Since p > n,
p—1
d p
</ {Z_ml) < C|[Dull o),
Bi@) |z —y["
and so

Su[é) ‘U(SL’>| S Cl||u||Lp(Rn) + CQHDUHLp(Rn) S CHUHWlp(Rn)
TER™

Step 3. We now estimate [u]o,. Set V := B, (z) N B, (y), where r = |z — y].

() — u(y)| = ][ () — u(y)] dz
< f fu() — u(z)| dz + ][V fu(y) — u(z)] dz

L Ul ) —ulz z |BT($> Ulxr) —ulz z
v )~ ez < B ) w1

<2 ]][Br(x) lu(z) —u(z)| dz

u(z) — uly)] < olf

By (z)

fu(z) — u(z)| dz + 02][ fu(y) — u(z)] dz

B (y)
Estimating each of these terms:
[Du(z)]

B(z) |7 — 2"}

][ lu(z) —u(z)|dz < C dz
Br(x)

p—1

dz ?
< ClIDullmger ( [ )
B.(z) |z — Z| P

and the last factor on the RHS is

p=1 p—1

<C </ 12 dx) " <o (rn—(n—l)%)T _ o
0

][ |u(x) — u(z)| dz < Cr7||Du|| o mny,
r(z)

Thus,
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so Ju(z) — u(y)| < Cr7Y||Dul|1r@ny. Hence,

u(z) —u
sp O =4O oy,
syeRrazy [T = Y|
and so ||ulcor@ny < Cllullwirm@n).- m

Theorem 2.45 (Morrey’s inequality for Q C R™). Let Q C R™ be open and bounded,
with OQ C. Let p >n and v :=1— 2. Then there is a constant C such that

P
[ullcon(@) < Cllullwre)-
Proof. Apply Morrey’s inequality for R” and the extension theorem:
[ullcor@y < |Eullcom@ny < CllEuwiegn) < C'ullwieg)- O

Theorem 2.46. Let 2 C R" be open and bounded, with 02 Ct, and let kp > n.
Then WkP(Q) C C*(Q), where £ :=k — |2%| — 1 and

p

{LgJH—g, ¢ 7
’y:

€ Z.

VIS IS

any number € [0,1),

Also, there is a constant C, depending only on 2, k and p, so that, for all u €
Wk,p(Q)’
||u||CM(Q) < C||U||Wk,p(g).

Thus, we now have information on W*?(Q) for kp < n and kp > n. For instance:

o 1<p<n=W(Q) CL'Q), ;=

1_ 1.
p n’

e n<p<oo=WH(Q)CCW(Q),y=1-1
What about the boundary case kp = n?

Theorem 2.47. Let Q C R" be open and bounded, with 9Q C*. If u € W, P(Q),

p =mn, then
Ju(x)| )—
ex - dz < C|0.
[ o (01||Dur|m> < R[4

Proof. The proof relies on inequalities with Riesz potentials. See [GT], Chapter
7. O

Definition 2.48. Given ¢ : [0,00) — R such that ¢(0) = 0 and ¢ is increasing and
convex, the Orlic2® space L¥(€2) is the space of all integrable u : 2 — R such that

[o(HY e} <o

||U||L¢(Q) ;= inf {)\ >0

YWiadystaw Orlicz (1903-1990).
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For example, if p(t) = [t|?, then |[u||Le) = ||u||zr@)- In fact, the Orlicz space
L#(€) is a Banach space. With this notation, theorem 2.47 is the statement that
WyP(Q) C L#(Q) for

o(t) = exp (|t77) — 1.

Theorem 2.49. Let Q C R™ be open and bounded, with 9Q C*. If u € W(f’p(Q),

kp = n, then
/exp |Uk(—l')| dz < CyQ.
Q Ci|[D"ul| oo

The space of theorem 2.49 is known as the Orlicz-Sobolev space.
In the discussion so far, we have not treated the case p = oo.

Theorem 2.50. Let 2 C R™ be open and bounded, with O C*. Then u € WH>(Q)
if, and only if, u is Lipschitz (i.e., is equivalent to a Lipschitz function).

Proof. See [Ev], Chapter 5. O

2.10 Logarithmic Sobolev Inequalities

The following theorem is used in quantum mechanics. Its main feature and utility
is its independence of dimension, n.

Theorem 2.51. Define the measure dy = e~ dz. Then, for all u € C=(Q),

1
T JRr

Du)duz [ |u<x>\2log( Ju(z) ) .

Tl ooy

2.11 H Q) and Duality

Definitions 2.52. Given Q C R" H*(Q) is defined to be the dual space of
HE(Q) := WE2(Q), i.e. the space of bounded linear functionals on HE(€):

H*Q) = {f:Hg—ﬁR

f is linear and sup M < oo} .

||u||Hg§(Q)
The norm on H=*(Q) is
1 lr-sy 1= sup {1(£, )] |u € HEQ), gy <1}
In what follows, we confine our attention to the space H~1().

Theorem 2.53. Let Q CR"™ and f € H (). Then
(i) there exist functions fO, f1, ... f™ € L*(Q) such that, for allv € H} (),

o= [ P +Zf e (22

40



(ii) the norm of f is also given by

1

||fHH71(Q) = inf{ (/ Z ‘fz ‘2dx> f satisfies (2.2) and, for all i, fZ € L2(Q)} .

Proof. (i) Recall that H;(f2) is a Hilbert space with inner product

(w, V) i) = /Qu(x)v(x) + Du(z) - Du(x) dz.

Recall:

Theorem 2.54. (Riesz representation theorem.) Let H be a real Hilbert space with
dual H*. Then H* can be canonically identified with H: for all f € H*, there is a
unique f* € H such that (f*,v)y = (f,v) for all v € H, and the map f +— f* is a
linear isomorphism of H* onto 'H.

So, given f € H~1(), choose the unique u := f* € H}(Q) such that, for all
v € Hy(9),

(f,v) = (u,0)m) = /Qu(:v)v(x) + Du(z) - Dv(x) da.

We want

=/Qf°( +Zfl 8:::2

so simply take f° :=wu and f!:= g—;ﬁ € LQ(Q). Clearly, f°, fi satisfy (2.2).
(ii) Suppose that we also write the action of f € H~1(Q) as

<f,v>=/Q +zn:g &rz

Take v = u = f* as in part (i).

/Q Du(a)]? + u()? de = / P @)u(2) Y gi(a) gu (1) da

1=1

< ( / izn;gi(x)zda:>; ([ utay + |u<a:>|%b:)é
Thus, _

(/ _Z\f%x)\?dx) =</ Z\Du<x>\2+|u<x>\2dx> s(/ Z|gi<x>\2dx) .

So, for all v € Hy(Q) with |[v]| g3 () < 1,

[(f, )] < (/QZIfi(:):)Fdx) .



[ 1oy = sup { £, ) [Iolgyeor < 1

()
< < / gmwﬁda«)

Thus,

1
n 2
3 < : § ) 2 )
||f||H HY) = represlernl{ations (/Q — |g ([L’)| dl’)

Take v = u/[|u|| g3 (q)- Then

U - i 2y
<fam> = HUHHg(m = (/QZU (z)]°d

and || f||g-1(0) attains the infimum above.
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3 Elliptic PDEs

3.1 Weak Solutions and Fredholm Theory

We seek to solve (o) = f(2) 0
Lu(z , T el
{ w(@) =0, zedn (3.1)

where L is of the form

"9
L“Z—Za—%(% )*Zb 8@ (@),

ij=1

known as divergence form, or

Lu:—Za,] 8x18m Zb c(x)u.

ij=1 i=1

Definition 3.1. A differential operator L of the above type is elliptic (or uniformly
elliptic) if, for some o > 0 and all z € Q, £ € R",

n

Z ai; (2)&&; > alé”. (3.2)

ij=1
That is, the matrix (a;;) is positive definite.

Example 3.2. If a;; = d;;, by = ¢ = f = 0, then L = —A and (3.1) becomes
Laplace’s equation.

There is a bilinear form B : H}(Q) x H}(Q) — R associated to L, which is
defined by
B(u,v) == (Lu,v) 2.

By integrating by parts, one sees that

B(u,v) = /Q <Z aij (x)%(x)%(x) + Z bz(:)s)ggl (x)v(x) + c(:)s)u(x)v(x)) dz.

i,j=1 i=1

Definition 3.3. u is a weak solution of (3.1) for f € H~1(Q) if B(u,v) = (f,v) for
all v € H}(Q).

Theorem 3.4 (Lax-Milgram'®). Let H be a Hilbert space and let B : H x H — R
be a bilinear form with constants o, 3 > 0 such that for all u,v € 'H,

|B(u, v)| < aflullx/lv]l+
and
B(u,u) > Bl|ull3,

Then, for all f € H*, there exists a unique u € H such that B(u,v) = (f,v) for all
veH.

OPeter Lax (1926-) and Arthur Milgram
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Proof. If B is symmetric then it is an inner product on H, so, by the Riesz repre-
sentation theorem (Theorem 2.54), given f € H*, there is a unique u € H such that
B(u,v) = (f,v) for all v € H.

Otherwise, for each u € H, v — B(u,v) is a bounded linear functional on H.
So, by the Riesz representation theorem, given u € H, there is a unique w € H
such that (w,v)y = B(u,v). Define Au := w. The map A : H — H is clearly
well-defined. It is also linear: take aq,as € R and uq, uy € H:

(A(arug + agusg), v)y = B(ajug + agusg, v)
= a1 B(uy,v) + asB(us, v)
= a1 (Auy, v)y + ag(Aug, v)y
= (1 Aug + agAug, v)y.

A is a bounded map:
[ Aullf, = (Au, Au)y = Blu, Au) < allulls || Aulls,

so [|Aully < alulls.
A is injective since

[Aullpellullz > (Au, w)p = Blu,u) > Bllull,,

so Au=0=u=0.
The image im(A) is closed: take a convergent sequence (v,) C im(A), v, — v.
Choose u,, € H such that Au, = v, for each n. (Au,) is Cauchy, so

| Ay, — Aty || 3|t — |l > (A, — Aty Uy, — Uim) 1
= By — U, Uy, — Uy
> Bt — 3,

So B|tun—tm|ln < ||vn—vm|l2 — 0. So (u,) is Cauchy and converges to some u € H.
So v, = Au, — Au = v by the continuity (boundedness) of A, so v € im(A), and
so im(A) is closed.

Finally, A is surjective: for, if not, there is an s € ‘H, s # 0, such that s L im(A).
But

Blisllz, < B(s, ) = (s, As)n = 0,

so s = 0, a contradiction.

So, take f € H*. There is a unique w € H such that (w,v)y = (f,v) for all
v € H. Au := w has a unique solution since A is invertible. So (Au,v)y = (f,v)
for all v € H. But (Au,v)y = B(u,v). So there is a unique u € H such that
B(u,v) = (f,v). O

Theorem 3.5 (Garding’s inequality'!). Let B be the bilinear form associated to
an elliptic differential operator L with a;;,b;,c € L>(S). Then there are constants
a, 3,7 > 0 such that
| B(u,v)| < alfull oy llvll my ),
Yellzz) + Blu,u) = Bllullfq
for all u,v € HY(Q).

Hlars Garding (1919-).
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Proof.

| B(u,v)| =

A(XNM@%@%%@+ZF@%§@M@+mwwmw)w

ij=1 i=1
< Ch|IDul| 2y [|Dv| 20y + Col|Dul| L2y l|v] 22 ) + Csllull 2@ [|v]| 22 (@)

< Cllull vl @)-

B(u,u) /Z 8@ l’)dZE—/Q dx—/ Za,]axl 8x]( x)dz
za/Q\Du(x)de

> Bllullf o)

Also,
/Zb (z) dz < C1[|Dul| 2y l|ull 20
and
AWWWMSQMMW
Therefore,

B(u,u) + Col|Dull 2@ lull () + CollullZa) > allDullisq,

But || Dul| 20 [|u]| L2y < 5||Du||2L2(Q) + 4i€||u||2L2(Q) for all £ > 0. Therefore,

1
B(u,u) + e|Dullia) + llullzz@) + Cllullzag) = allDullzzq),

and so, since the norm [[Dul[z2() is equivalent to the norm [[ul|gyq), for small
enough ¢,
Hullzzi@y + Blu, w) = Bllull ) [

Suppose that we have L in divergence form,

Lu=— Z a% <aij(x)§—;) + gb,.(x)

i,j=1

with the associated bilinear form B(u,v) = (Lu,v) 2y, and
By, (u,u) = B(u,u) + pllulz2) = Blu,u) + v[ullf2q)

Then weak a solution to

Lu+ pu = f, on
u =0, on 0f);

is a u such that B, (u,v) = (f,v).
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Theorem 3.6. There exists v > 0 such that if u > v and f € L*()), then there is
a unique weak solution u € HL(Q) to

Lu+ pu=f, onf;
u =0, on 0f).

Proof. Define B, (u,v) := (Lu + pu, v)2(q). Obviously,
| Bu(u, v)| < Cllullmy [0l 730

and
By(u,u) > CH“H?{&(Q)

since B, (u,u) = B(u,u) + u||u||%2(9) > B(u,u) + 7||u||%2(9). By the Lax-Milgram
Theorem, there is a unique u € Hj(Q) such that B,(u,v) = (f,v). Since f € L*(Q),
B,u(uuv) = (qu)LQ(Q)- U

Definition 3.7. The formal adjoint of L is L* defined by

LU__Za—l’j<”al’) Zb (C_;al’i>v

i,j=1

Compare this with the usual definition of adjoint as (Lu,v) = (u, L*v):

ou Ov "L Ou
(Lu,v)—/Q ijZZIaija—%ﬁ—xi%—;bi&—%v%—cuv)
"9 ov u
_/Q _Z.;lax <”-a—xi)u—;uazz(bv)+cuv)
"9 ov "L O "o,
_/Q - Z 91 <“”aa; ) “_;b"ax,“ (C_ 2 axz> W)
= (u, L*v )

Definition 3.8. Define the bilinear form B* by
B*(v,u) := (u, L'v)2(0) = B(u,v) (3.3)
for all u,v € H}(Q).

Definition 3.9. v € H}(Q) is a weak solution to

L*v=f, on
v =0, on 052,

if B*(v,u) = (f,u) for all u € HJ ().

Theorem 3.10. (The Fredholm Alternative for Elliptic Operators.) Let L be an
elliptic partial differential operator.
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1. Precisely one of the following is true: either

(a) for all f € L*(Q) there is a unique weak solution u of

Lu=f, onf§
{ u=0, on 0, (3.4)
or
(b) there is a weak solution u # 0 of
Lu=0, on
{ u=0, on . (3.5)

2. In the second case, the dimension of the subspace N C Hi () of weak solutions
of (3.5) is finite, and equals the dimension of the subspace N* C H}(Q) of
weak solutions of

{ L*v =0, on € (3.6)

v =0, on Of).
3. (3.4) has a weak solution if, and only if, (f,v) =0 for allv € N*.

Proof. We use the following theorem of functional analysis:

Theorem 3.11 (Fredholm'? alternative.). Let H be a Hilbert space and let K : H —
H be a compact linear operator with adjoint K* : H* — H*. Then

1. dimker(I — K) < ooy

im(I — K) is closed;

im(/ — K) = ker([* — K*)*;

ker(l — K) ={0} & im(] — K) = H;

S

dimker(I — K) = dimker(/* — K*).

Choose pt =y as in theorem 3.6 and define the bilinear form B, (u,v) := B(u,v)+
v(u, v) corresponding to the operator L,u := Lu + yu. Then

B, (u,v) < Cllullmyollvllmy @),

B, (u,u) = 04’|UH12H(§(Q)-

Take any g € L*(€2). Then the Lax—Milgram theorem implies that there is a unique
u € Hj(Q2) such that B, (u,v) = (g,v)12q) for all v € Hj(Q2). Thus, define an
operator L' : L*(2) — L*(Q) that assigns to each g € L*(Q2) the corresponding
u € HHQ) C L*(Q).

12Erik Ivar Fredholm (1866-1927).
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It is easy to see that L' is linear.

Lu= f on () - Lu+~yu=~yu+ f on (2
u =0 on 0f) u =0 on 0f)

& B (u,v) = (yu+ fv).

Hence, u = L' (yu+ f) = vL7'u+ L' f. So u = Ku+h, where Ku := yL;'u and
h:=L7 Lf. We claim that K is a compact linear operator:
To see this, take g € L?(Q2) and let u := Kg. Then

allullfp e < By(u,u) = (g,u) < llgllrz@llullzz@) < llgllza@ el me).

and so
al| Kyl i) = allullaye) < 9l
for all g € L*(2). Hence, since H}(Q)) cC L*(Q) by the Rellich-Kondrachov theo-

rem (theorem 2.39), K is compact.
Now, either ker(/ — K) = {0} or ker(I — K') # {0}.

ker(I — K) = {0} & ker(I* — K*) = {0} & im(] — K) = H = L*(Q),

and so I — K is invertible, and so (3.4) has a unique weak solution. On the other
hand, ker(I — K') # {0} < there exists u # 0 such that (/ — K)u = 0 < (3.5). That
is, either

e u— Ku = h has a unique solution for all h € L*(Q); or
e u — Ku =0 has a solution u # 0.

By the Fredholm alternative, dimker(/ — K) < oo and dimker(/ — K) =
dimker(I* — K*). Elements of ker(I* — K*) are solutions of (I* — K*)v = 0, and
v— K*v =0 if, and only if v solves (3.6).

Finally, (3.4) has a solution if, and only if, (h,v) = 0 for all v that solve (3.6).
But, for h € im(/ — K) and v € ker(I* — K*),

(f.K") = 2 (f.0).

0= (ho) = (L3 £.0) = 2K 1.0 -2

_ 1!

5
since im(/ — K') = ker(I* — K*). So (3.4) has a solution if, and only if, (f,v) =0
for all weak solutions v of (3.6). O

Theorem 3.12. 1. There exists an at most countable set X C R such that

{ Lu=Xu+f, on;

u =0, on 0f). (3.7)

has a unique weak solution for each f € L*(Q) if, and only if, X & 3.

2. If ¥ 1s infinite, then the elements of ¥ form an increasing sequence Ay P— +
00.
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Definition 3.13. The set ¥ is the (real) spectrum of the operator L.

Proof of Theorem 3.12. 1. Take v > 0 and set B, (u,v) := (Lu + yu,v) as before.
If A < —v, then Lu — |Aju = f has a unique solutions, since |A| > =, so the only
interesting case is A > —v.

By the Fredholm Alternative, (3.7) has a unique solution for each f € L*(Q) if,
and only if, the only solution to

Lu = Au, on €;
u =0, on 0f;

is u = 0. This holds if, and only if, u = 0 is the only solution of

Lu+~u= (y+ Nu, on €
u =0, on Of).

This holds precisely when

Y tA

w= L' ((v+ Nu) = (y+ AL u -

Ku,

where Ku := yL'u as before. So (3.7) has a unique solution for all f € L*(Q)

if, and only if, Ku = VTVAU has only the trivial solution u = 0; that is, when VTVA

is not an eigenvalue of K. However, since K is a compact operator, the set of its
eigenvalues is either finite or forms a sequence tending to 0.
2. Since Ay > —vy and W‘LAk — 0, it follows that \;, — +oo. O

This result tells us that if we wish to solve

Lu=MAu+ f, on €
u =0, on 0f;

then “the chances are good” that there will be a unique solution (this occurs when
A € 3. On the other hand, even if A € X, if we find v such that

L*v = Av, on €
v =0, on 0f;

then we can still solve for u provided that (f,v) = 0.

Theorem 3.14 (Boundedness of the Inverse.). If A\ & X, then there is a constant
C, depending only on A, Q2 and L, such that

[ull2@) < Cllfllz2)
for all f € L*(Q) and u € H}(Q) solving

Lu=Xu+f, on
u =0, on Of).
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Proof. Suppose not. Then we can find sequences (uz) C HJ(2) and (f) C L*(Q)

such that
Luy, = Aug, + fr, on §2;
u, =0, on 0f);

and ||ugllz2) > Kl fellr2@). Without loss of generality, take |lug|/r2) = 1, so
| fellL2(@) — 0. By the energy estimates
lwrll a0y — YMuwllzz) < Bluk, ux)
= Mul|Z2) + (fir ur)
< MlugllZz0) + sl 22 + unlZ2 (),
the sequence (uy) is bounded in Hj(f2). Then there exists a subsequence (uy,) such

that w,, — w in Hj(Q) and uy, — w in L*(Q). Then u is a weak solution of the

limiting problem
Lu = Au, on €;
u =0, on Of).

But since A € ¥, u = 0, which contradicts ||ul|z2q) = ||uk||L2@) = 1. O

3.2 Eigenvalues and Eigenfunctions

Consider the problem
Lu = Au, on €;
u =0, on 0f;

where Lu = — szzl a%j (aij g—;), with a;; = aj; a symmetric matrix. In this case,
the bilinear form B is also symmetric: B(u,v) = B(v,u) for all u,v € H}(Q).
Theorem 3.15. (Hilbert-Schmidt Theorem.)

1. The eigenvalues of L are all real and positive.

2. If we repeat each eigenvalue of L according to its (finite) multiplicity, > =
{)\k}zozl with
D<A < <<,

and A\, — +00 as k — oo.

3. There is an orthonormal basis {wy}72, of L*(Y) such that, for each k,

{ Lwy, = Mwy, on € (3.8)

wr =0, on 0S2.

This treatment of the Hilbert-Schmidt Theorem covers only symmetric elliptic
differential operators; for the general case (L a compact, self-adjoint operator on
any Hilbert space H), see [RR], §7.5, Theorem 7.94.
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Proof of Theorem 3.15. Define S := L', For all f € L*(Q), Sf —u & Lu = f.
Take any f,g € L*(Q2). Then

(Sf 9)r2) = (u, Lv) 20y = B(v,u),

and
(59, f)L?(Q) = (UvLu)L2(Q) = (LU7U>L2(Q) = B(Uav)-

So, since B(u,v) = B(v,u) for all u,v € HJ(Q), (Sf,9)2¢) = (f,59) 120 for all
f,9 € L*(Q). So S is a symmetric, compact, bounded, linear operator, and

(SF, Frze) = (Lu, u)r2) = B(u,u) >0
for u # 0. Now apply the Spectral Theorem to deduce that:
1. all eigenvalues 7 of S are real and positive;
2. — 0;

3. there is an orthonormal basis {wy}?2, of L?(Q) (L*(2) is separable, so the
basis is indeed countable) such that Swy = nrwy, for each k.

Now note that ]
Swy, = Mpwy, & Lwy = —wp = A\ywy,
Mk

and A\, — oo. OJ

Definition 3.16. \; > 0 is called the principal eigenvalue of L.

Theorem 3.17. 1. Rayleigh’s formula:

A = min {B(u, u) |u € Hy(Q), [Jullr2@) =1} (3.9)

2. This minimum is attained by a function wy that is strictly positive on ) and

solves
{ Lwy = Mwq, on €

wy; = 0, on 0f).
3. A1 is a simple eigenvalue: if u € H} () is any weak solution of

Lu = M\u, on €
u =0, on 082,

then w 1s a multiple of wy.

Proof. Since {wy,}$2, is an orthonormal basis of L?(2), for any u € HJ (), we can
write u = Y7 dywy in the L? sense, and ||ul[2) = 1 = >, di = 1. Here,
dk = (u,wk)Lz(Q).
Also note that
B(u)k,u)g) = ()\kwk,wg) = )\kékg
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Wk

Thus, {ﬁ}k is an orthonormal set in H} () with respect to the equivalent inner
o
roduct [u,v] := B(u,v), since [“’“ } = Ope. Is the set {&} complete in
p [u, ] (u, ) vl ke vl p

HY(Q)? For all u € HA(Q), B (u r) — 0 Wk = u = 0. So, for all k,

Therefore, since {wy,}32, is complete in L*(Q), u = 0 € H} (). So {\7—%}:}:1 is an

orthonormal complete set in HJ ().

So, if u = Y, B in HY(Q), G = [ ;L] it follows that fp = /Mg
and the series u = Y o dywy, converges in H}(2) as well as in L?(2). Thus, for

L2y = 1,
> b= Zd% > de At
k

and equality holds for u = wy, thus proving Rayleigh’s formula (3.9).
For the remainder of the proof, see [Ev], §6.5. O

3.3 Regularity

In this subsection, we will only consider Lu = —Awu, but the methods and results
do generalize to more general differential operators.
Consider the problem

—Au=f, on
u =0, on 0f;

for f € L*(Q). As we have seen this equation does not require that a solution u be
C?, or even twice-differentiable in the weak sense, since D?u # Au.
Let f € L?*(R") and assume appropriate smoothness of u. Formally:

r)idr = Au(z))? dz
[ rerae= [ (du)ra
= 0?u 0%u

1,j=1

-~ Z 3u u i
B wn 0220z, O1;

Z 82u d
Rn 03:,&%] O0x;0x;

i,j=1

|D?u(x)|? dz.

Rn
This suggests that
o f€L?(R") = ue H*R");
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e fEH'(R") = Au=f= Af =Ll = Duec H*R") = u € H*R");
o fe H"'(R") = u € H™2(R").
Definition 3.18. The k" difference quotient is

u(x + hey) = u(x)
Dlu(z) = }’; .

Theorem 3.19. 1. Ifu € W'(Q) and V CC Q, then, for all h such that 0 <
|h] < 5d(V,09),

HDZUHLP(V) < CDull o,

2. If u € LP(Q), V CC Q, and there exists a constant C' such that for all h with
0 < |h| < Ld(V,09), |Djullweay < C, then w € WH(V)) and ||Duf| oy < C.
Theorem 3.20 (Interior H? regularity). If f € L*(Q), a;; € C1(Q), b;,c € L®(R),
and u € HY(Q) satisfies Lu = f on Q'3 then w € H*(V) for all V CC Q, i.e
€ H2.(Q), with
[ull 20y < C ([[ullz2@) + 1 £l 2e@) -

Proof. We consider only the case Lu = —Au. Lu = f = for all v € H; ()

" [ Ou v
;/Q oz; Ox; dr = /Qf(x)v(l") dx

Let U cC W cC Q and take v = —D_"(D}u - £€2), where ¢ € C=(Q) is 1 inside V
0on Q\ W, and {(x) € [0,1] for all z € Q. Then

g/ﬂgzgsz Z/@xl ( - (Dju(z) - 5(:5)2)) dz
=3 [P Dbt €007 a

ou ou ou
=3 [ DhGE DL o)+ DL D) 2(0)

_ /Q IDDu(a)| €(2)? da + A.

Now estimate
A< C’/ ‘DZDu(x)‘ &(x) ‘DZu(x)} dz
Q

1
< i/g\DzDu(x)\Qg(deHC/W\Dzu(x)
< %/ﬂ‘DZDu(m)‘zg(xfderC/ﬂ\Du(m)\2 .

13We do not require that u = 0 on 9, i.e. that u € H ().
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Also,

and

< C | [DtDula) - ¢(0)* + 2Djula) - Dela) - ¢(o)f” o
< C/Q \DgDu(:c)fg(xfderc/w IDfu(x)|* de
C /Q IDIDu(z)|* £(x)? de + C /Q IDu(z)[? dz,

where we have used the facts that |a+b|? < 2a%2+20%, 0 < £(z) < 1 = £(2)? < €(2)?,
the derivative D¢ is bounded, and that & = 0 outside W.

<—/\f \2dx+5/\DhDu \ E(z dx+6/|Du )|? da
Z/ ou 01}
- &Bl&rl

= /Qf(x)v(:)s) dz

/V‘DZDu(x)‘2 dxﬁ/ﬂ}DZDu(x)Ff(x)z d:)sgC/Q|Du(z)|2—|—|f(:)s)|2dx,

x)dx

Therefore,

and so Du € H}

loc

(), so u € H

Q) with
ull 2evy < C (Jlull gy + 1 f 2 w)) -

One can show by choice of a new cut-off function ¢ that is 1 on W with supp & C 2
that

[ull e wy < C ([ull 2 + [1f1l2@) -
(See [Ev] §6.3, Theorem 1.) Thus, as required,

Jull 2oy < C (|l r2) + 1l 22e0)) - O

We now state without proof some further regularity results. See [Ev] for details.
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Theorem 3.21 (Interior H™? regularity). If f € H™(Q), ai,b;,c € C™T(Q),
and u € HY(Q) solves Lu = f on Q, then w € H™(V) for all V CC Q, i.e.
u € H™2 (), and

loc

Theorem 3.22 (Smoothness in the interior). If a;;, b;,c, f € C*(Q) and u € H'()
solves Lu = f on Q, then u € C*(9).

Theorem 3.23 (Boundary Regularity). If 9Q is C?, f € L*(Q), a;j, b, c € C1(Q)
and u € H(Q) solves

Lu=f, onf§
u=0, ondQ,

then v € H*(Q) and

ull 2y < C (ull 2@ + 1l 22@) -
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4 Parabolic PDEs

4.1 Parabolic Equations and Weak Solutions

We seek to solve the following PDE:

Wt Lu=f, (z,t)€Qx(0,T]
u(z,t) = g(z), (x,t) € Qx{t =0} (4.1)
u(z,t) =0, (x,t) € 0Q x [0,T].

Here T' > 0 and we usually write Qp := Q x (0,7]. We take L to be of the form

"0
Lu:—za—x] <a2] ,’L’t ) Zb ,'L't (flf,t)u

ij=1
with a;;, b, ¢ € L%(Qr), f € L*(Qr) and g € L*(Q). We often write u’ := %2,

Definition 4.1. We say that -+ L is (uniformly) parabolic if, for some a > 0 and
all (x,t) € Qr and £ € R™,

Z ai;(z, )& > alél”. (4.2)

i,j=1

Example 4.2. If a;; = §;;, b = ¢ = f =0, then L = —A and (4.1) becomes the
heat equation.

What do we expect of weak solutions of (4.1)? Based on our earlier work, we
expect something like

(W' + Lu,v) = (f,v)r2@ Yo € Hy().

Here we have made use of duality: L takes two derivatives in x, so if u € H}(Q) for
each (or almost every) ¢, then v’ € H~1(Q) for each (almost every) t.
As before, we introduce a time-dependent bilinear form

B(u,v;t) := (Lu,v)
= /Q (”ZZI a;;(z, t)g—xug—;; + Z bi(z, t)g—Zv(x) + ¢(z, t)u(m)v(x)) dz.
So we require that
(W/'(t),v) + Blu(t), vit) = (f(t),v)r2) Vv € Hy(9).
Thus, we get a differential equation in ¢ only:

{ (W'(t), v) + Bu(t),v;t) = (f(£),v)L2@);
u(0) = g;

where this equation is required to hold for all v € H}(Q). Here we consider u to be a
function u : [0, 7] — H}(Q); similarly, v’ : [0,7] — H~1(Q) and f : [0,T] — L*(Q).
As before, we have some potential problems with functions being defined only up to
sets of measure zero. The following definitions and result resolve these issues:
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Definitions 4.3. Given a Banach space X, the Bochner space'* L?([0,T]; X) is the
space of all measurable functions w : [0,7] — X such that

1
T P
HMMWﬂxwz(A wam&w)«<m

for 1 < p < oo, and

|| oo (0,77:x) = esssup [Ju(t)||x < oo.
0<t<T

The space C([0,T7]; X) is the space of all continuous functions u : [0,7] — X such
that

Jullcoman = max llu(z)x < o

Theorem 4.4. Suppose that u € L*([0,T]; HY(Q)) and v € L*([0,T]; H'(2)).
Then (possibly after redefinition on a null set), u € C([0,T]; L*(Q)) and

a0y = 2000, u(0).

Proof. (See [Ev], §5.9.2, Theorem 3 for further details.) Fix A > 0 and extend u to
(—=A,T + A). Then consider u. := 7. x u as before, which is smooth in ¢. Then, for
£,0 >0,

d

qpllue(t) = us(t) |72y = 2(ul(t) — us(t), ue(t) — us(t))

Ue 2 u in L2([0, T); HY(Q)), and u. 2 v’ in L2([0,T); H7*(Q)). Thus,

e (t) = us(t) 120y = llu=(s) — us(s)l12(0) + 2/ (ue(r) = us(7), ue(7) — us(7)) dr

forall 0 < s <t <T. Now, u.(x) = u(s) in H}(Q) for almost all s; pick any such
s. Then

limsup sup ||u.(t) _ué(t)H%Q(Q)
60 0<t<T

T
< lin};s%p/ luz(7) = ws() 71 () + llue(r) = us(7) |7 ) A7
£,0— 0

=0.

Thus, the smoothed functions u. converge in C'([0, T]; L*(£2)) to some v € C([0,T]; L*(Q2)).
Since u(t) — u(t) for almost all ¢, we conclude that v = v almost everywhere, as
required. O

Having done this, we return to the weak formulation of the parabolic problem
as an infinite system of ODEs, and define

1Salomon Bochner (1899-1982).
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Definition 4.5. We say that u € L*([0,T]; H}(2)), with v’ € L*([0,T]; H'(Q)), is
a weak solution of the parabolic problem (4.1) if

(' (1),0) + Blu(t), v:t) = (£(£),0) 12
{ u(0) = g; (43)

for all v € H}(Q) and almost all ¢ € [0, 7.

Note that the “partial derivative” v = 2¢ : [0,T] — H~'(Q) is really a full

derivative, since x-dependence has been removed by the use of Bochner spaces.
4.2 Galerkin Approximations

Recall that a weak solution to the parabolic problem (4.1),

oy Lu=f, (,t)€Qx(0,T);
u(z,t) = g(x), (x,t) € Qx{t=0};
u(x,t) =0, (x,t) € 02 x [0,T7;

is given by u € L?([0,T]; H3(Q)) with «’ € L*([0, T]; H~*(Q)) such that

{ (W'(t),v) + Blu(t),v;t) = (f(t),v)r2(0);
u(0) = g;

for all v € Hg(Q2) and almost all ¢ € [0,7]. Unfortunately, this is an infinite-
dimensional ODE. Galerkin’s method!® is a scheme for solving such problems; in
many ways, it generalizes the use of Fourier series, which were first used to solve the
heat equation.

Let {wy}52, be an orthonormal basis of L*(€2) and an orthogonal basis of HJ (),
where the wy, satisfy the eigenvalue problem (3.8):

ka = )\kwk, on Q;
wr =0, on 0f).

We seek an approximation u,, (t) := > di*(t)wy, un, : [0,T] — Hy (), to u. First
note that

+ B(umgt),v;t) = (f(t),v), Vv € span{wg}i;

if, and only if,
{ (ul (t), wi) + Blum(t),wr; t) = (f(t),wr), VE=1,...,m;

The approximation u,,(t) = Y -, di*(t)wy satisfies (ul,(t), wy) = (dj*)'(t), and

B <Z dg”(t)wg,wk;t> = d](t) Blwe, wi; t).

15Boris Grigoryevich Galerkin (1871-1945).
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B(t) := (B(we, w; t)) e is an m x m matrix, whose entries are known. So, if we write

fe(t) == (f(t),wr) and f(t) = (fi(t),..., fm(t)) (and similarly for g, which does
not depend on t), we have

{ (i) (1) + D20, Blwe, wis )dj* () = fi(t);
dit(0) = gi;

or, equivalently,

(@) (1) B (o) = (1)
Loy o -y

By the standard existence theory for ODESs, there is a unique absolutely continuous
function d™ = (dy",...,d") that solves (4.4).

Definition 4.6. The function

<
3
=
I
[
QL
=3
=
S
ol

k=1
is called the m* Galerkin approzimation to w.

We would like to say that w,, — wu, a weak solution of (4.1). In order to do

m—00

this, we first need to bound wu,, uniformly in L*([0,T]; H}(2)) and C([0,T]; L*(2)),
and to bound u/, uniformly in L*([0,T]; H~Y(Q)).

Theorem 4.7 (Energy estimates). There is a constant C' > 0, depending only on
Q, T and L, such that, for all m € N,

Jnax ||U7H(t)HLZ(Q)‘I'||u||L2([O,T};H&(Q))+||u;nHLQ([O,T];H*l(Q)) <C (||f||L2([o,T];H3(Q)) + ||9||L2(Q)> :

Proof. We recall the equation

(U (), i (£)) + Bum(t), wi; 1) = (f(t), we),

multiply by dj*(t), sum over k = 1,...,m, and use the definition of u,, to obtain

(g (), (1)) + Bt (), um(t); 1) = (f (), um(t))

for almost all ¢ € [0,7]. Garding’s inequality (theorem 3.5) implies that there exist
constants § > 0, v > 0, such that

Bt (1), tm(£);) = Bllum ()53 0) — Vtm (D)|Z2(0)-

Thus, by theorem 4.4,

d /1 1 1
7 (SOl ) 4Bl )y Oy < SOyt glhum

(4.5)
and so

d /1
i (51Ol ) < Cullun @l + IO,
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Gronwall’s Inequality®® in the form o’ (t) < ca(t)+b(t) = a(t) < e (a(O) + [ b(s)ds
then yields

t
[t (D) |Z2() < Cre™ (Ilum(O)Him) +/0 1 ()220 dS) :

Since d;*(0) = (g, ws) for each &, lun(0)[172(q) < llglZ2q), SO

sl @l < Colol + [ 17O

0<t<T

We integrate (4.5) from 0 to 7" to obtain

T
(P / (82

T
<c / it (8)[ 220y U + o1 (0) 2y + C / 102200
0
<C <||9||%2(Q) + ||f||%2([0,T};L2(Q))) :

We now seek to bound u/,. Pick any v € H}(Q) with [v][#2) < 1, and write

v =10 = vt where v € span{w;}7, and (vt wk) =0 for k= 1,...,m. Since the
functions wy are orthogonal in Hy(Q), 0]l gz @) < vllmi@) < 1. Thus for almost
all ¢ € [0, 77,

(U (1), 0) + Blum(t), v;t) = (f(1), ).
Thus, by the definition of wu,,,

(i (1), v) = {u, (8),0) = (f (1), 0) — Blum(t), 0;1).

Therefore, |{u, (£), )| < € (ILf(®)llz20) + llum (Dl g0 ) since 9]y < 1. Thus,
It Ol 01 < € (IO lz2g0) + Nl @y
and so
T
lealFoan-son = [ In(®lFros

T
< C [ IOl + lun ) g
< C (llglEz@ + 1 gomrzzey) s
by our estimate of ||wnl|L2(jo.17; 11 (0)-

Putting together our estimates of maxo<i<r [[wm(t)|z2(): |Umll 20,113 (0)) and
u' 20 m1:5H-1(Q)), We have the required result. O
|| m ([ ’ ]7 ( ))’ q

16Thomas Hakon Grénwall (1877-1932)
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4.3 Existence and Uniqueness

We now now pass to the limit m — oo and use Galerkin approximations to build a
weak solution to (4.1). The following theorem essentially amounts to a proof that
the Galerkin method does indeed produce a weak solution of the PDE as m — oc.

Theorem 4.8 (Existence of weak solution). There ezists a weak solution to the
general parabolic problem

u'+ Lu=f, (z,t) € Qx(0,T];

t
u(z,t) =g(x), (z,t) € Qx{t=0}
wle,t) =0, (1) €9 x [0,T).

Proof. Recall that a weak solution for f € L2([0,T]; Hi(Q)), g € L*(2), satisfies

{ (U'(t),0) + Blu(t), ¢;t) = (f(t), )2y Vo € Hy(Q);
u(0) = g;

and we have Galerkin approximations u,,, m € N, satisfying

{ <u;n(t)awk> + B(um(t)awk§ t) - (f(t),wk)L2(Q) \V/k’ = 1, s,y
u(0) = gm = 251 (9, wr)wi-

First note that g, — gin L?(Q) since [[gim —gll72i0) < 2ope m+1(g,wk)2 — 0.

Secondly, there is a constant C depending only on €2, f and g such that, for all
m7

w2 o.0y: 3 ) < €
[umlleqomce@) < C;
[t L2 (0.7 1-102)) < C-

Hence, there is a subsequence (;,,) C (u,) such that

— in L*([0,T]; Hy(2)); v,

? me

—win L*([0,T]; H1()). (4.6)

Re-label u,,, as u,,. (In fact, by the uniqueness result, Theorem 4.9, which follows,
the full sequence converges weakly.) Fix N € N, N < m, and choose

o(t) =) Bu(t)wk (4.7)

WE

k=1

with 8, € C1([0,T]) (so v € C*([0,T]; Hy(2))). For each m,

Z:<u;@)ﬂ%ﬂ>+—B(wn@%v00w)dt=l11(f@%%&ﬂ)mandt

and so, passing to the limit m — oo,

A<wmwm+3wmwmwwzﬂ<ﬂmwmmma
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This then holds for all v € L*([0, T]; H}(£2)), since functions v of the form (4.7) are
dense in this space as m — oo. In particular, for all ¢ € H}(Q) and almost all
t 0,77,

<u/(t>7 ¢> + B(u(t)v ¢; t) = (f<t>7 ¢)L2(Q)

Thirdly, in order to prove that u(0) = g, we first note that for v € C'([0, T]; H}(Q))
with v(T") =0,

| o.o@ra == [ wo.00) at = @0). 001000,

So, for the same class of v,

|| =t ®) + B ot dt = [ (70,00 i+ @0) 0000

Similarly, for each m,

A—MMWWW+MMMW@W&=ACWM@M%MHWM%MWmm

By (4.6),

KA—m@ww»+mmmwmwdzé<ﬂmmmmm&+@wmm@

since u,,(0) — g in L3(£2). Since v(0) is arbitrary, we conclude that u(0) =g. O

Theorem 4.9 (Uniqueness of weak solution). A weak solution to the general parabolic
problem (4.1) is unique.

Proof. Suppose that u; and us are two weak solutions of (4.1) satisfying (4.3). Set
W= u; — Uy. W satisfies

{ (W'(t), ) + B(w(t), ;) = 0;
u(0) = 0.

Take ¢ = w(t). Then (w', w) + B(w,w;t) = 0 and, since there exists constants [, v
such that B(w,w;t) > 6Hw||H1(Q Vw720

sarlw 7z — Ywt)[72gq) < 0;

lw(O) 172 ) = O-

So, by Grénwall’s Inequality, [[w(t)|[72q) < lw(0)[172)e®" = 0. Therefore, w =

0 € L*([0,T]; H}(9)), as required. O
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4.4 Regularity

Suppose that u is a smooth solution of the heat equation

u—Au=f, on R" x (0,7];
u(0) =g, on R" x {t =0};

and that u decays “quickly” to 0 as |x| — oco. Then
f(z)?*de = / ug(z,t) — Au(z, t) de
Rn n
= / uy(2,1)? — 2us(z, 1) Au(z, t) + (Au(z,t))* dz
= / ug(z, 1) + 2Duy(z,t) - Du(z, t) + |D*u(x, t)|* dz
— / (ug(z,1))* + %\Du(:c, t)]? + |D*u(x, t)* da.
Thus,
t t
/ f(z)*dads = / / uy(, )24 |D?u(z, s)|2dzzds—l—/ |Du(z, t)|*—|Du(z, 0)|* da.
0 R™ 0 n Rn
S0
t T
/ / ug(w, s)°+|Du(z, 5)\2dxds+/ |Du(x,t)|*dz < C (/ f(z)*dadt —i—/ |Dg(m)\2dx) :
0 Jre Rn 0o Jrn Rn

Therefore,

T
max / |Du(z,t)|* do + / / ug(z,t)? + |D*u(z, t)|? dzdt
R” 0 n

0<t<T

<C (/OT - f(z)? dzdt+/n |Dg(9§)|2dz) :
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5 Maximum Principles

In this section we work with an elliptic operator L in the form

n

Lu==3 ay(t)g =5 m Z} (z)u.

1,j=1

We shall assume whatever smoothness of a;;, b; and ¢ that we require to ensure the
regularity of a solution w; usually we need that u € C?*(Q2) N C(2). We also assume
throughout that 2 C R” is bounded.

Theorem 5.1. (Weak Maximum Principle for Elliptic PDEs.) Suppose that 2 C R"
is bounded, that ¢ = 0, and that u € C*(Q) N C(Q). Then

1. Lu <0 on ) = maxp u = maxgg U;
2. Lu >0 on 2 = ming u = mingg u.

In particular, theorem 5.1 implies that harmonic functions (Au = 0) attain their
maxima and minima on the boundary of their domain of definition. Similarly, if
u € C%(Q) N C(Q) satisfies

Lu =0, on {;
{ u=0, on 0%,

then it follows that u = 0.

Proof of Theorem 5.1. We prove the first claim only, since the second follows from
the first by changing u for —u. Also, we consider the case L = —A; the general case
is not much more difficult.

First assume that Lu < 0 on 2 and there exists a local maximum z, € 2
such that u(zg) = maxgu. Then, since zy is a local maximum, Du(zy) = 0 and
D?u(zy) < 0 in the sense that

2u(xg)é - € <0 VEER™

But Lu(z) = —Au(z) < 0 for all x € €, so Au(zg) > 0, a contradiction. So, if
Lu < 0, maxg u = maxyq u.
Now suppose that Lu < 0 on Q. Define uf(z) := u(z) + e’

Luf(x) = Lu(x) + eLe™ = —Au(x) — e < 0.

So Lu® < 0 on €2, so maxg u® = maxgou®. As e — 0, u* — wu uniformly on €2, so
maxgp U = maxgq U. U

Theorem 5.2 (Weak maximum principle for parabolic PDEs). Suppose that {2 C R"
is bounded, that ¢ =0, and that u € C*(Qr) N C(Qr). Then

1. uy+Lu <0 on Qr = MaXg- U = Maxry, U

2. up+ Lu>0 on Qp = ming -« = minr, u
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where Qp = Q x (0,T] and Uy := Qp \ Qr is the parabolic boundary of Q.

Proof. As usual, we prove only the first statement. Assume that u; + Lu < 0 and
suppose that (zo,t9) € Qr is a local maximum of u such that u(x, ty) = maxq_ u.

o 0 <ty <T. ulwo,ty) =0 and D?u(xg,tp) < 0. As in the elliptic case, this
contradicts u; + Lu < 0, S0 maxg v = maxr; u.

o to = T. w(wg,T) > 0, Lu(zo,T) > 0, since D*u(zy,T) < 0. So (us +
Lu) (o, T) > 0, which contradicts u; + Lu < 0.

If uy + Lu < 0, define u®(z,t) := u(z,t) — et. Then
u; + Lu® = w4+ Lu — e <0,
80 maxg-u° = maxr, u°. Again, by taking the limit ¢ — 0, maxg-u = maxp, u. O

We now state without proof the Strong Maximum Principle and the lemma of
Hopf that is needed to prove it.

Lemma 5.3 (Hopf’s lemma). Suppose u € C?(Q)NC(Q), c=0, Lu <0 on £, and
there is a point xo € Q such that u(xo) > u(x) for all x € Q. Suppose also that there
is an open ball B C Q) with xy € OB. Then

1. %([L’o) > 0y
2. if ¢ >0 on ), then the same is true if u(xg) > 0.
Proof. See [Ev], §6.4.2. O

Theorem 5.4 (Strong maximum principle for elliptic PDEs). Suppose that 2 C R"
is bounded and connected, that ¢ = 0, and that u € C*(Q2) N C(Q). Then

1. Lu <0 on Q) and u attains maxgu at some xg € €1, then u is constant on €2;
2. Lu >0 on Q and u attains ming u at some xy € €1, then u is constant on 2.
Proof. See [Ev], §6.4.2, Theorem 3. O

Theorem 5.5 (Harnack’s inequality). Suppose that u >0 is C*, Lu =0 on Q, and
that V. CC € is connected. Then there is a constant C, depending only on V' and
L, such that

supu < C'inf u.

v 1%

Proof. See [GT]. O
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6 Methods Applicable to Nonlinear Problems

See also Subsection 2.3

6.1 Calculus of Variations

The methods that we have developed up to this point have been applicable to linear
problems only. The calculus of variations is a way to move beyond this limitation.
Suppose that we wish to solve the p-Laplacian equation

V- (|Du(@)[P~*Du(z)) = f(z), ©€;
{ u(x) =0, x € 08 (6.1)

where p > 2 and f € L%(Q), where %+% = 1. This is equivalent to finding a

minimizer u € W, () for the functional

_ % /Q Du(a)[ dz + /Q F@)u(z) de

Theorem 6.1. There is a unique minimizer of I in Wy*(€Q).

Proof. We first show that I is bounded below. For any ¢ > 0,

/f z)dz < f<)d+/95p“—<x>pdx,

o €lq p

/Qlu(:c)\pdeC/Q|Du(x)\pdx.
> [ Du@par— oo [ 1p@lrds = <= [ Duta)rds

Z_ETq/V )9 dx

for € so small that Ce? < 1. Therefore, if (u,) is a minimizing sequence for I,

I(u,) / —o0. So

and

So

0>I(u,) — inf I(v)>C.

veEW, P ()

Therefore, take |I(u,)| < C for all n.
x)uy(z) de

1
—/|Dun(x)|pdx§
D Jo
qu/|f |qu+—/\Du P da+ C"

< |f |qda7+— Du )P dx + C7,
6‘1q
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so [, |Du(z)|P dz is bounded. Thus, we have weak convergence (of a subsequence)
u, — u in WyP(Q). So

n—~o0

lim inf / IDuy (2)[7 dz > / Du(z) P de
Q Q

and

lim f )y (x dx—/f

n—oo

u is indeed a minimizer of [ , since

< ]19 /Q IDu ()| dar + /Q F(@)un(x) da

= liminf I (u,)

= inf I(v).
veEW, P ()

The minimizer u is unique since the functional [ is strictly convex: if u; and us are
distinct minimizers, take u = au; + (1 — a)uy and observe that

Iouy + (1 — @)ug) < al(uq) + (1 — @)l (ug) = I(uq) = I(ug),
a contradiction. O

Consider now the nonlinear Poisson equation

Au(z) = f(u(x)), =€
{ () = 0, € 0. (6.2)

Set F(t fo s)ds. The problem (6.2) is equivalent to finding a minimizer for

the functlonal .
_ _/ |Du(x)|2dx+/F(u(x))dx.
2 Q Q

Theorem 6.2. If F is bounded both above and below (—C; < F(y) < Cy), then
there is a minimizer of I in H}(Q).

Proof. As usual, [ is bounded below:

%/Q|Du(x)|2da:+/QF(u(:):))dxz —C4|9.

Let (u,) be a minimizing sequence: I(u,) — inf,cpiq)l(v). Take |I(uy)| to be
bounded. Then

1/\Dun(x)ﬁdxg/\F(un(x))|dx+c
2 Ja Q

< Gl +C

=C.
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Thus, we have weak convergence (of a subsequence) u,, — u in Hj(£2). So

n—~o0

liminf/\Dun(x)\pde/\Du(:cﬂpdx
Q Q

and

lim F(un(:)s))d:)s:/QF(u(:E)) dz,

n—oo Q

by Lebesgue’s dominated convergence theorem, since u,, — u in L*($2), so u,(z) —
u(z) for almost all z € Q, so F(u,(z)) — F(u(x)) and |F(u,(x))| is uniformly
bounded in 7 and x. Then

I(u) < liminf I(u,) = inf I(v),

n—oo vEH(Q)
so u is indeed a minimizer of I. O

We cannot prove uniqueness as the functional [ is not convex.
We now consider the Poisson equation with Neumann BCs:

—Au(z) = f(z), =€ Q;
{ ou () = 0, v € 0. (6.3)
The weak formulation of (6.3) is
/Du() Do(x dx—/f Y dr =0 VY¢c H(Q). (6.4)

The weak formulation (6.4) is equivalent to finding a minimizer v € H'(Q) for

—%AHMWde—Af@m@Mx

Theorem 6.3. If [, f(z)dz = 0, then there is a unique (up to a constant) mini-
mizer of I in H*(Q).

Proof. 1Is I bounded below?

:%/Q|Du(x)|2dx—/ﬂf(:c)u(x) da
_ %/Q|Du(:):)|2d:):—/ﬂf(9:) (u(a:) —]éu) du.

finfen st forwes -
/f d+—/|Du 2 da

by Poincaré’s Inequality. If we take € < 5,

]‘ 2
wz—géuwnm.




Let (u,,) be a minimizing sequence for I with |I(u,)| < C’. Then

/|Dun Pda < ( ][ )dx + '
g—/f dx+—/|Dun ) dz + '

<_ - 2 /
< 25/Qf(:c) d:c+4/Q\Dun(:c)| de + ',

if Ce < 5. Hence [, |Du,(z)|*dz is bounded uniformly in n. So

| fte) = f

Set vy, 1= up — f;, Un. (v,) is bounded in L*(Q2), and (Dv,) = (Du,) is bounded in
L*(Q) also S0 v, — v in HI(Q)

1 2

5/52 D (un(x) - ]éun) dz —/Qf(x) <un(:c) - ]gun) dz
= I(u,
1
_ §/Q|Dun(9:)|2dx—/gf(a:)un(:):) d

= I(vn)
inf I(u)=liminf I(u,)

2

de < c/ Duy (2)[2 dz < .
Q

u€HL(2) n—00
= liminf I (v,)
> I(v)
since liminfnqoof |Dv,(2)*dz > fQ |Duv(2)|* dz and lim, .o [, f(z)v,(z) dz =
fQ z)dz. Sov € H'(Q) is a minimizer of I (unique up to an addltlve constant
since addlng a constant to v does not change the energy). O

6.2 Monotonicity Methods
Consider the problem

V- (a(Du(z))) = f(z), z €
{ u(x) =0, x € 08, (6.5)

where f € L*(Q), Q C R" is open and bounded, and a : R®™ — R". This can be
seen as a problem of the form Au = f, A: X — X*. In general, we have no hope of
solving this problem, but there are some accessible cases: when a(p) = DF(p), we
can use the calculus of variations, as with the p-Laplacian (6.1).

Definition 6.4. A vector field a : R® — R" is called monotone if

(a(p) —alq)-(p—q) >0 Vp,q e R".
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We assume that a is monotone and that it satisfies the growth condition |a(p)| <
C(1+ |p|) and the coercivity condition a(p) - p > a|p|* — 3.

Our plan is to take a basis {w }32, of Hi () consisting of (renormalized) eigen-
functions of —A. We then project the equation to get

Uppy, = Z d} wg.
k=1
We want to solve
/ a(Duy,(x)) - Dwg(x) dz = / f@we(z)de VE=1,...,m
Q Q

to find u,,, and show that u,, converges to u in some sense. Finally, we show that
u satisfies (6.5).

Theorem 6.5. For each m € N, there is a u,, of the form

m
Uppy = E dy'wy,
k=1

that solves

/ a(Duy,(x)) - Dwg(x) dz = / f@wp(z)de VE=1,...,m.
Q 0

Proof. For k=1,...,m, define v : R™ — R by

ve(d) == /Qa (Z dewj(z)> - Dwg(z) dz — /Q f(x)wi(z) dz,

for d = (dy,...,dn) € R™. Set v(d) := (vi(d),...,v,(d)), so v : R™ — R™ We
want v(d) - d > 0 if |d| = r is large enough.

Lemma 6.6. If v : R™ — R™ is a continuous vector field and, for some r > 0,
v(d)-d >0 for all d € B,(0), then there exists d° € B,(0) such that v(d®) = 0.

Now,

o(d) -d = /Q a (Z dewk(aj)> : (Z dewk(x)) dz — /Q flx) (Z dewk(aj)> da
> a/ﬂ — B = f(x) <Z dewk(z)) dz

= ald’ - B|Q| - de(f, Wr)L2(Q)
=1

Z dewk(x)

k=1

a m
> §|0l|2 — B9 — CZ(f» wk)%Q(Q)
k=1
> %|d\2 — C since {wy} is an orthonormal set.
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So for |d| = r large enough, v(d) - d > 0. By Lemma 6.6, there exists d° € B,(0)
with v(d®) = 0:

/Qa <Z dg’mwk(x)) -Duwy(z) de = /Qf(:)s)wk(:v) dz Vm e N. O

Now for some compactness:

/Qa(Dum(:c))~Dwk(x) dor = /Qf(a:)wk(:c) de Vk=1,....,m.

a/ |Du,y, (2)]? do — B|Q| S/a(Dum(x))-Dum(x) dz
Q Q
= [ 1@hnla) da
SC’/Q|f(:c)| dx+§/ﬂ\Dum(:c)| dz

by the Cauchy—Schwarz and Friedrichs inequalities. Therefore, we have weak con-

vergence (of a subsequence) u,, — u in H}(€) and strong convergence u,, — u in
L?(2). However, a(Du,,) - a(Du). We now have

Theorem 6.7. u as constructed above is a weak solution of (6.5).

Proof. u,, — uwin H}(Q) and u,, — win L*(2). By the growth condition, |a(Du,,)| <
C (14 |Dup,l), so [, |a(Duyy,)|* < €7, so (a subsequence of) a(Du,,) converges weakly
to some & in L*(Q)". For all m € N and w € H} (),

/Q (@(Du()) — a(Dw(2))) - (Dup(z) — Du(a)) dz > 0.

For all v € H(Q),

/Qf(x)v(:)s) dx:Aa(Dum(z))-Dv(z) dz — &(x)-Dou(x) dx:/gf(:z)v(at) dz.

m—0o0 Q

Also,
/ a(Duup(z)) - Dt () dzr = / F@yun(@)de — [ flau(e)de.
0 0 0
S0
/Qa(Dum(x)) - Dy (x) doz — /Q a(Duy,(x)) - Dw(x) dx — /Q a(Dw(z))-(Duy,(x)—Dw(z))dz > 0.

—Jo fu — [q &Dw

Take w = u + Av, A > 0 real:
/Q (&(x) — a(Du(x) + ADv(z))) - Du(z) dz > 0.
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Taking the limit A \, 0 implies that, for all v € H}(Q),

/Q (&(x) — a(Du(x))) - Dv(z)dz = 0.

Therefore,

/Qa(Du(x)) -Do(z)dex = /Qf(:c)v(a:) dz Vv e Hy(Q).
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7 Review

1. Sobolev spaces.

(a) Sobolev spaces are separable Banach spaces. They have various equiva-
lent norms.

(b) Rellich-Kondrachov (theorem 2.39): Wh?(Q) cC LI(Q) for 1 < ¢ < p*.

(c) C>=(Q) is dense in WP(Q) (theorems 2.16 and 2.17).

(d) Trace generalizes restriction to the boundary and gives an alternative
definition of W,”(Q) (theorem 2.29).

(e) Sobolev functions can be extended to R"™ (theorem 2.27).

(f) The relationship between W'?(R") and difference quotients.
2. Inequalities.

(a) Friedrichs’ Inequality (Theorem 2.23).
(b) Gagliardo-Nirenberg Inequality (theorems 2.33 and 2.35): |[Jul| g <

Capllullwre)-
(c) Morrey’s inequality (theorem 2.44): [|ul|conmny < Chpllw]lwiem@n).
(d) Sobolev inclusions.
(e) Poincaré’s inequality (theorem 2.37): [, |u(z) — f,u|” dz < Cq,, [, [Du(z)|P dz.
3. Calculus of variations.
(a) There is a correspondence between the solution of an Euler-Lagrange

equation for a variational problem and the solution of a PDE.

(b) Calculus of variations can be used to solve Poisson’s equation with zero
boundary conditions, by finding a minimizer for an appropriate integral
functional.

(c) If we can prove that the functional is strictly convex, then we can use
this to show that the minimizer/solution is unique.

(d) We can also solve the Neumann problem using calculus of variations.
4. Linear elliptic PDEs.

(a) Weak solutions; the weak formulation of the PDE.
(b) Lax—Milgram theorem (theorem 3.4).

(c) Energy estimates (a priori bounds on the derivatives).

Fredholm Alternative for elliptic operators.

f) Eigenvalues and eigenfunctions (say, of —A on By (0)).

(e
(

)

)

)

(d) Existence and uniqueness of solutions.

)

)

) Regularity estimates using difference quotients.
)

(g
(

h) Weak and strong maximum principles.
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5. Linear parabolic PDEs.

(a) Weak solutions lie in appropriate Bochner spaces.

(b) Galerkin approximations can be used to find solutions.
()

(d) Existence and uniqueness of solutions.
(e)

(f)

f) Weak and strong maximum principles.

¢) To prove convergence of these approximations, we need energy estimates.

Regularity estimates.
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