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These notes are based upon several sources, notably the lectures given for MA4A2

Advanced PDEs in the spring of 2006 by Dr Valeriy Slastikov at the University of
Warwick. That course drew heavily on Evans’ monograph [Ev]. When that course
ran as a reading course two years later, with Dr Florian Theil leading the course and
with me as his assistant, we altered the syllabus slightly, skipping over the introduc-
tory classical theory so that the Lax–Milgram theory for parabolic problems and/or
non-cylindrical domains could be explored some more; this material is treated in
Showalter’s book [Sh] and is not contained in these notes.

I would like to thank Eriatarka and Clare Jones for pointing out typographical
errors in these notes. There are no doubt many more lurking undetected, for which
I take the blame. I would welcome corrections at t.j.sullivan@warwick.ac.uk.

T.J.S.
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0 Some Basic Facts about PDEs

Definition 0.1. A partial differential equation (pde) is an equation involving an
unknown function and its partial derivatives.

In general, we need further information in order to solve a pde: for example,
consider the Poisson1 equation

∆u(x) = f(x),

for x ∈ Ω ⊆ R
2, say. We also specify boundary conditions (bcs), for instance of

Dirichlet type
u|∂Ω = g

or Neumann type
∂u

∂ν

∣∣∣∣
∂Ω

= h,

where ∂u
∂ν

means ∇u · ν, and ν is the unit outward normal field to ∂Ω.

Example 0.2. For u : Ω → R and x ∈ Ω ⊆ R
n, we specify F : R

n2×R
n×R×Ω → R

and ask that
F (D2u, Du, u, x) = 0 ∀x ∈ Ω. (0.1)

This is the general form of the second order pde. If u satisfies (0.1) then we call u
a solution of the pde.

The choice of bcs can affect the solution a great deal. For example, if we try to
solve Laplace’s equation

∆u = 0

on the half-plane Ω := {(x, y) ∈ R
2|x ≥ 0} subject to the single bc u|{x=0} = 0,

then we have two solutions:

u(x, y) = 0 and u(x, y) = x.

If we impose a second bc that u(x) → 0 as x → ∞, we get the first of these two
solutions; the bc u(x) − x → 0 as x → ∞ gives us the second.

In general we wish to find the solution u to our pde explicitly. However, we
are very lucky if we can do this. Otherwise, we must settle merely for proving the
existence of solutions and their uniqueness.

Solutions to pdes may not be unique. For example, if we seek to solve the
nonlinear equation

∆u = u(u2 − 1)

on a region Ω ⊆ R2 that is symmetric about both coordinate axes and not convex,
then whenever u is a solution, so is −u. If we cannot prove uniqueness, then we
must specify or choose a solution by other means.

The regularity (continuity, differentiability, & c.) of solutions is also of concern.

1Siméon-Denis Poisson (1781–1840).
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We make frequent use of multi-index notation: for α = (α1, . . . , αn) ∈ Nn
0 , we

set
|α| := α1 + · · ·+ αn,

and

Dαu :=
∂|α|u

∂xα1
1 . . . ∂xαn

n

: Ω → R.

We have the gradient:

Du ≡ ∇u :=

(
∂u

∂x1
, . . . ,

∂u

∂xn

)
: Ω → R

n;

and Hessian:

D2u :=

(
∂2u

∂xi∂xj

)

1≤i,j≤n

: Ω → R
n×n.

Definition 0.3. A pde is linear if it is of the form
∑

|α|≤k

aα(x)Dαu = f(x). (0.2)

For linear pdes, we have superposition of solutions: if u1, u2 are solutions then
β1u1 + β2u2 is a solution for all β1, β2 ∈ R.

Definition 0.4. A pde is semilinear if the highest-order terms are linear:
∑

|α|=k

aα(x)Dαu + a0(D
k−1u, . . . , Du, u, x) = 0. (0.3)

For example, a(x)∆u = f .

Definition 0.5. A pde is quasilinear if it is of the form
∑

|α|=k

aα(Dk−1u, . . . , Du, u, x)Dαu + a0(D
k−1u, . . . , Du, u, x) = 0. (0.4)

For example, xu∆u = f .

Definition 0.6. A pde is nonlinear if the highest-order derivative enters non-
linearly; i.e., it is neither linear, semilinear nor quasilinear.

For example, F (D2u) = 0 is nonlinear if F is nonlinear.

Examples 0.7. Some classical examples of pdes:

1. Laplace: ∆u = 0.

2. Poisson: ∆u = f(x). (Nonlinear Poisson: ∆u = f(u, x).)

3. Heat: ut − ∆u = 0.

4. Wave: utt − ∆u = 0.

5. Eikonal: |Du| = 1.

6. Hamilton-Jacobi: ut + H(Du, x) = 0, H convex.

7. Reaction-Diffusion: ut − ∆u = f(x).
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1 Laplace’s Equation

1.1 Laplace’s Equation

We seek solutions u : Ω → R, Ω ⊆ Rn, to Laplace’s equation 2

∆u = 0, (1.1)

where

∆ =
∂2

∂x2
1

+ · · · + ∂2

∂x2
n

.

We typically think of Ω as an open set, and so use Ω̄ for a closed set. We also assume
that Ω is connected.

Definition 1.1. u : Ω → R is harmonic if ∆u = 0 on Ω.

For Ω ⊂ Rn with measure |Ω|, let
ffl

denote the mean value integral:

 

Ω

:=
1

|Ω|

ˆ

Ω

.

In particular, we use this notation for the spherical mean:
 

∂Br(x)

=
1

ωnrn−1

ˆ

∂Br(x)

,

and
 

Br(x)

=
n

ωnrn

ˆ

Br(x)

,

where ωn is the surface area of the unit sphere Sn−1 ⊆ Rn.

Definition 1.2. u : Ω → R satisfies the mean value property (mvp) if either

(i) u(x) =
ffl

∂Br(x)
u(y) dS(y) for all Br(x) ⊆ Ω; or

(ii) u(x) =
ffl

Br(x)
u(y) dy for all Br(x) ⊆ Ω.

Exercise 1.3. Show that versions (i) and (ii) of the mvp are equivalent.

Theorem 1.4. If u ∈ C2(Ω) is harmonic, then u satisfies the mvp.

Proof. Fix x ∈ Ω and define

φ(r) :=

 

∂Br(x)

u(y) dS(y).

We want to show that φ′(r) = 0. φ′(r) = d
dr

ffl

∂Br(x)
u(y) dS(y). Setting z := y−x

r
,

 

∂Br(x)

u(y) dS(y) =

 

∂B1(0)

u(x + rz) dS(z).

2Pierre-Simon, Marquis de Laplace (1749–1827).
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φ′(r) =

 

∂B1(0)

Du(x + rz) · z dS(z)

=

 

∂Br(x)

Du(y) · y − x

r
dS(y)

=

 

∂Br(x)

∂u

∂ν
(y) dS(y) since

y − x

r
⊥ ∂Br(x)

=

 

Br(x)

∆u(y) dy

= 0 since u is harmonic.

So
ffl

∂Br(x)
u(y) dS(y) = constant = u(x) since

ffl

∂Br(x)
u(y) dS(y) → u(x) as r → 0.

Hence u satisfies the mvp.

Theorem 1.5. If u ∈ C2(Ω) has the mvp, then u is harmonic.

Proof. Suppose not, i.e. that there exists x0 ∈ Ω with ∆u(x0) 6= 0. Without loss of
generality, assume ∆u(x0) > 0. So there is a ball Br(x0) ⊆ Ω such that ∆u > 0 on
Br(x0).

φ′(r) =
d

dr

 

∂Br(x0)

u(y) dS(y) =

 

Br(x0)

∆u(y) dy > 0.

So φ is not constant, so u is not harmonic.

Proposition 1.6. If u ∈ C(Ω̄) satisfies the mvp, then the minimum and maximum
of u are attained on ∂Ω or else u is constant.

Proof. We prove the claim for maximum; the same proof applies for minimum. Set

ΩM :=

{
x ∈ Ω

∣∣∣∣u(x) = M := max
y∈Ω̄

u(y)

}
.

Obviously, ΩM is relatively closed with respect to Ω. We want to show that ΩM is
also relatively open. Then, since Ω is assumed to be connected, we have ΩM = Ω,
and result follows. Take x0 ∈ ΩM , Br(x0) ⊆ Ω.

M ≥
 

Br(x0)

u(y) dy = u(x0) = M.

We have equality if, and only if, u(y) = M for all y ∈ Br(x0), so Br(x0) ⊆ ΩM .
So, for all x0 ∈ ΩM , there exists a ball Br(x0) ⊆ ΩM , so ΩM is (relatively) open, as
required.

Corollary 1.7. Given f ∈ C(Ω), and g ∈ C(∂Ω), there exists at most one u ∈
C2(Ω) ∩ C(Ω̄) satisfying Poisson’s equation

{
∆u = f in Ω,
u = g on ∂Ω.

Proof. Suppose that u1, u2 both satisfy the above. Consider w := u1 − u2. Then
∆w = 0 in Ω and w = 0 on ∂Ω. w satisfies the mvp, and so attains its maximum
and minimum on ∂Ω, where it is zero. So w is identically zero, and u1 = u2.
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There are also questions of regularity concerning solutions of Laplace’s equation.

Theorem 1.8. If u ∈ C(Ω) is harmonic (or satisfies the mvp), then u ∈ C∞(Ω).
(In fact, u is analytic, u ∈ Cω(Ω).)

Proof. Let

η(x) :=

{
C exp

(
1

|x|2−1

)
, |x| < 1;

0, |x| ≥ 1;
(1.2)

with C chosen so that
´

Rn η(x) dx = 1. Define ηε(x) := ε−nη(x/ε). Take

x ∈ Ωε := {x ∈ Ω|d(x, ∂Ω) > ε}. (1.3)

For such an x define

uε(x) := (ηε ⋆ u)(x) :=

ˆ

Ω

ηε(x − y)u(y) dy.

Obviously, uε ∈ C∞(Ωε). We wish to show that u(x) = uε(x) for x ∈ Ωε.
ˆ

Ω

ηε(x − y)u(y) dy =
1

εn

ˆ

Ω

η

( |x − y|
ε

)
u(y) dy

=
1

εn

ˆ

Bε(x)

η

( |x − y|
ε

)
u(y) dy

=
1

εn

ˆ ε

0

η
(r

ε

)ˆ

∂Br(x)

u(y) dS(y)dr

=
1

εn
u(x)

ˆ ε

0

η
(r

ε

)
ωnr

n−1 dr

= u(x)

ˆ

B1(0)

η(r) dr

= u(x).

So for all x ∈ Ωε, u(x) = uε(x). So u ∈ C∞(Ωε) for all ε > 0, so u ∈ C∞(Ω).

Theorem 1.8 extends our notion of “harmonic” to functions that are not twice
differentiable.

Theorem 1.9 (A priori derivative estimates). Fix x0 and write BR := BR(x0). Let
u ∈ C(BR) be harmonic. Then for 1 ≤ i ≤ n,

|Diu(x0)| ≤
n

R
max
BR

|u|,

where Di := ∂
∂xi

.

Proof. To simplify the proof, we assume that u ∈ C1(BR). ∆(Diu) = 0 ⇒ Diu is
harmonic.

Diu(x0) =

 

BR

Diu(y) dy

=
n

ωnRn

ˆ

BR

Diu(y) dy

=
n

ωnRn

ˆ

∂BR

u(y)νi(y) dS(y),
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where νi is the ith component of the unit normal ν. Hence,

|Diu(x0)| ≤
n

ωnRn
ωnR

n−1 max
∂BR

|u| ≤ n

R
max
BR

|u|.

Corollary 1.10 (Liouville’s theorem.3). If u is harmonic on Rn and bounded, then
u is constant.

Proof. For any R > 0 and x0 ∈ R
n,

|Diu(x0)| ≤
n

R
max

BR(x0)
|u|

≤ n

R
· constant.

So |Diu(x0)| = 0 for all i and x0. So u is constant.

Theorem 1.11 (Theorem 1.9 improved.). If u ∈ C(BR) is harmonic, then for
|α| = m ∈ N,

|Dαu(x0)| ≤
nmem−1m!

Rm
max
BR

|u|.

Proof. For simplicity, we treat only unmixed derivatives and write Dm
i for ∂m

∂xm
i

. We

apply proof by induction. The case m = 1 is true as shown above. Assume true for
m. Take r = (1 − θ)R, 0 < θ < 1.

|Dm+1
i u(x0)| ≤

n

r
max

Br

|Dm
i u|.

However, the estimate |Dm
i u(x0)| ≤ nmem−1m!

Rm maxBR
|u| is not good enough. We need

to estimate |Dm
i u(y)| for y ∈ Br(x0) = Br. Take Bρ(y) ⊆ BR(x0) for all y ∈ Br(x0);

i.e., take ρ = R − r. We use the inequality for m in the ball BR−r(y) for all y ∈ Br.

max
Br

|Dm
i u(y)| ≤ nmem−1m!

(R − r)m
max

BR−r(y)
|u|

≤ nmem−1m!

(R − r)m
max
BR

|u|.

So

|Dm+1
i u(x0)| ≤

n

r

nmem−1m!

(R − r)m
max
BR

|u|

=
n

(1 − m
m+1

)R

nmem−1m!

( m
m+1

)mRm
max
BR

|u| with θ =
m

m + 1

=
nm+1

Rm+1
em−1m!

(
m + 1

m

)m

(m + 1) max
BR

|u|

=
nm+1

Rm+1
(m + 1)!em−1

(
1 +

1

m

)m

max
BR

|u|

≤ nm+1em(m + 1)!

Rm+1
max
BR

|u|

since (1 + 1
m

)m < e.

3Joseph Liouville (1809–1882).
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Theorem 1.12. If u is harmonic on Ω, then u is analytic.

Proof. Exercise. Prove this using the above estimates of |Dαu(x0)|.

1.2 The Fundamental Solution

We seek to solve ∆u = 0 on Rn, assuming that u is spherically symmetric, so
u = u(r). In spherical polar coordinates

∂u

∂xi

= u′(r)
xi

r

and
∂2u

∂x2
i

= u′′(r)
xi2

r2
= u′(r)

(
1

r
− x3

i

r3

)
.

Thus,

∆u = u′′(r) +
n − 1

r
u′(r).

So, we solve the ode u′′(r) + n−1
r

u′(r) = 0, writing v := u′:

v′(r) = −n − 1

r
v(r)

⇒ dv

v(r)
= −(n − 1)

dr

r

⇒ log v(r) = −(n − 1) log r + log C

⇒ v(r) = C/rn−1

Thus,

u(r) = C1

ˆ

dr

rn−1
+ C2

=

{
C1 log r + C2, n = 2;
C3/r

n−2 + C4, n ≥ 3.

By a choice of constants we have:

Definition 1.13. The fundamental solution of Laplace’s equation on Rn is

Φ(x) :=

{
− 1

2π
log |x|, n = 2;

1
ωn(n−2)

1
|x|n−2 , n ≥ 3.

(1.4)

We now use this to solve the Poisson equation −∆u = f on Rn:

Theorem 1.14. If f ∈ C2
c (R

n) :=
{

f ∈ C2(Rn)
∣∣∣supp f := {x|f(x) 6= 0} is compact

}
,

then

u(x) :=

ˆ

Rn

Φ(x − y)f(y) dy

solves −∆u = f .

11



Proof. Note that

u(x) =

ˆ

Rn

Φ(x − y)f(y) dy =

ˆ

Rn

Φ(y)f(x − y) dy.

So

∆u(x) = ∆

ˆ

Rn

Φ(y)f(x − y) dy

=

ˆ

Rn

Φ(y)∆f(x − y) dy

=

ˆ

Bε(0)

Φ(y)∆f(x − y) dy +

ˆ

Bε(0)∁

Φ(y)∆f(x − y) dy.

We estimate:
ˆ

Bε(0)

Φ(y)∆f(x − y) dy ≤ sup |∆f |
ˆ

Bε(0)

|Φ(y)| dy

=

{
Cε2| log ε|, n = 2;

Cε2, n ≥ 3.

Also, using the facts that ∆xΦ(x − y) = ∆yΦ(x − y) and ∂
(
Bε(0)∁

)
= ∂Bε(0),

ˆ

Bε(0)∁

Φ(y)∆f(x−y) dy =

ˆ

∂Bε(0)

Φ(y)
∂f

∂ν
(x−y) dS(y)−

ˆ

Bε(0)∁

∇Φ(y)·∇f(x−y) dy.

We estimate:
ˆ

∂Bε(0)

Φ(y)
∂f

∂ν
(x − y) dS(y) ≤ C

ˆ

∂Bε(0)

|Φ(y)| dS(y)

=

{
Cε| log ε|, n = 2;
Cε, n ≥ 3.

and

−
ˆ

Bε(0)∁

∇Φ(y) · ∇f(x − y) dy =

ˆ

Bε(0)∁

∆Φ(y)f(x − y) dy −
ˆ

∂Bε(0)

∂Φ

∂ν
(y)f(x− y) dS(y)

= −
ˆ

∂Bε(0)

∂f

∂ν
(y)f(x− y) dS(y)

since the normal ν = − y
|y| , and DΦ(y) = −1

ωn

y
|y|n−1 ,

∂Φ
∂ν

= DΦ · ν = 1
ωn|y|n−1 = 1

ωnεn−1 ,

=
−1

ωnεn−1

ˆ

∂Bε(0)

f(x − y) dS(y)

=
−1

ωnεn−1

ˆ

∂Bε(x)

f(y) dS(y)

=

 

∂Bε(x)

f(y) dS(y)

−→
ε→0

− f(x)

So ∆u(x) = O(ε) − f(x). Take the limit as ε → 0.
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Having solved Poisson’s equation on Rn, we now seek to find a solution u ∈ C2(Ω̄)
to {

−∆u = f, on Ω;
u = g, on ∂Ω.

Our idea is to use Green’s identity on Vε := Ω \ Bε(x):

ˆ

Vε

∆Φ(y − x)u(y) dy −
ˆ

Vε

Φ(y − x)∆u(y) dy

=

ˆ

∂Vε

∂Φ

∂ν
(y − x)u(y) dS(y) −

ˆ

∂Vε

Φ(y − x)
∂u

∂ν
(y) dS(y)

ˆ

Vε

Φ(y − x)∆u(y) dy −→
ε→0

ˆ

Ω

Φ(y − x)∆u(y) dy.

ˆ

∂Vε

∂Φ

∂ν
(y−x)u(y) dS(y) =

ˆ

∂Ω

∂Φ

∂ν
(y−x)u(y) dS(y)+

ˆ

∂Bε(x)

∂Φ

∂ν
(y − x)u(y) dS(y)

︸ ︷︷ ︸
−→
ε→0

u(x)

ˆ

∂Vε

Φ(y − x)
∂u

∂ν
(y) dS(y) =

ˆ

∂Ω

Φ(y − x)
∂u

∂ν
(y) dS(y) +

ˆ

∂Bε(0)

Φ(y − x)
∂u

∂ν
(y) dS(y)

︸ ︷︷ ︸
≤C

´

Bε(0) |Φ(y)| dy→0

−
ˆ

Ω

Φ(y−x)∆u(y) dy =

ˆ

∂Ω

∂Φ

∂ν
(y−x)u(y) dS(y)+u(x)−

ˆ

∂Ω

Φ(y−x)
∂u

∂ν
(y) dS(y)

Hence,

u(x) =

ˆ

∂Ω

Φ(y − x)
∂u

∂ν
(y) dS(y) −

ˆ

∂Ω

u(y)︸︷︷︸
=g

∂Φ

∂ν
(y − x) dS(y)

−
ˆ

Ω

Φ(y − x) ∆u(y)︸ ︷︷ ︸
=f

dy.

We now define Γx by {
∆Γx = 0 in Ω

Γx(y) = Φ(y − x) on ∂Ω

and G(x, y) := Φ(y − x) − Γx(y). Then

u(x) = −
ˆ

∂Ω

u(y)
∂G

∂ν
(x, y) dS(y) −

ˆ

Ω

∆u(y)G(x, y) dy

= −
ˆ

∂Ω

g(y)
∂G

∂ν
(x, y) dS(y) +

ˆ

Ω

f(y)G(x, y) dy.

Exercises 1.15. (i) Check that the above definitions make sense.

(ii) Show that G is symmetric: G(x, y) ≡ G(y, x).
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2 Function Spaces

2.1 Weak Derivatives and Sobolev Spaces

In the sequel, much use will be made of smooth functions with compact support,
which will also be referred to as test functions :

C∞
c (Ω) :=

{
φ : Ω → R

∣∣∣∣
φ is infinitely differentiable and

supp φ := {x ∈ Ω|φ(x) 6= 0} is compact

}
.

Recall that if u ∈ C1(Ω), then for all φ ∈ C∞
c (Ω),

ˆ

Ω

∂u

∂xi

(x)φ(x) dx = −
ˆ

Ω

u(x)
∂φ

∂xi

(x) dx.

Note, however, that the rhs makes sense even if u is not differentiable, but only in
L1(Ω).

Definition 2.1. If u, v ∈ L1(Ω) and, for all φ ∈ C∞
c (Ω),

ˆ

Ω

u(x)
∂φ

∂xi
(x) dx = −

ˆ

Ω

v(x)φ(x) dx,

we say ∂u
∂xi

:= v in a weak sense.

Definition 2.2. If u, v ∈ L1(Ω) and, for all φ ∈ C∞
c (Ω),

ˆ

Ω

u(x)Dαφ(x) dx = (−1)|α|
ˆ

Ω

v(x)φ(x) dx,

we say Dαu := v in a weak sense.

Example 2.3. Let u(x) = x for 0 ≤ x ≤ 1 and = 1 for 1 ≤ x ≤ 2. The classical
(“strong”) derivative u′(x) = 1 for 0 ≤ x < 1 and = 0 for 1 < x ≤ 2.

ˆ 2

0

u(x)φ′(x) dx =

ˆ 1

0

xφ′(x) dx +

ˆ 2

1

φ′(x) dx

= −
ˆ 1

0

φ(x) dx + φ(1) − φ(1)

= −
ˆ 2

0

v(x)φ(x) dx

where

v(x) :=

{
1, 0 ≤ x ≤ 1;
0, 1 < x ≤ 2.

Note that we can change the value of v(1) to be 1 and still retain the desired equality,
so weak derivatives are defined only up to sets of measure zero.
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Example 2.4. Not all functions are weakly differentiable. Consider

u(x) :=

{
x, 0 ≤ x ≤ 1;
2, 1 < x ≤ 2.

We have
´ 2

0
u(x)φ′(x) dx = −

´ 1

0
φ(x) dx − φ(1). Suppose there is a v ∈ L1((0, 2))

such that
ˆ 2

0

φ(x) dx + φ(1) =

ˆ 2

0

v(x)φ(x) dx

for all φ ∈ C∞
c ((0, 2)). Take a sequence φm in C∞

c ((0, 2)) with φm(1) = 1 for all m
and φm(x) −→

m→∞
δ1,x. Then for each m,

ˆ 2

0

φm(x) dx + φm(1) =

ˆ 2

0

v(x)φm(x) dx.

Take the limit as m → ∞.
´ 1

0
φm(x) dx → 0 since φm(x) → 0 almost everywhere

and |φm| ≤ 1. Similarly,
´ 1

0
v(x)φm(x) dx → 0. Hence, 1 = 0, a contradiction. So u

has no weak derivative.

Lemma 2.5. A weak derivative, if it exists, is unique (up to sets of measure zero).

Proof. Suppose that u has two weak derivatives v1 and v2. Then, for all φ ∈ C∞
c (Ω),

(−1)|α|
ˆ

Ω

v1(x)φ(x) dx =

ˆ

OM

u(x)Dαφ(x) dx = (−1)|α|
ˆ

Ω

v2(x)φ(x) dx.

So
´

Ω
(v1(x) − v2(x))φ(x) dx = 0, and so v1 = v2 almost everywhere.

Corollary 2.6. If a function has a strong derivative, then it has a weak derivative
and the two are equal.

Definition 2.7. Given k ∈ N0 and 1 ≤ p ≤ ∞, define the Sobolev space4 W k,p(Ω)
to be

W k,p(Ω) := {u : Ω → R|u ∈ Lp(Ω) and for all |α| ≤ k, Dαu ∈ Lp(Ω)}.

We often write Hk(Ω) for W k,2(Ω).

Lemma 2.8. (Product rule.) If u ∈ W 1,p(Ω), ξ ∈ C∞
c (Ω), then

(Dxi
(uξ))(x) = (Dxi

u(x))ξ(x) + u(x)(Dxi
ξ(x)).

Proof.
ˆ

Ω

u(x)ξ(x)
∂φ

∂xi
(x) dx =

ˆ

Ω

u(x)
∂φξ

∂xi
(x) dx −

ˆ

Ω

u(x)
∂ξ

∂xi
(x)φ(x) dx

=

ˆ

Ω

(Dxi
u(x))φ(x)ξ(x) dx −

ˆ

Ω

u(x)
∂ξ

∂xi
(x)φ(x) dx

= −
ˆ

Ω

φ(x)

(
(Dxi

u(x))ξ(x) + u(x)
∂ξ

∂xi

(x)

)
dx

So the weak derivative exists and is as claimed.
4Sergei L’vovich Sobolev (1908–1989).
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Exercises 2.9. 1. Show that DαDβu = Dα+βu = DβDαu.

2. Show that Du = 0 ⇒ u = constant.

Definition 2.10. For u ∈ W k,p(Ω), define

‖u‖W k,p(Ω) :=






∑

|α|≤k

ˆ

Ω

|Dαu(x)|p dx




1/p

, 1 ≤ p < ∞;

∑

|α|≤k

ess sup
x∈Ω

|Dαu(x)|, p = ∞.

(2.1)

Lemma 2.11. ‖ · ‖W k,p(Ω) is a norm on W k,p(Ω).

Proof. It is easy to see that ‖u‖W k,p(Ω) ≥ 0 for all u, and that ‖u‖W k,p(Ω) = 0 if, and
only if, u = 0 almost everywhere. It is also clear that ‖λu‖W k,p(Ω) = |λ|‖u‖W k,p(Ω).
So it remains only to check the triangle inequality. For finite p:

‖u1 + u2‖W k,p(Ω) =


∑

|α|≤k

ˆ

Ω

|Dα(u1 + u2)|p



1/p

=


∑

|α|≤k

ˆ

Ω

|Dαu1 + Dαu2|p



1/p

=


∑

|α|≤k

‖Dαu1 + Dαu2‖p
Lp(Ω)




1/p

≤


∑

|α|≤k

(
‖Dαu1‖Lp(Ω) + ‖Dαu2‖Lp(Ω)

)p



1/p

≤


∑

|α|≤k

‖Dαu1‖p
Lp(Ω)




1/p

+


∑

|α|≤k

‖Dαu2‖p
Lp(Ω)




1/p

by Minkowski’s inequality

= ‖u1‖W k,p(Ω) + ‖u2‖W k,p(Ω).

The check for p = ∞ is similar.

Theorem 2.12. W k,p(Ω) is a Banach space for 1 ≤ p ≤ ∞. For 1 ≤ p < ∞, it is
also separable.

Proof. (Proved only for 1 ≤ p < ∞.) W k,p(Ω) is linear and normed with norm
‖·‖W k,p(Ω) as above. To show that W k,p(Ω) is complete, let (un) be a Cauchy sequence
in W k,p(Ω). We have to show that un −→

n to∞
u in W k,p(Ω) for some u ∈ W k,p(Ω).

For |α| ≤ k, (Dαun) is Cauchy in Lp(Ω), and un is Cauchy in Lp(Ω). Therefore,
by the completeness of Lp(Ω), un → u in Lp(Ω) and Dαun → uα in Lp(Ω). We want
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to show that u ∈ W k,p(Ω), or, equivalently, that uα = DαU . For |α| ≤ k,

´

Ω
umDαφ

m→∞
��

(−1)|α|
´

Ω
(Dαum)φ

m→∞
��

´

Ω
uDαφ (−1)|α|

´

Ω
uαφ

So u has αth weak derivative and Dαu = uα. So u ∈ W k,p(Ω) and un → u in
W k,p(Ω).

For p < ∞, Lp(Ω) is separable, so
∏

|α|≤k Lp(Ω) is separable. Since any subspace

of a separable metric space is itself separable, W k,p(Ω) is separable.

Corollary 2.13. Hk(Ω) is a separable Hilbert space with inner product

(f, g)Hk(Ω) :=
∑

|α|≤k

ˆ

Ω

Dαf(x)Dαg(x) dx

=

ˆ

Ω

f(x)g(x) + ∇f(x) · ∇g(x) + ∇2f(x) : ∇2g(x) + . . . dx.

2.2 Approximation of Weakly Differentiable Functions

Definition 2.14. We say V is compactly embedded in Ω, and write V ⊂⊂ Ω, if
V ⊆ V ⊆ Int Ω, with V compact.

Definitions 2.15. The local Lp space Lp
loc(Ω) is defined by u ∈ Lp

loc(Ω) ⇔ u ∈ Lp(V )

for all V ⊂⊂ Ω. The local Sobolev spaces W k,p
loc (Ω) are defined in the obvious way.

Theorem 2.16. Let Ω ⊂ Rn be open and bounded and u ∈ W k,p(Ω). As before, set
Ωε := {x ∈ Ω|d(x, ∂Ω) > ε}, set

η(x) :=

{
C exp

(
1

|x|2−1

)
, |x| < 1;

0, |x| ≥ 1.

such that
´

Rn η(x) dx = 1, and set ηε(x) = ε−nη(x/ε). Define

uε(x) := (ηε ⋆ u)(x) :=

ˆ

Ω

ηε(x − y)u(y) dy.

Then uε ∈ C∞(Ωε) and uε −→
ε→0

u in W k,p
loc (Ω).

Proof. uε ∈ C∞(Ωε) follows immediately from the definition of uε and the standard
smoothness properties of a convolution.

We now show that Dαuε = ηε ⋆ Dαu.

Dα

ˆ

Ω

ηε(x − y)u(y) dy =

ˆ

Ω

Dα
xηε(x − y)u(y) dy

= (−1)|α|
ˆ

Ω

Dα
y ηε(x − y)u(y) dy

=

ˆ

Ω

ηε(x − y)Dα
y u(y) dy.
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For each x ∈ Ωε, ηε(x − y) has compact support Bε(x) in Ω, and is smooth, and so
lies in C∞

c (Ω). So

Dαuε(x) =

ˆ

Ω

ηε(x − y)Dαu(y) dy = (ηε ⋆ Dαu)(x).

We now want to show that uε → u in Lp
loc(Ω). Take x ∈ V ⊂⊂ Ω with V ⊆ Ωε

for small ε.

|uε(x) − u(x)| =

∣∣∣∣
ˆ

Ω

ηε(x − y)u(y) dy − u(x)

∣∣∣∣

=

∣∣∣∣
ˆ

Ω

ηε(x − y)u(y) dy −
ˆ

Ω

ηε(x − y)u(x) dy

∣∣∣∣ since

ˆ

Ω

ηε(x − y) dy = 1

≤
ˆ

Ω

ηε(x − y)|u(x) − u(y)| dy

=

ˆ

Ω

|ηε(x − y)|1/q|ηε(x − y)|1/p|u(x) − u(y)| dy where 1/p + 1/q = 1

≤
∣∣∣∣
ˆ

Ω

ηε(x − y) dy

∣∣∣∣
︸ ︷︷ ︸

=1

1/q ∣∣∣∣
ˆ

Ω

ηε(x − y)|u(x) − u(y)|p dy

∣∣∣∣
1/p

by Hölder’s inequality.

Also,

ˆ

V

|uε(x) − u(x)|p dx ≤
ˆ

V

ˆ

Ω

ηε(x − y)|u(x)− u(y)|p dydx

=

ˆ

W

ˆ

Bε(0)

ηε(z)|u(x − z) − u(x)|p dzdx with z := x − y, W ⊆ Ω

≤
ˆ

Bε(0)

ηε(z) dz

︸ ︷︷ ︸
=1

sup
|z|<ε

ˆ

W

|u(x− z) − u(x)|p dx.

By Lebesgue’s dominated convergence theorem,

sup
|z|<ε

ˆ

W

|u(x − z) − u(x)|p dx −→
ε→0

0.

But
´

V
|uε(x) − u(x)|p dx −→

ε→0
0, since uε → u in Lp(V ) if, and only if, uε → u in

Lp
loc(Ω); Dαuε = ηε ⋆ Dαu, so Dαuε → Dαu in Lp(V ), equivalently, in Lp

loc(Ω).

Theorem 2.17. If u ∈ W k,p(Ω), then there is a sequence of functions um ∈ C∞(Ω̄)∩
W k,p(Ω) such that um → u in W k,p(Ω) (not just in W k,p

loc (Ω)).

Proof. Omitted.

Thus, we have a useful alternative definition of weak derivative:

Definition 2.18. Let u, v ∈ L1(Ω). If um → u in L1(Ω) and Dαum → v in L1(Ω),
then u has αth weak derivative Dαu := v.
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Lemma 2.19. The norm

‖u‖ :=
∑

|α|≤k

‖Dαu‖Lp(Ω),

is equivalent to the usual norm ‖ · ‖W k,p(Ω) on W k,p(Ω).

Proof. Recall that W k,p(Ω) is a Banach space with norm

‖u‖W k,p(Ω) :=


∑

|α|≤k

‖Dαu‖p
Lp(Ω)




1/p

.

It is enough to show that for all n, p ≥ 1 and ai ≥ 0,

1

n

n∑

i=1

ai ≤
(

n∑

i=1

ap
i

)1/p

≤
n∑

i=1

ai

It is easy to see that
∑n

i=1 ap
i ≤ (

∑n
i=1 ai)

p
for p ≥ 1. Note also that

(
n∑

i=1

ai

)p

≤
(
n max

i
ai

)p

= np max
i

ap
i ≤ np

n∑

i=1

ap
i ,

and the result follows.

Definition 2.20. The closure of C∞
c (Ω) in W k,p(Ω) is denoted by W k,p

0 (Ω). (Some

authors denote this space by
◦

W k
p(Ω).)

Note that W k,p
0 (Ω) ⊂ W k,p(Ω) is a Banach space with norm ‖ · ‖W k,p(Ω).

Lemma 2.21. If u ∈ W k,p
0 (Ω), then u extends to

ũ(x) :=

{
u(x), x ∈ Ω;
0, x 6∈ Ω;

and ũ ∈ W k,p
0 (Ω1) for all Ω1 ⊇ Ω.

Proof. u ∈ W k,p
0 (Ω) ⇔ there exist um ∈ C∞

c (Ω) such that um → u in W k,p(Ω).
Define ũm := ũm as above. Clearly ũm ∈ C∞

c (Ω1) for all Ω1 ⊇ Ω. Then

‖ũm − ũ‖W k,p(Ω1) = ‖um − u‖W k,p(Ω) −→
m→∞

0,

so ũm → ũ in W k,p(Ω1), and so ũ ∈ W k,p
0 (Ω1).

Lemma 2.22. If u ∈ W k,p
0 (Ω), then ũε −→

ε→0
u in W k,p(Ω).

Proof. Exercise.
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Theorem 2.23 (Friedrichs’ inequality5). If u ∈ W k,p
0 (Ω) and Ω is bounded, then

‖u‖Lp(Ω) ≤ (diam(Ω))k


∑

|α|=k

‖Dαu‖p
Lp(Ω)




1/p

.

Proof. Set d := diam(Ω) and, without loss of generality, suppose that

Ω ⊆ Q := {x ∈ R
n|0 < xi < d for 1 ≤ i ≤ n}.

Extend u to be zero outside Ω and obtain ũ ∈ W k,p
0 (Q). If we write x = (x1, . . . , xn−1, xn) =

(x′, xn), then, by the fundamental theorem of calculus,

ũ(x) =

ˆ xn

0

∂ũ

∂xn
(x′, y) dy.

By Hölder’s inequality, with 1
p

+ 1
q

= 1,

|ũ(x)| =

∣∣∣∣
ˆ xn

0

∂ũ

∂xn
dy

∣∣∣∣

≤
(
ˆ xn

0

∣∣∣∣
∂ũ

∂xn

∣∣∣∣
p

dy

)1/p(ˆ xn

0

1q dy

)1/q

= d1/q

(
ˆ xn

0

∣∣∣∣
∂ũ

∂xn

∣∣∣∣
p

dy

)1/p

.

Hence,

ˆ

Ω

|u(x)|p dx =

ˆ

Q

|ũ(x)|p dx

= dp/q

ˆ

Q

ˆ xn

0

∣∣∣∣
∂ũ

∂xn

∣∣∣∣
p

dydx

≤ dp/qd

ˆ

Q

∣∣∣∣
∂ũ

∂xn

∣∣∣∣
p

dx

= d(p+q)/q

ˆ

Q

∣∣∣∣
∂ũ

∂xn

∣∣∣∣
p

dx.

And so

‖u‖Lp(Ω) ≤ d

∥∥∥∥
∂u

∂xn

∥∥∥∥
Lp(Ω)

≤ d2

∥∥∥∥
∂2u

∂x2
n

∥∥∥∥
Lp(Ω)

≤ · · · ≤ dk

∥∥∥∥
∂ku

∂xk
n

∥∥∥∥
Lp(Ω)

,

and this is at most dk
(∑

|α|=k ‖Dαu‖p
Lp(Ω)

)1/p

; it is also at most dk
∑

|α|=k ‖Dαu‖p
Lp(Ω).

5Kurt O. Friedrichs (1901–1982)
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Note that Friedrichs’ inequality fails on the space W k,p(Ω): simply take u to be
any non-zero constant function. There are variants of Friedrichs’ inequality that
allow for non-zero boundary values at the cost of including a term of the form
‖u‖Lp(∂Ω). However, it is not immediately clear how u can be restricted to the
boundary of Ω (a set of Lebesgue measure zero) in a well-defined sense: see the
discussion of traces later for an answer to this problem.

In W k,p
0 (Ω), therefore, the following four norms are all equivalent:

•
(∑

|α|≤k ‖Dαu‖p
Lp(Ω)

)1/p

;

•
∑

|α|≤k ‖Dαu‖Lp(Ω);

•
(∑

|α|=k ‖Dαu‖p
Lp(Ω)

)1/p

;

•
∑

|α|=k ‖Dαu‖Lp(Ω).

So, for example, in H1
0 (Ω) = W 1,2

0 (Ω),

‖u‖ :=

(
ˆ

Ω

|∇u(x)|2 dx

)1/2

is equivalent to the usual norm

‖u‖H1
0 (Ω) :=

(
ˆ

Ω

|u(x)|2 dx +

ˆ

Ω

|∇u(x)|2 dx

)1/2

.

2.3 Weak Solutions to the Poisson Equation

We now wish to find u ∈ H1
0 (Ω) = W 1,2

0 (Ω) such that
{

−∆u = f on Ω;
u = 0 on ∂Ω.

To do this we solve the variational problem of finding

inf
u∈H1

0 (Ω)

1

2

ˆ

Ω

|Du(x)|2 dx −
ˆ

Ω

f(x)u(x) dx.

We claim that these two problems are equivalent:

Proof. (⇒) Write

I(u) :=
1

2

ˆ

Ω

|Du(x)|2 dx −
ˆ

Ω

f(x)u(x) dx

and suppose that u0 ∈ H1
0 (Ω) is a minimizer for I. Let f(t) := I(u0 + tφ) for

φ ∈ H1
0 (Ω) and t ∈ R; then f(0) delivers the minimum (0 is a minimizer). f is

smooth in t, so f ′(0) = 0. Thus,

I(u0 + tφ) =
1

2

ˆ

Ω

|D(u0(x) + tφ(x))|2 dx −
ˆ

Ω

f(x)(u0(x) + tφ(x)) dx
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and
∂

∂t
I(u0 + tφ)

∣∣∣∣
t=0

=

ˆ

Ω

Du0(x) · Dφ(x) dx −
ˆ

Ω

f(x)φ(x) dx = 0.

So
´

Ω
Du0(x) · Dφ(x) dx =

´

Ω
f(x)φ(x) dx for all φ ∈ H1

0 (Ω), so

−
ˆ

Ω

∆u0(x)φ(x) dx =

ˆ

Ω

f(x)φ(x) dx,

and so {
−∆u0 = f on Ω;
u0 = 0 on ∂Ω;

since u0 ∈ H1
0 (Ω).

(⇐) Suppose that u ∈ H1
0 (Ω) solves

{
−∆u = f on Ω;
u = 0 on ∂Ω.

Then, for all φ ∈ H1
0 (Ω),

ˆ

Ω

Du(x) · Dφ(x) − f(x)φ(x) dx =

ˆ

Ω

(∆u(x) − f(x))φ(x) dx = 0.

So, if we write φ = u − w, where u, w ∈ H1
0 (Ω),

ˆ

Ω

Du(x) · (Du(x) − Dw(x)) − f(x)(u(x) − w(x)) dx = 0.

Hence,
ˆ

Ω

|Du(x)|2 dx −
ˆ

Ω

f(x)u(x) dx =

ˆ

Ω

Du(x) · Dw(x) dx −
ˆ

Ω

f(x)w(x) dx

≤ 1

2

ˆ

Ω

|Du(x)|2 dx +
1

2

ˆ

Ω

|Dw(x)|2 dx −
ˆ

Ω

f(x)w(x) dx,

where the inequality is the Cauchy–Schwarz inequality in the form
ˆ

Ω

Du(x) · Dw(x) dx ≤
ˆ

Ω

1

2
|Du(x)|2 +

1

2
|Dw(x)|2 dx.

Thus, I(u) ≤ I(w) for all w ∈ H1
0 (Ω).

Proposition 2.24. If Ω is bounded, then there exists a unique element of H1
0 (Ω)

that attains

inf
u∈H1

0 (Ω)

1

2

ˆ

Ω

|Du(x)|2 dx −
ˆ

Ω

f(x)u(x) dx.

Proof. Let I(u) be as before and set d := diam(Ω).
Step 1. We show that I is bounded below.

1

2

ˆ

Ω

|Du(x)|2 dx ≥ d

2

ˆ

Ω

|u(x)|2 dx.
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ˆ

Ω

f(x)u(x) dx ≤ d

2

ˆ

Ω

|u(x)|2 dx +
1

2d

ˆ

Ω

f(x)2 dx

Hence,

I(u) =
1

2

ˆ

Ω

|Du(x)|2 dx −
ˆ

Ω

f(x)u(x) dx

≥ d

2

ˆ

Ω

|u(x)|2 dx − d

2

ˆ

Ω

|u(x)|2 dx +
1

2d

ˆ

Ω

f(x)2 dx

= − 1

2d

ˆ

Ω

f(x)2 dx

= −constant,

and so I is bounded below.
Step 2. Now let (un) be a minimizing sequence, i.e.

I(un) −→
n→∞

inf
u∈H1

0 (Ω)
I(u) = a 6= ±∞.

We wish to show compactness in some sense: I(un) ≤ some constant for all n should
imply that there is a u with I(un) → I(u) < 0. There are two equivalent ways to
approach this: either show that I(un) ≤ 0 for large n, or show that I(un) ≤ C for
all n.

We will then apply the following weak compactness result from functional anal-
ysis:

Theorem 2.25. (Banach–Alaoglu.) Let X be a separable Banach space, and X∗ its
dual space. If (x∗

n) ⊂ X∗ is a bounded sequence, then there is a subsequence (x∗
nk

)
that converges in a weak topology: 〈x∗

nk
, x〉 → 〈x∗, x〉 for all x ∈ X.

So, if we can prove that (un) is bounded in H1
0 (Ω), (un) will be weakly compact.

d

2

ˆ

Ω

|un(x)|2 dx ≤ 1

2

ˆ

Ω

|Dun(x)|2 by Friedrichs’ inequality

≤
ˆ

Ω

f(x)un(x) dx + C

≤ 1

2

(
d

2

ˆ

Ω

|un(x)|2 dx +
2

d

ˆ

Ω

f(x)2 dx

)
+ C

=
d

4

ˆ

Ω

|un(x)|2 dx +
1

d

ˆ

Ω

f(x)2 dx + C.

So d
4

´

Ω
|un(x)|2 dx ≤ 1

d

´

Ω
f(x)2 dx + C ≤ some constant, so (un) is bounded in

L2(Ω). Since

1

2

ˆ

Ω

|Dun(x)|2 dx ≤
ˆ

Ω

f(x)un(x) dx + C

≤
(
ˆ

Ω

f(x)2 dx

)1/2(ˆ

Ω

|un(x)|2 dx

)1/2

+ C

≤ constant
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So (Dun) is bounded in L2(Ω). So ‖un‖H1
0 (Ω) is bounded, and so there exists a

subsequence (unk
) ⊂ (un) such that unk

⇀ u ∈ H1
0 (Ω).

Now, by Cauchy–Schwarz,

inf
v∈H1

0 (Ω)
I(v) = lim inf

k→∞

1

2

ˆ

Ω

‖Dunk
(x)‖2 dx −

ˆ

Ω

f(x)unk
(x) dx

≥ 1

2

ˆ

Ω

|Du(x)|2 dx −
ˆ

Ω

f(x)u(x) dx,

so u is indeed a minimizer of I on H1
0 (Ω).

Step 3. To show uniqueness, suppose that there are two minimizers u1 and u2,
and set u := αu1 + (1 − α)u2. Then, by the strict convexity of I,

I(αu1 + (1 − α)u2) < αI(u1) + (1 − α)I(u2)

= α min I + (1 − α) min I

= min I,

a contradiction. So there is a unique minimizer.

2.4 Approximation up to the Boundary

We have approximations of elements of W k,p
loc (Ω) by sequences in C∞(Ω), and ele-

ments of W k,p(Ω) by sequences in C∞(Ω)∩W k,p(Ω). We now prove another approx-
imation theorem:

Theorem 2.26. Suppose that Ω is bounded and that ∂Ω is C1. If u ∈ W k,p(Ω),
then there exists a sequence (um) ⊂ C∞(Ω̄) such that um → u in W k,p(Ω).

Proof. We will prove this only for star-shaped6 domains.
Let u ∈ W k,p(Ω) and set Ωm :=

{
x
∣∣m−1

m
x ∈ Ω

}
. Observe that

Ω1 ⊃ Ω2 ⊃ · · · ⊃ Ωm ⊃ · · · ⊃ Ω

and Ω ⊂⊂ Ωm for all m. Since Ω is star-shaped (about 0, by translation), we can
set um(x) := u

(
m−1

m
x
)

for x ∈ Ωm. Note that um ∈ W k,p(Ωm). We want um to
approximate u in W k,p(Ω).

‖um − u‖p
Lp(Ω) ≤

ˆ

Ω

∣∣∣∣u
(

m − 1

m
x

)
− u(x)

∣∣∣∣
p

dx

=

ˆ

Ω

∣∣∣u
(
x − x

m

)
− u(x)

∣∣∣
p

dx

≤ sup
|z|≤d/m

ˆ

Ω

|u(x + z) − u(x)|p dx

−→
m→∞

0,

6Ω is star-shaped with respect to x0 ∈ Ω if any ray (half line) based at x0 intersects ∂Ω only
once.
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so um → u in Lp(Ω).
Similarly,

‖Dαum − Dαu‖p
Lp(Ω) =

ˆ

Ω

|Dαum(x) − Dαu(x)|p dx

≤
ˆ

Ω

∣∣∣∣D
αu

(
m − 1

m
x

)
− Dαu(x)

∣∣∣∣
p

dx

=

ˆ

Ω

∣∣∣∣∣

(
m − 1

m

)|α|(
Dα

m−1
m

x
u

(
m − 1

m
x

))
− Dαu(x)

∣∣∣∣∣

p

dx

=

ˆ

Ω

∣∣∣∣∣

((
m − 1

m

)|α|
− 1 + 1

)
Dαu(x) − Dαu(x)

∣∣∣∣∣

p

dx

≤ C1

∣∣∣∣∣1 −
(

m − 1

m

)|α|
∣∣∣∣∣

p
ˆ

Ω

∣∣∣∣D
αu

(
m − 1

m
x

)∣∣∣∣
p

dx

+ C2

ˆ

Ω

∣∣∣Dαu
(
x − x

m

)
− Dαu(x)

∣∣∣
p

dx

−→
m→∞

0,

and so Dαum → Dαu in Lp(Ω).
We now have um ∈ W k,p(Ωm), Ω ⊂⊂ Ωm, such that ‖um − u‖W k,p(Ω) → 0. Now

approximate each um by smooth functions um,ε ∈ C∞(Ωm) such that um,ε
0−→

ε→0
um

in both W k,p
loc (Ωm) and W k,p(Ω), since Ω ⊂⊂ Ωm. Also, um,ε ∈ C∞(Ω̄), since Ω ⊆

Ω̄ ⊆ Ωm.
um,ε //

##F

F

F

F

F

um

��
u

So we can choose ε(m) → 0 such that um,ε(m) ∈ C∞(Ω̄) and um,ε(m) → u in W k,p(Ω).

2.5 Extensions of Weakly Differentiable Functions

Theorem 2.27 (Extension theorem). Let Ω be bounded and let ∂Ω be C1. Let Ω ⊂⊂
V and u ∈ W k,p(Ω). Then there exists a bounded linear operator E : W k,p(Ω) →
W k,p(Rn) such that

(i) Eu(x) = u(x) for all x ∈ Ω;

(ii) ‖Eu‖W k,p(Rn) ≤ C‖u‖W k,p(Ω), where C depends only on k, p, Ω, V ;

(iii) supp Eu ⊆ V , so, in effect, Eu ∈ W k,p(V ).

Exercise 2.28. Use the extension theorem to prove the previous result about ap-
proximation up to the boundary.
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Proof of theorem 2.27. We prove the result for W 1,p(Ω).
Step 1. Make a transformation of coordinates so that ∂Ω is the flat hyperplane

{xn = 0} near x0 ∈ ∂Ω. Write B := Br(x0) as B+⊎B−, where B+ has xn ≥ 0 (inside
Ω) and B− has xn < 0 (outside Ω). Suppose that u ∈ C∞(Ω̄). Extend u : B+ → R

to ū : B → R by

ū(x) =

{
u(x), x ∈ B+;
−3u(x′,−xn) + 4u(x′,−xn/2), x ∈ B−.

We check continuity of ū:

ū|∂Ω(x) = u(x′, 0) = −3u(x′, 0) + 4u(x′, 0).

Clearly ∂ū
∂xi

is continuous for 1 ≤ i < n. Also,

∂ū

∂xn

∣∣∣∣
∂Ω

=
∂ū

∂xn
(x′, 0) = 3

∂ū

∂xn
(x′, 0) − 2

∂ū

∂xn
(x′, 0).

So ū ∈ C1(B). We now check that ‖ū‖W 1,p(B) ≤ C‖u‖W 1,p(B+). From the definition
of ū, it is clear that

ˆ

B

|ū(x)|p dx ≤ C

ˆ

B+

|u(x)|p dx.

Similarly, for 1 ≤ i < n,
ˆ

B

∣∣∣∣
∂ū

∂xi
(x)

∣∣∣∣
p

dx ≤ C

ˆ

B+

∣∣∣∣
∂u

∂xi
(x)

∣∣∣∣
p

dx.

Since
∂ū

∂xn
(x) =

{
∂ū
∂xn

(x), x ∈ B+;

3 ∂ū
∂xn

(x′,−xn) − 2 ∂ū
∂xn

(
x′,−xn

2

)
, x ∈ B−,

we also have
ˆ

B

∣∣∣∣
∂ū

∂xn
(x)

∣∣∣∣
p

dx ≤ C

ˆ

B+

∣∣∣∣
∂u

∂xn
(x)

∣∣∣∣
p

dx.

Hence, ‖ū‖W 1,p(B) ≤ C‖u‖W 1,p(B+).
Step 2. Cover ∂Ω with balls Bi as in Step 1. Since ∂Ω is compact, we can take

a finite subcover and a partition of unity subordinate to that finite subcover. The
sum of the ūi’s, weighted by that partition of unity, then gives our extension Eu,
defined for u ∈ C∞(Ω̄). Now extend E from the dense subspace C∞(Ω̄) to all of
W k,p(Ω).

2.6 Trace

Suppose that we try to solve the Poisson equation
{

−∆u(x) = f(x), x ∈ Ω;
u(x) = g(x), x ∈ ∂Ω;

where f, g are both L2. The previous results suggest that the solution u should lie
in W 1,2(Ω). However, such a u is only defined up to sets of measure zero, and ∂Ω
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has zero measure in Ω, so what does the bc u = g on ∂Ω actually mean? Given
u ∈ W 1,2(Ω), if we change its value on a null set, we do not change

´

Ω
|u(x)|2 dx.

However, it turns out that if we control both u and Du on Ω, then we automatically
control u on ∂Ω.

Theorem 2.29 (Trace theorem). Let Ω be bounded and let ∂Ω be C1 Then there
exists a bounded linear operator T : W 1,p(Ω) → Lp(∂Ω), called the trace operator,
such that

(i) Tu = u|∂Ω if u ∈ W 1,p(Ω) ∩ C(Ω̄), i.e. T extends the notion of “restriction to
the boundary”;

(ii) ‖Tu‖Lp(∂Ω) ≤ C‖u‖W 1,p(Ω) for all u ∈ W 1,p(Ω), where C depends only on Ω
and p.

Proof. Step 1. As before, take ∂Ω to be flat near x0 ∈ ∂Ω. Take u ∈ C∞(Ω̄)

(although it is only necessary that u ∈ C1(Ω̄)). Choose a non-negative function
ξ ∈ C∞

c (Br(x0)) such that ξ(x) = 1 for x ∈ Br/2(x0) (and so ξ decays smoothly to 0
at ∂Br(x0). Let Γ := Br/2(x0) ∩ ∂Ω. Then

ˆ

Γ

|u(x′)|p dx′ ≤
ˆ

∂Ω∩Br(x0)

ξ(x′)|u(x′)|p dx′

and
ˆ

B+

∂

∂xn
(ξ(x)|u(x)|p) dx = −

ˆ

∂B+

ξ(x)|u(x)|pνn(x) dx

= −
ˆ

∂Ω∩Br(x0)

ξ(x′)|u(x′)|p dx′

since ξ = 0 on ∂Br(x0).

ˆ

Γ

|u(x′)|p dx′ ≤
∣∣∣∣
ˆ

∂Ω∩Br(x0)

ξ(x′)|u(x′)|p dx′
∣∣∣∣

=

∣∣∣∣
ˆ

B+

∂

∂xn
(ξ(x)|u(x)|p) dx

∣∣∣∣

=

∣∣∣∣
ˆ

B+

∂ξ

∂xn
(x)|u(x)|p + ξ(x)p|u(x)|p−1 sgn u(x)

∂u

∂xn
(x) dx

∣∣∣∣

≤
ˆ

B+

∣∣∣∣
∂ξ

∂xn
(x)

∣∣∣∣ |u(x)|p dx +

ˆ

B+

|ξ(x)|p|u(x)|p−1

∣∣∣∣
∂u

∂xn
(x)

∣∣∣∣ dx

≤ C1

ˆ

B+

|u(x)|p dx + C2

ˆ

B+

|u(x)|p−1

∣∣∣∣
∂u

∂xn
(x)

∣∣∣∣ dx

≤ C

(
ˆ

B+

|u(x)|p dx +

ˆ

B+

|Du(x)|p dx

)
,

where the last line follows by Young’s inequality ab ≤ ap

p
+ bq

q
in the form

|u(x)|p−1

∣∣∣∣
∂u

∂xn

(x)

∣∣∣∣ ≤ C

(∣∣∣∣
∂u

∂xn

(x)

∣∣∣∣
p

+ |u(x)|(p−1)q

)
= C

(∣∣∣∣
∂u

∂xn

(x)

∣∣∣∣
p

+ |u(x)|p
)

.
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Thus, ‖u‖Lp(Γ) ≤ C‖u‖W 1,p(Ω).
Now cover ∂Ω by a finite number of such sets Γi to give

‖Tu‖Lp(∂Ω) = ‖u‖Lp(∂Ω) ≤
∑

i

‖u‖Lp(Γi) ≤ C‖u‖W 1,p(Ω).

Step 2. We extend the above to functions u ∈ W 1,p(Ω). Take a sequence (um) ⊂
C∞(Ω̄) such that um → u in W 1,p(Ω). The operator T is clearly linear by its
definition as “restriction to the boundary”.

‖Tum − Tun‖Lp(∂Ω) = ‖um − un‖Lp(∂Ω)

≤ C‖um − un‖W 1,p(Ω)

−→
m,n→∞

0

since (um) is Cauchy, so (Tum) is Cauchy in Lp(∂Ω). Since Lp(∂Ω) is complete,
Tum → v =: Tu. For each m,

‖Tum‖Lp(∂Ω) ≤ C‖um‖W 1,p(Ω),

and so, taking the limit as m → ∞, ‖Tu‖Lp(∂Ω) ≤ C‖u‖W 1,p(Ω). Thus, Tu is well-
defined and depends only on u, not the choice of sequence (um).

Step 3. If u ∈ W 1,p(Ω)∩C(Ω̄), then Tu = u|∂Ω. This is clear, since Tum = um →
u in C(∂Ω) and Tum → Tu in Lp(∂Ω) (convergence almost everywhere). Hence,
Tu = u|∂Ω.

Theorem 2.30. Let Ω be bounded and let ∂Ω be C1. Then u ∈ W 1,p
0 (Ω) if, and

only if, u ∈ W 1,p(Ω) and Tu = 0.

This result extends to higher-order derivatives. Thus, we have an equivalent
definition for W k,p

0 (Ω):

W k,p
0 (Ω) :=

{
u ∈ W k,p(Ω)

∣∣ ∀|α| ≤ k − 1, TDαu = 0
}

.

Theorem 2.31 (Green’s theorem). Suppose that u ∈ W 1,p(Ω) and v ∈ W 1,q(Ω),
with 1

p
+ 1

q
= 1. Then

ˆ

Ω

∂u

∂xi
(x)v(x) dx = −

ˆ

Ω

∂v

∂xi
(x)u(x) dx +

ˆ

∂Ω

u(x)v(x)νi(x) dS(x).

Proof. Exercise. Hint: Take sequences (um), (vm) ⊂ C∞(Ω̄) converging to u and v
respectively. Use Tum → Tu, Tvm → Tv.

2.7 Review of Sobolev Spaces

Suppose we wish to solve {
−∆u = f ∈ Lp(Ω);
u|∂Ω = 0.
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1. Weak derivatives. Even if u 6∈ C1, we can still define a derivative, so the
solution u to the above doesn’t have to lie in C2(Ω̄). We define the weak
derivative ∂u

∂xi
by

ˆ

Ω

u(x)
∂φ

∂xi
(x) dx = −

ˆ

Ω

∂u

∂xi
(x)φ(x) dx ∀φ ∈ C∞

c (Ω).

For this derivative to be well-defined we need that u ∈ L1(Ω).

2. Sobolev spaces.

W k,p(Ω) := {u ∈ Lp(Ω)|Dαu ∈ Lp(Ω), |α| ≤ k}.

(a) W k,p(Ω), 1 ≤ p < ∞, is a Banach space.

(b) Hk(Ω) = W k,2(Ω) is a Hilbert space.

(c) W k,p(Ω), 1 < p < ∞, is reflexive (X∗∗ = X).

(d) W k,p(Ω), 1 ≤ p < ∞, is separable.

Theorem 2.32. (Banach–Alaoglu.) If X is a reflexive Banach space and
(um) is a bounded sequence in X, then there is a subsequence (umj

) such that
umj

⇀ u ∈ X.

So if ‖um‖W k,p(Ω) ≤ C, 1 < p < ∞, then there is a subsequence (umj
) such

that
ˆ

Ω

umj
(x)φ(x) dx →

ˆ

Ω

u(x)φ(x) dx ∀φ ∈ Lq(Ω),

ˆ

Ω

Dαumj
(x)φ(x) dx →

ˆ

Ω

Dαu(x)φ(x) dx ∀φ ∈ Lq(Ω), |α| ≤ k.

3. C∞(Ω̄) is dense in W k,p(Ω). If we prove some property for u ∈ C∞(Ω̄) and
this property respects limits in the W k,p(Ω) norm, then that property holds
for u ∈ W k,p(Ω) as well.

4. W k,p
0 (Ω) := closure of C∞

c (Ω) in W k,p(Ω). For W k,p
0 (Ω) we have better approx-

imation theorems (not just on V ⊂⊂ Ω). W k,p
0 (Ω) = W k,p(Rn) if we extend

by 0 outside Ω. We have an explicit formula for a sequence of approximations
uε −→

ε→0
u in W k,p

0 (Ω) = W k,p(Rn):

uε(x) :=

ˆ

Rn

η

(
x − y

ε

)
u(y) dy,

where

η(x) =

{
C exp

(
1

|x|2−1

)
, |x| < 1;

0, |x| ≥ 1;

and
´

Rn η(x) dx = 1.
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5. Extension of W k,p(Ω) to W k,p(V ), Ω ⊂⊂ V .

‖u‖W k,p(Ω) ≤ ‖Eu‖W k,p
0 (V ) ≤ C‖u‖W k,p(Ω)

where Eu = u on Ω. C∞
c (Ω) is dense in W k,p

0 (Ω).

6. Trace. Does the condition u|∂Ω = 0 make sense, given that ∂Ω has zero
measure? There is a linear map T : W 1,p(Ω) → Lp(∂Ω) such that

(a) Tu = u|∂Ω for u ∈ C(Ω̄) ∩ W 1,p(Ω);

(b) ‖Tu‖Lp(∂Ω) ≤ C‖u‖W 1,p(Ω).

Thus, we have an an equivalent definition for W k,p
0 (Ω):

W k,p
0 (Ω) :=

{
u ∈ W k,p(Ω)

∣∣ ∀|α| ≤ k − 1, TDαu = 0
}

.

7. A bound
´

Ω
|Dum(x)|2 dx ≤ C is enough for weak compactness, Dumj

⇀ v. If
u ∈ W 1,p(Ω), then ‖u‖Lp(Ω) = diam(Ω)‖Du‖Lp(Ω), and so v = Du.

If we wish to solve {
−∆u = f ∈ Lp(Ω);
u|∂Ω = g;

then we find w smooth enough with w|∂Ω = g and solve

{
−∆(u − w) = f + ∆w;
(u − w)|∂Ω = 0.

2.8 Sobolev Inclusions

If u ∈ W k,p(Ω), does it belong to any other function space, such as Lq(Ω), C(Ω),
C1(Ω)?

Theorem 2.33 (Gagliardo–Nirenberg inequality7 for R
n). Let Ω = R

n, 1 ≤ p < n,
and 1

p∗
= 1

p
− 1

n
. Then there is a constant C, depending only on n and p, such that

‖u‖Lp∗(Rn) ≤ C‖Du‖Lp(Rn) ∀u ∈ W 1,p(Rn).

Equivalently, W 1,p(Rn) ⊆ Lp∗(Rn) and the inclusion i : W 1,p(Rn) →֒ Lp∗(Rn) is
continuous.

Definition 2.34. p∗ = np
n−p

is sometimes known as the Sobolev conjugate of p.

Proof of theorem 2.33. First consider the case u ∈ C∞
c (Rn), p = 1, p∗ = n

n−1
.

|u(x)| =

∣∣∣∣
ˆ xi

−∞

∂u

∂xi
(x1, . . . , yi, . . . , xn) dyi

∣∣∣∣

≤
ˆ

R

|Du(y)| dyi

7Emilio Gagliardo, Louis Nirenberg (1925–)
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for each i = 1, . . . , n. Hence, |u(x)|n ≤ ∏n
i=1

´

R
|Du(y)| dyi, and so

|u(x)| n
n−1 ≤

n∏

i=1

(
ˆ

R

|Du(y)| dyi

) 1
n−1

.

So

ˆ

R

|u(x)| n
n−1 dx1 =

ˆ

R

n∏

i=1

(
ˆ

R

|Du(y)| dyi

) 1
n−1

dx1

=

(
ˆ

R

|Du(y)| dy1

) 1
n−1

ˆ

R

n∏

i=2

(
ˆ

R

|Du(y)|dyi

) 1
n−1

dx1

The usual Hölder inequality can be generalized to

ˆ

f1 . . . fn ≤
(
ˆ

f p1
1

) 1
p1

. . .

(
ˆ

f pn
n

) 1
pn

for 1
p1

+ · · ·+ 1
pn

= 1, pi > 1. Thus,

ˆ

R

n∏

i=2

(
ˆ

R

|Du(y)|dyi

) 1
n−1

dx1 ≤
n∏

i=2

(
ˆ

R

ˆ

R

|Du(y)| dx1dyi

) 1
n−1

ˆ

R

|u(x)| n
n−1 dx1 ≤

(
ˆ

R

|Du(y)| dy1

) 1
n−1

n∏

i=2

(
ˆ

R

ˆ

R

|Du(y)| dx1dyi

) 1
n−1

ˆ

R

ˆ

R

|u(x)| n
n−1 dx1dx2

≤
ˆ

R

[(
ˆ

R

|Du(y)| dy1

) 1
n−1

n∏

i=2

(
ˆ

R

ˆ

R

|Du(y)| dx1dyi

) 1
n−1

]
dx2

=

(
ˆ

R

ˆ

R

|Du(y)| dx1dy2

) 1
n−1

ˆ

R

[(
ˆ

R

|Du(y)| dy1

) 1
n−1

n∏

i=3

(
ˆ

R

ˆ

R

|Du(y)| dx1dyi

) 1
n−1

]
dx2

≤
(
ˆ

R

ˆ

R

|Du(y)| dx1dy2

) 1
n−1
(
ˆ

R

ˆ

R

|Du(y)| dy1dx2

) 1
n−1

n∏

i=3

(
ˆ

R

ˆ

R

ˆ

R

|Du(y)| dx1dx2dyi

) 1
n−1

Thus, repeating this procedure a total of n times:

ˆ

Rn

|u(x)| n
n−1 dx ≤

n∏

i=1

(
ˆ

Rn

|Du(x)| dx

) 1
n−1

=

(
ˆ

Rn

|Du(x)| dx

) n
n−1

.

This proves the claim for p = 1 with constant C = 1.
For p > 1, set v = |u|b, b > 1:

ˆ

Rn

|v(x)| n
n−1 dx ≤

(
ˆ

Rn

|Dv(x)| dx

) n
n−1

.
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I.e.,
ˆ

Rn

|u(x)| bn
n−1 dx ≤

(
ˆ

Rn

b|Du(x)||u(x)|b−1 dx

) n
n−1

ˆ

Rn

|Du(x)||u(x)|b−1 dx ≤
(
ˆ

Rn

|Du(x)|p dx

) 1
p
(
ˆ

Rn

|u(x)|(b−1) p
p−1 dx

) p−1
p

So

ˆ

Rn

|u(x)| bn
n−1 dx ≤ b

(
ˆ

Rn

|Du(x)|p dx

) n
p(n−1)

(
ˆ

Rn

|u(x)|(b−1) p
p−1 dx

) p−1
p

n
n−1

.

Solving bn
n−1

= (b − 1) p
p−1

for b gives b = p(n−1)
n−p

, so bn
n−1

= np
n−p

= p∗. Therefore,

(
ˆ

Rn

|u(x)|p∗ dx

) 1
p∗

≤ C

(
ˆ

Rn

|Du(x)|p dx

) 1
p

.

where C depends only on n and p.
Finally, to obtain the result for u ∈ W 1,p(Rn), note that if um → u, then

(
ˆ

Rn

|um(x) − un(x)|p∗ dx

) 1
p∗

≤ C

(
ˆ

Rn

|Dum(x) − Dun(x)|p dx

) 1
p

,

and so the theorem holds by the usual approximation results.

Theorem 2.35 (Gagliardo–Nirenberg inequality for Ω ⊂ Rn). If Ω ⊂ Rn is bounded,
∂Ω is C1, and 1 ≤ p < n, then W 1,p(Ω) ⊆ Lp∗(Ω) and

‖u‖Lp∗(Ω) ≤ C‖u‖W 1,p(Ω)

for all u ∈ W 1,p(Ω), where C depends only on Ω and p. (Hence, also, W 1,p(Ω) ⊆
Lq(Ω) for q ≤ p∗.)

Proof. This follows from the extension theorem (theorem 2.27) and the inequalities

‖u‖Lp∗(Ω) ≤ ‖Eu‖Lp∗(Rn) ≤ C‖Eu‖W 1,p(Rn) ≤ C‖u‖W 1,p(Ω).

For W 1,p
0 (Ω), we have ‖u‖Lp∗(Ω) ≤ C‖Du‖Lp(Ω).

Theorem 2.36. Let Ω ⊂ Rn be bounded with ∂Ω C1. Then W k,p(Ω) ⊆ Lq(Ω),
where 1

q
= 1

p
+ k

n
, p ≥ 1, kp < n, and ‖u‖Lq(Ω) ≤ C‖u‖W k,p(Ω) for all u ∈ W k,p(Ω),

where C depends only on Ω, k and p.

Proof. First take u ∈ W k,p(Rn). We know that

‖u‖Lp∗(Rn) ≤ C‖Du‖Lp(Rn),

and that for |α| = k,
‖Dα−1u‖Lp∗(Rn) ≤ C‖Dαu‖Lp(Rn).
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Take v := Dα−1u and apply the Gagliardo–Nirenberg inequality:

‖Dα−2u‖Lp∗∗(Rn) ≤ C‖Dα−1u‖Lp(Rn),

where 1
p∗∗

= 1
p
− 2

n
. Applying this a total of k times yields

‖u‖Lq(Rn) ≤ C‖u‖W k,p(Rn),

or, by equivalence, for |α| = k,

‖u‖Lq(Rn) ≤ C‖Dαu‖Lp(Rn).

Now, for u ∈ W k,p(Ω), Eu ∈ W k,p(Rn) and

‖u‖Lq(Ω) ≤ ‖Eu‖Lq(Rn) ≤ C‖Eu‖W k,p(Rn) ≤ C ′‖u‖W k,p(Ω).

What about the case p = n? Intuitively, for W 1,n(Ω), q = np
n−p

= ∞. How-

ever, W 1,n(Ω) 6⊆ L∞(Ω), although W 1,n(Ω) ⊆ Lq(Ω) for all finite q: take u(x) :=
log log(1 − |x|−1) on Ω := B1(0) ⊂ R2. u ∈ W 1,n(Ω) but u(x) → ∞ as |x| → 0.

Theorem 2.37 (Poincaré inequality8). Let Ω ⊂ Rn be bounded and connected with
∂Ω C1. Then, for all u ∈ W 1,p(Ω),

ˆ

Ω

∣∣∣∣u(x) −
 

Ω

u

∣∣∣∣
p

dx ≤ C

ˆ

Ω

|Du(x)|p dx,

where, as in our treatment of the Laplace equation,
ffl

Ω
u := 1

|Ω|
´

Ω
u(x) dx denotes

the mean value of u on Ω, and C depends only on Ω and p.

Proof. First consider the case n = 1, u ∈ C∞([0, 1]). By the mean value theorem,
there exists an a ∈ (0, 1) such that u(a) =

ffl

Ω
u.

∣∣∣∣u(x) −
 

Ω

u

∣∣∣∣
p

=

∣∣∣∣
ˆ x

a

u′(x) dx

∣∣∣∣

≤
ˆ 1

0

|u′(x)| dx

≤ C

(
ˆ 1

0

|u′(x)|p dx

) 1
p

.

Hence,

ˆ 1

0

∣∣∣∣u(x) −
 

Ω

u

∣∣∣∣
p

dx ≤ C

ˆ 1

0

ˆ 1

0

|u′(y)| dydx = C

ˆ 1

0

|u′(x)|p dx.

To treat the other cases, we first need the following definition and compactness
theorem:

Definition 2.38. Suppose that X and Y are Banach spaces with X ⊆ Y . We say
that X is compactly embedded in Y , and write X ⊂⊂ Y , if

8(Jules) Henri Poincaré (1854–1912)
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(i) there is a C such that ‖x‖Y ≤ ‖x‖X for all x ∈ X;

(ii) any bounded set in X is precompact in Y (i.e., every sequence in such a
bounded set has a subsequence that is Cauchy in Y ).

Theorem 2.39 (Rellich–Kondrachov compactness theorem). Suppose that Ω ⊂ Rn

is open, bounded (and connected), and that ∂Ω is C1. If 1 ≤ p < n and 1
p∗

= 1
p
− 1

n
,

then W 1,p(Ω) ⊆ Lp∗(Ω) and W 1,p(Ω) ⊂⊂ Lq(Ω) for 1 ≤ q < p∗.

Now consider n ≥ 1. Suppose that the inequality is false. Then there is a
sequence (uk) ⊂ W 1,p(Ω) such that

ˆ

Ω

∣∣∣∣uk(x) −
 

Ω

uk

∣∣∣∣
p

dx ≥ kp

ˆ

Ω

|Duk(x)|p dx,

i.e.,
∥∥uk −

ffl

Ω
uk

∥∥
Lp(Ω)

≥ k‖Duk‖Lp(Ω). Let

vk(x) :=
uk(x) −

ffl

Ω
uk∥∥uk −

ffl

Ω
uk

∥∥
Lp(Ω)

.

Thus,
ffl

Ω
vk = 0, ‖vk‖Lp(Ω) = 1, and Dvk = Duk

‖uk−
ffl

Ω uk‖
Lp(Ω)

, so ‖Dvk‖Lp(Ω) ≤ 1
k
.

In particular, vk is bounded in W 1,p(Ω). So, by the Rellich–Kondrachov theorem,
vk → v in Lp(Ω). So

ffl

Ω
v = 0, ‖v‖Lp(Ω) = 1, and

ˆ

Ω

v(x)
∂φ

∂xi

(x) dx = lim
k→∞

ˆ

Ω

vk(x)
∂φ

∂xi

(x) dx = − lim
k→∞

ˆ

Ω

∂vk

∂xi

(x)φ(x) dx = 0.

Hence,
´

Ω
v(x)Dφ(x) dx = 0, so Dv = 0, and so, since Ω is connected, v is constant

with value 0, since
ffl

Ω
v = 0. This contradicts ‖v‖Lp(Ω) = 1.

We now prove the Rellich–Kondrachov theorem, as used above:

Proof of theorem 2.39. By the Gagliardo–Nirenberg inequality(theorem 2.35), W 1,p(Ω) ⊆
Lq(Ω) for 1 ≤ q ≤ p∗, with

‖u‖Lp∗(Ω) ≤ C‖u‖W 1,p(Ω).

We have to show that ‖u‖Lq(Ω) ≤ C‖u‖W 1,p(Ω):

ˆ

Ω

|u(x)|q dx =

ˆ

Ω

1|u(y)|q dy

≤ C

(
ˆ

Ω

|u(x)|p∗ dx

) q
p∗

.

Hence, ‖u‖Lq(Ω) ≤ ‖u‖Lp∗(Ω) ≤ C ′‖u‖W 1,p(Ω).
We now have to show that if (um) ⊂ W 1,p(Ω) is a bounded sequence, then (um)

is precompact in Lq(Ω).
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Step 1. Without loss of generality, consider um ∈ W 1,p(Rn) such that supp um is
compact and supp um ⊆ V for all m and some bounded set V . Take uε

m := ηε ⋆um ∈
C∞(Rn) as usual. uε

m −→
ε→0

um uniformly in m, and uε
m → um in W 1,p(Rn).

uε
m(x) − um(x) =

ˆ

Rn

ηε(x − y)um(y) dy − u(x)

=

ˆ

Rn

ηε(y)um(x − y) dy − u(x)

=

ˆ

Rn

η(y)um(x − εy) dy − u(x)

=

ˆ

Rn

η(y) (um(x − εy)− um(x)) dy

=

ˆ

Rn

η(y)

ˆ 1

0

d

dt
um(x − εty) dtdy.

Therefore,

|uε
m(x) − um(x)| ≤

ˆ

Rn

η(y)

ˆ 1

0

|Dum(x − εty)||εy| dtdy,

and so

ˆ

Rn

|uε
m(x) − um(x)| dx ≤ ε

ˆ

B1(0)

η(y)

ˆ

Rn

|Dum(x)| dx

ˆ 1

0

1 dtdy

≤ ε

ˆ

Rn

|Dum(x)| dx,

since supp η ⊆ B1(0) and |y| ≤ 1. Hence,
´

V
|uε

m(x)− um(x)| dx ≤ ε
´

V
|Dum(x)| dx,

so
‖uε

m − um‖L1(V ) ≤ εC‖Dum‖L1(V ) ≤ εC ′‖Dum‖Lp(V ) ≤ εC ′′.

We need to estimate ‖uε
m − um‖Lq(V ):

‖uε
m − um‖Lq(V ) ≤ ‖uε

m − um‖θ
L1(V )‖uε

m − um‖1−θ
Lq(V ) ≤ C‖uε

m − um‖L1(V ).

This is a consequence of the following corollary of Hölder’s inequality: for 0 < θ < 1,
1
q

= θ
p

+ 1−θ
r

,

‖u‖Lq ≤ ‖u‖θ
Lp‖u‖1−θ

Lr .

Step 2. uε
m is uniformly bounded for each ε > 0:

|uε
m(x)| =

∣∣∣∣
ˆ

Rn

ηε(x − y)um(y) dy

∣∣∣∣ ≤
C

εn
‖um‖L1(V ) ≤

C ′

εn
.

uε
m is uniformly equicontinuous for each ε > 0:

|Duε
m(x)| =

∣∣∣∣
ˆ

Rn

Dηε(x − y)um(y) dy

∣∣∣∣ ≤
C

εn+1
‖um‖L1(V ) ≤

C ′

εn+1
.
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Thus, ‖uε
m−um‖Lq(V ) ≤ Cεθ and (uε

m) is uniformly bounded and equicontinuous for
each ε.

Step 3. We want to prove that for each δ > 0, there is a subsequence (umj
) ⊆ (um)

such that lim supj,k→∞ ‖umj
− umk

‖Lq(V ) ≤ δ. Fix δ > 0. Choose ε > 0 such that
‖uε

m − um‖Lq(V ) ≤ δ/2. By the Arzela-Ascoli theorem, there exists a subsequence
(uε

mj
) ⊆ (uε

m) such that (uε
mj

) converges uniformly on compact subsets of Rn. So

sup
x∈V

∣∣∣uε
mj

(x) − uε
mk

(x)
∣∣∣ −→

j,k→∞
0.

Thus, lim supj,k→∞ ‖uε
mj

− uε
mk

‖Lq(V ) = 0, and

lim sup
j,k→∞

‖umj
− umk

‖Lq(V )

≤ lim sup
j,k→∞

(
‖umj

− uε
mj
‖Lq(V ) + ‖uε

mj
− uε

mk
‖Lq(V ) + ‖uε

mk
− umk

‖Lq(V )

)

≤ lim sup
j→∞

‖umj
− uε

mj
‖Lq(V ) + lim sup

j,k→∞
‖uε

mj
− uε

mk
‖Lq(V ) + lim sup

k→∞
‖uε

mk
− umk

‖Lq(V )

≤ δ.

Take subsequences for δ = 1, 1
2
, 1

4
, . . . , 1

2ℓ , . . . and take a diagonal subsequence: thus,
there exists (umk

) such that lim supj,k→∞ ‖umj
− umk

‖Lq(V ) = 0.

Thus, W 1,p(Ω) ⊂⊂ Lp(Ω) for 1 ≤ p ≤ ∞ — more on this later. So, if we have a
weakly convergent sequence um ⇀ u in W 1,p(Ω), we can find a strongly convergent
subsequence umj

→ u in Lp(Ω).

2.9 Hölder Spaces

Definitions 2.40. Define the norm ‖ · ‖C(Ω̄) by

‖u‖C(Ω̄) := sup
x∈Ω

|u(x)|,

the seminorm [·]0,γ by

[u]0,γ := sup
x,y∈Ω,x 6=y

|u(x) − u(y)|
|x − y|γ ,

and the norm ‖ · ‖0,γ by
‖u‖0,γ := ‖u‖C(Ω̄) + [u]0,γ.

Exercise 2.41. Show that ‖ · ‖0,γ is indeed a norm.

Definition 2.42. The Hölder space Ck,γ(Ω̄) is space of functions u ∈ Ck(Ω̄) for
which the norm

‖u‖Ck,γ(Ω̄) =
∑

|α|≤k

‖Dαu‖C(Ω̄) +
∑

|α|=k

[Dαu]0,γ

is finite.
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Exercise 2.43. Show that Ck,γ(Ω̄) is a Banach space but not a Hilbert space.

Theorem 2.44 (Morrey’s inequality for Rn). Consider Rn, p > n, γ := 1− n
p
. Then

there is a constant C depending only on n and p such that, for all u ∈ W 1,p(Rn) ∩
C1(Rn),

‖u‖C0,γ(Rn) ≤ C‖u‖W 1,p(Rn).

Proof. Step 1. Consider Br(x). We want to show that

 

Br(x)

|u(x) − u(y)| dy ≤ C

ˆ

Br(x)

|Du(y)|
|x − y|n−1

dy.

Take ω ∈ Sn−1 = ∂B1(0), 0 < s < r.

|u(x + sω) − u(x)| =

∣∣∣∣
ˆ s

0

d

dt
u(x + tω) dt

∣∣∣∣

=

∣∣∣∣
ˆ s

0

d

dt
Du(x + tω) · ω dt

∣∣∣∣

≤
ˆ s

0

|Du(x + tω)
tn−1

tn−1
dt.

ˆ

∂B1(0)

|u(x + sω) − u(x)| dS(ω) ≤
ˆ s

0

ˆ

∂B1(0)

|Du(x + tω)|t
n−1

tn−1
dS(ω)dt

≤
ˆ

Bs(x)

|Du(y)|
|x − y|n−1

dy.

sn−1

ˆ

∂B1(0)

|u(x + sω) − u(x)| dS(ω) ≤ sn−1

ˆ

Bs(x)

|Du(y)|
|x − y|n−1

dy

≤ sn−1

ˆ

Br(x)

|Du(y)|
|x − y|n−1

dy.

Hence,

1

|Br(x)|

ˆ

Br(x)

|u(y)− u(x)| dy ≤
ˆ

Br(x)

|Du(y)|
|x − y|n−1

dy

ˆ r

0

sn−1 ds

=
1

|Br(x)|
rn

n

ˆ

Br(x)

|Du(y)|
|x − y|n−1

dy.

That is,
 

Br(x)

|u(y)− u(x)| dy ≤ C

ˆ

Br(x)

|Du(y)|
|x − y|n−1

dy.

Step 2. We now estimate |u(x)| for all x: |u(x)| ≤ |u(x) − u(y)|+ |u(y)|.

|u(x)| =

 

B1(x)

|u(x)| dy ≤
 

B1(x)

|u(x) − u(y)| dy +

 

B1(x)

|u(y)| dy.
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Also,
 

B1(x)

|u(y)| dy ≤ C‖u‖Lp(B1(x)) ≤ C‖u‖Lp(Rn).

 

B1(x)

|u(x) − u(y)| dy ≤ C

ˆ

B1(x)

|Du(y)|
|x − y|n−1

dy

≤ C

(
ˆ

B1(x)

|Du(y)|p dy

) 1
p

(
ˆ

B1(x)

dy

|x − y|(n−1)p−1
p

)p−1
p

Since p > n, (
ˆ

B1(x)

dy

|x − y|(n−1)p−1
p

) p−1
p

≤ C‖Du‖Lp(Rn),

and so
sup
x∈Rn

|u(x)| ≤ C1‖u‖Lp(Rn) + C2‖Du‖Lp(Rn) ≤ C‖u‖W 1,p(Rn).

Step 3. We now estimate [u]0,γ. Set V := Br(x) ∩ Br(y), where r = |x − y|.

|u(x) − u(y)| =

 

V

|u(x) − u(y)| dz

≤
 

V

|u(x) − u(z)| dz +

 

V

|u(y)− u(z)| dz

1

|V |

ˆ

V

|u(x) − u(z)| dz ≤ |Br(x)|
|V |

 

Br(x)

|u(x) − u(z)| dz

≤ 2

 

Br(x)

|u(x) − u(z)| dz

|u(x) − u(y)| ≤ C1

 

Br(x)

|u(x) − u(z)| dz + C2

 

Br(y)

|u(y)− u(z)| dz

Estimating each of these terms:
 

Br(x)

|u(x) − u(z)| dz ≤ C

ˆ

Br(x)

|Du(z)|
|x − z|n−1

dz

≤ C‖Du‖Lp(Rn)

(
ˆ

Br(x)

dz

|x − z|(n−1)p−1
p

) p−1
p

,

and the last factor on the rhs is

≤ C

(
ˆ r

0

xn−1(n−1) p
p−1 dx

) p−1
p

≤ C
(
rn−(n−1) p

p−1

)p−1
p

= Crγ.

Thus,
 

Br(x)

|u(x) − u(z)| dz ≤ Crγ‖Du‖Lp(Rn),
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so |u(x) − u(y)| ≤ Crγ‖Du‖Lp(Rn). Hence,

sup
x,y∈Rn,x 6=y

|u(x) − u(y)|
|x − y| ≤ C‖Du‖Lp(Rn),

and so ‖u‖C0,γ(Rn) ≤ C‖u‖W 1,p(Rn).

Theorem 2.45 (Morrey’s inequality for Ω ⊂ Rn). Let Ω ⊂ Rn be open and bounded,
with ∂Ω C1. Let p > n and γ := 1 − n

p
. Then there is a constant C such that

‖u‖C0,γ(Ω̄) ≤ C‖u‖W 1,p(Ω).

Proof. Apply Morrey’s inequality for Rn and the extension theorem:

‖u‖C0,γ(Ω̄) ≤ ‖Eu‖C0,γ(Rn) ≤ C‖Eu‖W 1,p(Rn) ≤ C ′‖u‖W 1,p(Ω).

Theorem 2.46. Let Ω ⊂ Rn be open and bounded, with ∂Ω C1, and let kp > n.
Then W k,p(Ω) ⊆ Cℓ,γ(Ω̄), where ℓ := k − ⌊n

p
⌋ − 1 and

γ =

{
⌊n

p
⌋ + 1 − n

p
, n

p
6∈ Z;

any number ∈ [0, 1), n
p
∈ Z.

Also, there is a constant C, depending only on Ω, k and p, so that, for all u ∈
W k,p(Ω),

‖u‖Cℓ,γ(Ω̄) ≤ C‖u‖W k,p(Ω).

Thus, we now have information on W k,p(Ω) for kp < n and kp > n. For instance:

• 1 ≤ p < n ⇒ W 1,p(Ω) ⊆ Lp∗(Ω), 1
p∗

= 1
p
− 1

n
;

• n < p < ∞ ⇒ W 1,p(Ω) ⊆ C0,γ(Ω̄), γ = 1 − n
p
.

What about the boundary case kp = n?

Theorem 2.47. Let Ω ⊂ Rn be open and bounded, with ∂Ω C1. If u ∈ W 1,p
0 (Ω),

p = n, then
ˆ

Ω

exp

[( |u(x)|
C1‖Du‖Lp(Ω)

) p
p−1

]
dx ≤ C2|Ω|.

Proof. The proof relies on inequalities with Riesz potentials. See [GT], Chapter
7.

Definition 2.48. Given ϕ : [0,∞) → R such that ϕ(0) = 0 and ϕ is increasing and
convex, the Orlicz9 space Lϕ(Ω) is the space of all integrable u : Ω → R such that

‖u‖Lϕ(Ω) := inf

{
λ > 0

∣∣∣∣
ˆ

Ω

ϕ

( |u(x)|
λ

)
dx ≤ 1

}
< ∞.

9W ladys law Orlicz (1903–1990).
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For example, if ϕ(t) = |t|p, then ‖u‖Lϕ(Ω) = ‖u‖Lp(Ω). In fact, the Orlicz space
Lϕ(Ω) is a Banach space. With this notation, theorem 2.47 is the statement that
W 1,p

0 (Ω) ⊆ Lϕ(Ω) for

ϕ(t) = exp
(
|t|

p
p−1

)
− 1.

Theorem 2.49. Let Ω ⊂ R
n be open and bounded, with ∂Ω C1. If u ∈ W k,p

0 (Ω),
kp = n, then

ˆ

Ω

exp



(

|u(x)|
C1‖Dku‖Lp(Ω)

) p
p−1


 dx ≤ C2|Ω|.

The space of theorem 2.49 is known as the Orlicz-Sobolev space.
In the discussion so far, we have not treated the case p = ∞.

Theorem 2.50. Let Ω ⊂ Rn be open and bounded, with ∂Ω C1. Then u ∈ W 1,∞(Ω)
if, and only if, u is Lipschitz (i.e., is equivalent to a Lipschitz function).

Proof. See [Ev], Chapter 5.

2.10 Logarithmic Sobolev Inequalities

The following theorem is used in quantum mechanics. Its main feature and utility
is its independence of dimension, n.

Theorem 2.51. Define the measure dµ := e−π|x|2 dx. Then, for all u ∈ C∞
c (Ω),

1

π

ˆ

Rn

|Du(x)|2 dµ ≥
ˆ

Rn

|u(x)|2 log

(
|u(x)|2

‖u‖2
L2(Rn)

)
dµ.

2.11 H−1(Ω) and Duality

Definitions 2.52. Given Ω ⊆ Rn, H−k(Ω) is defined to be the dual space of
Hk

0 (Ω) := W k,2
0 (Ω), i.e. the space of bounded linear functionals on Hk

0 (Ω):

H−k(Ω) :=

{
f : Hk

0 → R

∣∣∣∣∣f is linear and sup
|〈f, u〉|
‖u‖Hk

0 (Ω)

< ∞
}

.

The norm on H−k(Ω) is

‖f‖H−k(Ω) := sup
{
|〈f, u〉|

∣∣∣u ∈ Hk
0 (Ω), ‖u‖Hk

0 (Ω) ≤ 1
}

.

In what follows, we confine our attention to the space H−1(Ω).

Theorem 2.53. Let Ω ⊆ Rn and f ∈ H−1(Ω). Then

(i) there exist functions f 0, f 1, . . . , fn ∈ L2(Ω) such that, for all v ∈ H1
0 (Ω),

〈f, v〉 =

ˆ

Ω

f 0(x)v(x) +

n∑

i=1

f i(x)
∂v

∂xi
(x) dx; (2.2)
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(ii) the norm of f is also given by

‖f‖H−1(Ω) = inf





(
ˆ

Ω

n∑

i=0

|f i(x)|2 dx

) 1
2

∣∣∣∣∣∣
f satisfies (2.2) and, for all i, f i ∈ L2(Ω)



 .

Proof. (i) Recall that H1
0 (Ω) is a Hilbert space with inner product

(u, v)H1
0(Ω) :=

ˆ

Ω

u(x)v(x) + Du(x) · Dv(x) dx.

Recall:

Theorem 2.54. (Riesz representation theorem.) Let H be a real Hilbert space with
dual H∗. Then H∗ can be canonically identified with H: for all f ∈ H∗, there is a
unique f ♯ ∈ H such that (f ♯, v)H = 〈f, v〉 for all v ∈ H, and the map f 7→ f ♯ is a
linear isomorphism of H∗ onto H.

So, given f ∈ H−1(Ω), choose the unique u := f ♯ ∈ H1
0 (Ω) such that, for all

v ∈ H1
0 (Ω),

〈f, v〉 = (u, v)H1
0(Ω) =

ˆ

Ω

u(x)v(x) + Du(x) · Dv(x) dx.

We want

〈f, v〉 =

ˆ

Ω

f 0(x)v(x) +
n∑

i=1

f i(x)
∂v

∂xi

(x) dx,

so simply take f 0 := u and f i := ∂u
∂xi

∈ L2(Ω). Clearly, f 0, f i satisfy (2.2).

(ii) Suppose that we also write the action of f ∈ H−1(Ω) as

〈f, v〉 =

ˆ

Ω

g0(x)v(x) +

n∑

i=1

gi(x)
∂v

∂xi
(x) dx.

Take v = u = f ♯ as in part (i).

ˆ

Ω

|Du(x)|2 + |u(x)|2 dx =

ˆ

Ω

g0(x)u(x)

n∑

i=1

gi(x)
∂u

∂xi
(x) dx

≤
(
ˆ

Ω

n∑

i=0

|gi(x)|2 dx

) 1
2 (ˆ

Ω

|Du(x)|2 + |u(x)|2 dx

) 1
2

.

Thus,

(
ˆ

Ω

n∑

i=0

|f i(x)|2 dx

) 1
2

=

(
ˆ

Ω

n∑

i=0

|Du(x)|2 + |u(x)|2 dx

) 1
2

≤
(
ˆ

Ω

n∑

i=0

|gi(x)|2 dx

) 1
2

.

So, for all v ∈ H1
0 (Ω) with ‖v‖H1

0 (Ω) ≤ 1,

|〈f, v〉| ≤
(
ˆ

Ω

n∑

i=0

|f i(x)|2 dx

) 1
2

.
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‖f‖H1
0 (Ω) = sup

{
|〈f, v〉|

∣∣∣‖v‖H1
0 (Ω) ≤ 1

}

≤
(
ˆ

Ω

n∑

i=0

|f i(x)|2 dx

) 1
2

≤
(
ˆ

Ω

n∑

i=0

|gi(x)|2 dx

) 1
2

.

Thus,

‖f‖H−1(Ω) ≤ inf
representations

(
ˆ

Ω

n∑

i=0

|gi(x)|2 dx

) 1
2

.

Take v = u/‖u‖H1
0(Ω). Then

〈
f,

u

‖u‖H1
0 (Ω)

〉
= ‖u‖H1

0(Ω) =

(
ˆ

Ω

n∑

i=0

|f i(x)|2 dx

) 1
2

,

and ‖f‖H−1(Ω) attains the infimum above.

42



3 Elliptic PDEs

3.1 Weak Solutions and Fredholm Theory

We seek to solve {
Lu(x) = f(x), x ∈ Ω;
u(x) = 0, x ∈ ∂Ω;

(3.1)

where L is of the form

Lu = −
n∑

i,j=1

∂

∂xi

(
aij(x)

∂u

∂xj

)
+

n∑

i=1

bi(x)
∂u

∂xi

+ c(x)u,

known as divergence form, or

Lu = −
n∑

i,j=1

aij(x)
∂2u

∂xi∂x2
j

+
n∑

i=1

bi(x)
∂u

∂xi

+ c(x)u.

Definition 3.1. A differential operator L of the above type is elliptic (or uniformly
elliptic) if, for some α > 0 and all x ∈ Ω, ξ ∈ R

n,

n∑

i,j=1

aij(x)ξiξj ≥ α|ξ|2. (3.2)

That is, the matrix (aij) is positive definite.

Example 3.2. If aij = δij , bi = c = f = 0, then L = −∆ and (3.1) becomes
Laplace’s equation.

There is a bilinear form B : H1
0 (Ω) × H1

0 (Ω) → R associated to L, which is
defined by

B(u, v) := (Lu, v)L2(Ω).

By integrating by parts, one sees that

B(u, v) =

ˆ

Ω

(
n∑

i,j=1

aij(x)
∂u

∂xi

(x)
∂v

∂xj

(x) +
n∑

i=1

bi(x)
∂u

∂xi

(x)v(x) + c(x)u(x)v(x)

)
dx.

Definition 3.3. u is a weak solution of (3.1) for f ∈ H−1(Ω) if B(u, v) = 〈f, v〉 for
all v ∈ H1

0 (Ω).

Theorem 3.4 (Lax–Milgram10). Let H be a Hilbert space and let B : H×H → R

be a bilinear form with constants α, β > 0 such that for all u, v ∈ H,

|B(u, v)| ≤ α‖u‖H‖v‖H
and

B(u, u) ≥ β‖u‖2
H.

Then, for all f ∈ H∗, there exists a unique u ∈ H such that B(u, v) = 〈f, v〉 for all
v ∈ H.

10Peter Lax (1926–) and Arthur Milgram
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Proof. If B is symmetric then it is an inner product on H, so, by the Riesz repre-
sentation theorem (Theorem 2.54), given f ∈ H∗, there is a unique u ∈ H such that
B(u, v) = 〈f, v〉 for all v ∈ H.

Otherwise, for each u ∈ H, v 7→ B(u, v) is a bounded linear functional on H.
So, by the Riesz representation theorem, given u ∈ H, there is a unique w ∈ H
such that (w, v)H = B(u, v). Define Au := w. The map A : H → H is clearly
well-defined. It is also linear: take α1, α2 ∈ R and u1, u2 ∈ H:

(A(α1u1 + α2u2), v)H = B(α1u1 + α2u2, v)

= α1B(u1, v) + α2B(u2, v)

= α1(Au1, v)H + α2(Au2, v)H

= (α1Au1 + α2Au2, v)H.

A is a bounded map:

‖Au‖2
H = (Au, Au)H = B(u, Au) ≤ α‖u‖H‖Au‖H,

so ‖Au‖H ≤ α‖u‖H.
A is injective since

‖Au‖H‖u‖H ≥ (Au, u)H = B(u, u) ≥ β‖u‖2
H,

so Au = 0 ⇒ u = 0.
The image im(A) is closed: take a convergent sequence (vn) ⊂ im(A), vn → v.

Choose un ∈ H such that Aun = vn for each n. (Aun) is Cauchy, so

‖Aun − Aum‖H‖un − um‖H ≥ (Aun − Aum, un − um)H

= B(un − um, un − um)

≥ β‖un − um‖2
H.

So β‖un−um‖H ≤ ‖vn−vm‖H → 0. So (un) is Cauchy and converges to some u ∈ H.
So vn = Aun → Au = v by the continuity (boundedness) of A, so v ∈ im(A), and
so im(A) is closed.

Finally, A is surjective: for, if not, there is an s ∈ H, s 6= 0, such that s ⊥ im(A).
But

β‖s‖2
H ≤ B(s, s) = (s, As)H = 0,

so s = 0, a contradiction.
So, take f ∈ H∗. There is a unique w ∈ H such that (w, v)H = 〈f, v〉 for all

v ∈ H. Au := w has a unique solution since A is invertible. So (Au, v)H = 〈f, v〉
for all v ∈ H. But (Au, v)H = B(u, v). So there is a unique u ∈ H such that
B(u, v) = 〈f, v〉.
Theorem 3.5 (G̊arding’s inequality11). Let B be the bilinear form associated to
an elliptic differential operator L with aij , bi, c ∈ L∞(Ω). Then there are constants
α, β, γ > 0 such that

|B(u, v)| ≤ α‖u‖H1
0(Ω)‖v‖H1

0 (Ω),

γ‖u‖L2(Ω) + B(u, u) ≥ β‖u‖2
H1

0(Ω)

for all u, v ∈ H1
0(Ω).

11Lars G̊arding (1919–).
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Proof.

|B(u, v)| =

∣∣∣∣∣

ˆ

Ω

(
n∑

i,j=1

aij(x)
∂u

∂xi

(x)
∂v

∂xj

(x) +
n∑

i=1

bi(x)
∂u

∂xi

(x)v(x) + c(x)u(x)v(x)

)
dx

∣∣∣∣∣

≤ C1‖Du‖L2(Ω)‖Dv‖L2(Ω) + C2‖Du‖L2(Ω)‖v‖L2(Ω) + C3‖u‖L2(Ω)‖v‖L2(Ω)

≤ C‖u‖H1
0 (Ω)‖v‖H1

0 (Ω).

B(u, u) −
ˆ

Ω

n∑

i=1

bi(x)
∂u

∂xi

(x)u(x) dx −
ˆ

Ω

c(x)u(x)2 dx =

ˆ

Ω

n∑

i,j=1

aij
∂u

∂xi

(x)
∂u

∂xj

(x) dx

≥ α

ˆ

Ω

|Du(x)|2 dx

≥ β‖u‖2
H1

0(Ω)

Also,
ˆ

Ω

n∑

i=1

bi(x)
∂u

∂xi
(x)u(x) dx ≤ C1‖Du‖L2(Ω)‖u‖L2(Ω)

and
ˆ

Ω

c(x)u(x)2 dx ≤ C2‖u‖L2(Ω).

Therefore,

B(u, u) + C1‖Du‖L2(Ω)‖u‖L2(Ω) + C2‖u‖2
L2(Ω) ≥ α‖Du‖2

L2(Ω).

But ‖Du‖L2(Ω)‖u‖L2(Ω) ≤ ε‖Du‖2
L2(Ω) + 1

4ε
‖u‖2

L2(Ω) for all ε > 0. Therefore,

B(u, u) + ε‖Du‖2
L2(Ω) +

1

4ε
‖u‖2

L2(Ω) + C‖u‖2
L2(Ω) ≥ α‖Du‖2

L2(Ω),

and so, since the norm ‖Du‖L2(Ω) is equivalent to the norm ‖u‖H1
0(Ω), for small

enough ε,
γ‖u‖L2(Ω) + B(u, u) ≥ β‖u‖2

H1
0 (Ω).

Suppose that we have L in divergence form,

Lu = −
n∑

i,j=1

∂

∂xi

(
aij(x)

∂u

∂xj

)
+

n∑

i=1

bi(x)
∂u

∂xi
+ c(x)u,

with the associated bilinear form B(u, v) = (Lu, v)L2(Ω), and

Bµ(u, u) = B(u, u) + µ‖u‖2
L2(Ω) ≥ B(u, u) + γ‖u‖2

L2(Ω).

Then weak a solution to
{

Lu + µu = f, on Ω;
u = 0, on ∂Ω;

is a u such that Bµ(u, v) = 〈f, v〉.
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Theorem 3.6. There exists γ ≥ 0 such that if µ ≥ γ and f ∈ L2(Ω), then there is
a unique weak solution u ∈ H1

0 (Ω) to

{
Lu + µu = f, on Ω;
u = 0, on ∂Ω.

Proof. Define Bµ(u, v) := (Lu + µu, v)L2(Ω). Obviously,

|Bµ(u, v)| ≤ C‖u‖H1
0 (Ω)‖v‖H1

0 (Ω),

and
Bµ(u, u) ≥ C‖u‖2

H1
0 (Ω),

since Bµ(u, u) = B(u, u) + µ‖u‖2
L2(Ω) ≥ B(u, u) + γ‖u‖2

L2(Ω). By the Lax-Milgram

Theorem, there is a unique u ∈ H1
0 (Ω) such that Bµ(u, v) = 〈f, v〉. Since f ∈ L2(Ω),

Bµ(u, v) = (f, v)L2(Ω).

Definition 3.7. The formal adjoint of L is L∗ defined by

L∗v = −
n∑

i,j=1

∂

∂xj

(
aij

∂v

∂xi

)
−

n∑

i=1

bi
∂v

∂xi
+

(
c −

n∑

i=1

∂bi

∂xi

)
v.

Compare this with the usual definition of adjoint as (Lu, v) = (u, L∗v):

(Lu, v) =

ˆ

Ω

(
n∑

i,j=1

aij
∂u

∂xj

∂v

∂xi

+
n∑

i=1

bi
∂u

∂xi

v + cuv

)

=

ˆ

Ω

(
−

n∑

i,j=1

∂

∂xj

(
aij

∂v

∂xi

)
u −

n∑

i=1

u
∂

∂xi
(biv) + cuv

)

=

ˆ

Ω

(
−

n∑

i,j=1

∂

∂xj

(
aij

∂v

∂xi

)
u −

n∑

i=1

bi
∂v

∂xi
u +

(
c −

n∑

i=1

∂bi

∂xi

)
vu

)

= (u, L∗v).

Definition 3.8. Define the bilinear form B∗ by

B∗(v, u) := (u, L∗v)L2(Ω) = B(u, v) (3.3)

for all u, v ∈ H1
0 (Ω).

Definition 3.9. v ∈ H1
0 (Ω) is a weak solution to

{
L∗v = f, on Ω;
v = 0, on ∂Ω;

if B∗(v, u) = 〈f, u〉 for all u ∈ H1
0 (Ω).

Theorem 3.10. (The Fredholm Alternative for Elliptic Operators.) Let L be an
elliptic partial differential operator.
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1. Precisely one of the following is true: either

(a) for all f ∈ L2(Ω) there is a unique weak solution u of

{
Lu = f, on Ω;
u = 0, on ∂Ω;

(3.4)

or

(b) there is a weak solution u 6= 0 of

{
Lu = 0, on Ω;
u = 0, on ∂Ω.

(3.5)

2. In the second case, the dimension of the subspace N ⊆ H1
0 (Ω) of weak solutions

of (3.5) is finite, and equals the dimension of the subspace N∗ ⊆ H1
0 (Ω) of

weak solutions of {
L∗v = 0, on Ω;
v = 0, on ∂Ω.

(3.6)

3. (3.4) has a weak solution if, and only if, (f, v) = 0 for all v ∈ N∗.

Proof. We use the following theorem of functional analysis:

Theorem 3.11 (Fredholm12 alternative.). Let H be a Hilbert space and let K : H →
H be a compact linear operator with adjoint K∗ : H∗ → H∗. Then

1. dim ker(I − K) < ∞;

2. im(I − K) is closed;

3. im(I − K) = ker(I∗ − K∗)⊥;

4. ker(I − K) = {0} ⇔ im(I − K) = H;

5. dim ker(I − K) = dim ker(I∗ − K∗).

Choose µ = γ as in theorem 3.6 and define the bilinear form Bγ(u, v) := B(u, v)+
γ(u, v) corresponding to the operator Lγu := Lu + γu. Then

Bγ(u, v) ≤ C‖u‖H1
0 (Ω)‖v‖H1

0 (Ω),

Bγ(u, u) ≥ α‖u‖2
H1

0 (Ω).

Take any g ∈ L2(Ω). Then the Lax–Milgram theorem implies that there is a unique
u ∈ H1

0 (Ω) such that Bγ(u, v) = (g, v)L2(Ω) for all v ∈ H1
0 (Ω). Thus, define an

operator L−1
γ : L2(Ω) → L2(Ω) that assigns to each g ∈ L2(Ω) the corresponding

u ∈ H1
0 (Ω) ⊂ L2(Ω).

12Erik Ivar Fredholm (1866–1927).
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It is easy to see that L−1
γ is linear.

{
Lu = f on Ω
u = 0 on ∂Ω

}
⇔
{

Lu + γu = γu + f on Ω
u = 0 on ∂Ω

}

⇔ Bγ(u, v) = (γu + f, v).

Hence, u = L−1
γ (γu + f) = γL−1

γ u +L−1
γ f . So u = Ku +h, where Ku := γL−1

γ u and
h := L−1

γ f . We claim that K is a compact linear operator:
To see this, take g ∈ L2(Ω) and let u := Kg. Then

α‖u‖2
H1

0 (Ω) ≤ Bγ(u, u) = (g, u) ≤ ‖g‖L2(Ω)‖u‖L2(Ω) ≤ ‖g‖L2(Ω)‖u‖H1
0(Ω),

and so
α‖Kg‖H1

0(Ω) = α‖u‖H1
0(Ω) ≤ ‖g‖L2(Ω)

for all g ∈ L2(Ω). Hence, since H1
0 (Ω) ⊂⊂ L2(Ω) by the Rellich–Kondrachov theo-

rem (theorem 2.39), K is compact.
Now, either ker(I − K) = {0} or ker(I − K) 6= {0}.

ker(I − K) = {0} ⇔ ker(I∗ − K∗) = {0} ⇔ im(I − K) = H = L2(Ω),

and so I − K is invertible, and so (3.4) has a unique weak solution. On the other
hand, ker(I −K) 6= {0} ⇔ there exists u 6= 0 such that (I −K)u = 0 ⇔ (3.5). That
is, either

• u − Ku = h has a unique solution for all h ∈ L2(Ω); or

• u − Ku = 0 has a solution u 6= 0.

By the Fredholm alternative, dim ker(I − K) < ∞ and dim ker(I − K) =
dim ker(I∗ − K∗). Elements of ker(I∗ − K∗) are solutions of (I∗ − K∗)v = 0, and
v − K∗v = 0 if, and only if v solves (3.6).

Finally, (3.4) has a solution if, and only if, (h, v) = 0 for all v that solve (3.6).
But, for h ∈ im(I − K) and v ∈ ker(I∗ − K∗),

0 = (h, v) = (L−1
γ f, v) =

1

γ
(Kf, v) =

1

γ
(f, K∗v) =

1

γ
(f, v),

since im(I − K) = ker(I∗ − K∗). So (3.4) has a solution if, and only if, (f, v) = 0
for all weak solutions v of (3.6).

Theorem 3.12. 1. There exists an at most countable set Σ ⊂ R such that
{

Lu = λu + f, on Ω;
u = 0, on ∂Ω.

(3.7)

has a unique weak solution for each f ∈ L2(Ω) if, and only if, λ 6∈ Σ.

2. If Σ is infinite, then the elements of Σ form an increasing sequence λk −→
k→∞

+
∞.

48



Definition 3.13. The set Σ is the (real) spectrum of the operator L.

Proof of Theorem 3.12. 1. Take γ > 0 and set Bγ(u, v) := (Lu + γu, v) as before.
If λ ≤ −γ, then Lu − |λ|u = f has a unique solutions, since |λ| ≥ γ, so the only
interesting case is λ > −γ.

By the Fredholm Alternative, (3.7) has a unique solution for each f ∈ L2(Ω) if,
and only if, the only solution to

{
Lu = λu, on Ω;
u = 0, on ∂Ω;

is u = 0. This holds if, and only if, u = 0 is the only solution of

{
Lu + γu = (γ + λ)u, on Ω;
u = 0, on ∂Ω.

This holds precisely when

u = L−1
γ ((γ + λ)u) = (γ + λ)L−1

γ u =
γ + λ

γ
Ku,

where Ku := γL−1
γ u as before. So (3.7) has a unique solution for all f ∈ L2(Ω)

if, and only if, Ku = γ
γ+λ

u has only the trivial solution u = 0; that is, when γ
γ+λ

is not an eigenvalue of K. However, since K is a compact operator, the set of its
eigenvalues is either finite or forms a sequence tending to 0.

2. Since λk > −γ and γ
γ+λk

→ 0, it follows that λk → +∞.

This result tells us that if we wish to solve
{

Lu = λu + f, on Ω;
u = 0, on ∂Ω;

then “the chances are good” that there will be a unique solution (this occurs when
λ 6∈ Σ. On the other hand, even if λ ∈ Σ, if we find v such that

{
L∗v = λv, on Ω;
v = 0, on ∂Ω;

then we can still solve for u provided that (f, v) = 0.

Theorem 3.14 (Boundedness of the Inverse.). If λ 6∈ Σ, then there is a constant
C, depending only on λ, Ω and L, such that

‖u‖L2(Ω) ≤ C‖f‖L2(Ω)

for all f ∈ L2(Ω) and u ∈ H1
0 (Ω) solving

{
Lu = λu + f, on Ω;
u = 0, on ∂Ω.
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Proof. Suppose not. Then we can find sequences (uk) ⊂ H1
0 (Ω) and (fk) ⊂ L2(Ω)

such that {
Luk = λuk + fk, on Ω;
uk = 0, on ∂Ω;

and ‖uk‖L2(Ω) ≥ k‖fk‖L2(Ω). Without loss of generality, take ‖uk‖L2(Ω) = 1, so
‖fk‖L2(Ω) → 0. By the energy estimates

‖uk‖2
H1

0 (Ω) − γ‖uk‖2
L2(Ω) ≤ B(uk, uk)

= λ‖uk‖2
L2(Ω) + (fk, uk)

≤ λ‖uk‖2
L2(Ω) + ‖fk‖2

L2(Ω) + ‖uk‖2
L2(Ω),

the sequence (uk) is bounded in H1
0 (Ω). Then there exists a subsequence (ukj

) such
that ukj

⇀ u in H1
0 (Ω) and ukj

→ u in L2(Ω). Then u is a weak solution of the
limiting problem {

Lu = λu, on Ω;
u = 0, on ∂Ω.

But since λ 6∈ Σ, u = 0, which contradicts ‖u‖L2(Ω) = ‖uk‖L2(Ω) = 1.

3.2 Eigenvalues and Eigenfunctions

Consider the problem {
Lu = λu, on Ω;
u = 0, on ∂Ω;

where Lu = −
∑n

i,j=1
∂

∂xj

(
aij

∂u
∂xi

)
, with aij = aji a symmetric matrix. In this case,

the bilinear form B is also symmetric: B(u, v) = B(v, u) for all u, v ∈ H1
0 (Ω).

Theorem 3.15. (Hilbert-Schmidt Theorem.)

1. The eigenvalues of L are all real and positive.

2. If we repeat each eigenvalue of L according to its (finite) multiplicity, Σ =
{λk}∞k=1 with

0 < λ1 ≤ λ2 ≤ λ3 ≤ . . . ,

and λk → +∞ as k → ∞.

3. There is an orthonormal basis {ωk}∞k=1 of L2(Ω) such that, for each k,

{
Lωk = λkωk, on Ω;
ωk = 0, on ∂Ω.

(3.8)

This treatment of the Hilbert-Schmidt Theorem covers only symmetric elliptic
differential operators; for the general case (L a compact, self-adjoint operator on
any Hilbert space H), see [RR], §7.5, Theorem 7.94.
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Proof of Theorem 3.15. Define S := L−1. For all f ∈ L2(Ω), Sf − u ⇔ Lu = f .
Take any f, g ∈ L2(Ω). Then

(Sf, g)L2(Ω) = (u, Lv)L2(Ω) = B(v, u),

and
(Sg, f)L2(Ω) = (v, Lu)L2(Ω) = (Lu, v)L2(Ω) = B(u, v).

So, since B(u, v) = B(v, u) for all u, v ∈ H1
0 (Ω), (Sf, g)L2(Ω) = (f, Sg)L2(Ω) for all

f, g ∈ L2(Ω). So S is a symmetric, compact, bounded, linear operator, and

(Sf, f)L2(Ω) = (Lu, u)L2(Ω) = B(u, u) > 0

for u 6= 0. Now apply the Spectral Theorem to deduce that:

1. all eigenvalues ηk of S are real and positive;

2. ηk → 0;

3. there is an orthonormal basis {ωk}∞k=1 of L2(Ω) (L2(Ω) is separable, so the
basis is indeed countable) such that Sωk = ηkωk for each k.

Now note that

Sωk = ηkωk ⇔ Lωk =
1

ηk
ωk = λkωk,

and λk → ∞.

Definition 3.16. λ1 > 0 is called the principal eigenvalue of L.

Theorem 3.17. 1. Rayleigh’s formula:

λ1 = min
{
B(u, u)

∣∣u ∈ H1
0 (Ω), ‖u‖L2(Ω) = 1

}
. (3.9)

2. This minimum is attained by a function ω1 that is strictly positive on Ω and
solves {

Lω1 = λ1ω1, on Ω;
ω1 = 0, on ∂Ω.

3. λ1 is a simple eigenvalue: if u ∈ H1
0 (Ω) is any weak solution of

{
Lu = λ1u, on Ω;
u = 0, on ∂Ω;

then u is a multiple of ω1.

Proof. Since {ωk}∞k=1 is an orthonormal basis of L2(Ω), for any u ∈ H1
0 (Ω), we can

write u =
∑∞

k=1 dkωk in the L2 sense, and ‖u‖L2(Ω) = 1 ⇒
∑

k d2
k = 1. Here,

dk := (u, ωk)L2(Ω).
Also note that

B(ωk, ωℓ) = (λkωk, ωℓ) = λkδkℓ.
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Thus,
{

ωk√
λk

}∞

k=1
is an orthonormal set in H1

0 (Ω) with respect to the equivalent inner

product [u, v] := B(u, v), since
[

ωk√
λk

, ωℓ√
λℓ

]
= δkℓ. Is the set

{
ωk√
λk

}∞

k=1
complete in

H1
0 (Ω)? For all u ∈ H1

0 (Ω), B
(
u, ωk√

λk

)
= 0 ∀k ⇒ u = 0. So, for all k,

0 = B

(
u,

ωk√
λk

)
= B

(
ωk√
λk

, u

)
= λk

(
ωk√
λk

, u

)
=
√

λk(ωk, u).

Therefore, since {ωk}∞k=1 is complete in L2(Ω), u = 0 ∈ H1
0 (Ω). So

{
ωk√
λk

}∞

k=1
is an

orthonormal complete set in H1
0 (Ω).

So, if u =
∑

k βk
ωk√
λk

in H1
0 (Ω), βk :=

[
u, ωk√

λk

]
, it follows that βk = dk

√
λk

and the series u =
∑∞

k=1 dkωk converges in H1
0 (Ω) as well as in L2(Ω). Thus, for

‖u‖L2(Ω) = 1, ∑

k

β2
k = B(u, u) =

∑

k

d2
kλk ≥

∑

k

d2
kλ1 = λ1,

and equality holds for u = ω1, thus proving Rayleigh’s formula (3.9).
For the remainder of the proof, see [Ev], §6.5.

3.3 Regularity

In this subsection, we will only consider Lu = −∆u, but the methods and results
do generalize to more general differential operators.

Consider the problem {
−∆u = f, on Ω;
u = 0, on ∂Ω;

for f ∈ L2(Ω). As we have seen this equation does not require that a solution u be
C2, or even twice-differentiable in the weak sense, since D2u 6= ∆u.

Let f ∈ L2(Rn) and assume appropriate smoothness of u. Formally:

ˆ

Rn

f(x)2 dx =

ˆ

Rn

(∆u(x))2 dx

=
n∑

i,j=1

ˆ

Rn

∂2u

∂x2
i

∂2u

∂x2
j

dx

= −
n∑

i,j=1

ˆ

Rn

∂3u

∂x2
i ∂xj

∂u

∂xj
dx

=
n∑

i,j=1

ˆ

Rn

∂2u

∂xi∂xj

∂2u

∂xi∂xj
dx

=

ˆ

Rn

|D2u(x)|2 dx.

This suggests that

• f ∈ L2(Rn) ⇒ u ∈ H2(Rn);
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• f ∈ H1(Rn) ⇒ ∆u = f ⇒ ∆ ∂u
∂xi

= ∂f
∂xi

⇒ Du ∈ H2(Rn) ⇒ u ∈ H3(Rn);

• f ∈ Hm(Rn) ⇒ u ∈ Hm+2(Rn).

Definition 3.18. The kth difference quotient is

Dh
ku(x) :=

u(x + hek) = u(x)

h
.

Theorem 3.19. 1. If u ∈ W 1,p(Ω) and V ⊂⊂ Ω, then, for all h such that 0 <
|h| < 1

2
d(V, ∂Ω), ∥∥Dh

ku
∥∥

Lp(V )
≤ C‖Du‖Lp(V ).

2. If u ∈ Lp(Ω), V ⊂⊂ Ω, and there exists a constant C such that for all h with
0 < |h| < 1

2
d(V, ∂Ω), ‖Dh

ku‖Lp(V ) ≤ C, then u ∈ W 1,p(V ) and ‖Du‖Lp(V ) ≤ C.

Theorem 3.20 (Interior H2 regularity). If f ∈ L2(Ω), aij ∈ C1(Ω), bi, c ∈ L∞(Ω),
and u ∈ H1(Ω) satisfies Lu = f on Ω,13 then u ∈ H2(V ) for all V ⊂⊂ Ω, i.e.
u ∈ H2

loc(Ω), with
‖u‖H2(V ) ≤ C

(
‖u‖L2(Ω) + ‖f‖L2(Ω)

)
.

Proof. We consider only the case Lu = −∆u. Lu = f ⇒ for all v ∈ H1
0 (Ω),

n∑

i=1

ˆ

Ω

∂u

∂xi

∂v

∂xi
dx =

ˆ

Ω

f(x)v(x) dx.

Let U ⊂⊂ W ⊂⊂ Ω and take v = −D−h
k (Dh

ku · ξ2), where ξ ∈ C∞(Ω) is 1 inside V ,
0 on Ω \ W , and ξ(x) ∈ [0, 1] for all x ∈ Ω. Then

n∑

i=1

ˆ

Ω

∂u

∂xi

∂v

∂xi

dx = −
n∑

i=1

ˆ

Ω

∂u

∂xi

D−h
k

(
∂

∂xi

(
Dh

ku(x) · ξ(x)2
))

dx

=

n∑

i=1

ˆ

Ω

Dh
k

∂u

∂xi

∂

∂xi

(
Dh

ku(x) · ξ(x)2
)

dx

=
n∑

i=1

ˆ

Ω

Dh
k

∂u

∂xi

· Dh
k

∂u

∂xi

· ξ(x)2 + Dh
k

∂u

∂xi

· Dh
ku(x) · 2ξ(x)

∂ξ

∂xi

dx

=

ˆ

Ω

∣∣Dh
kDu(x)

∣∣2 ξ(x)2 dx + A.

Now estimate

A ≤ C

ˆ

Ω

∣∣Dh
kDu(x)

∣∣ ξ(x)
∣∣Dh

ku(x)
∣∣ dx

≤ 1

2

ˆ

Ω

∣∣Dh
kDu(x)

∣∣2 ξ(x)2 dx + C

ˆ

W

∣∣Dh
ku(x)

∣∣2 dx

≤ 1

2

ˆ

Ω

∣∣Dh
kDu(x)

∣∣2 ξ(x)2 dx + C

ˆ

Ω

|Du(x)|2 dx.

13We do not require that u = 0 on ∂Ω, i.e. that u ∈ H1

0
(Ω).
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Also,

ˆ

Ω

f(x)v(x) dx = −
ˆ

Ω

f(x)D−h
k

(
Dh

ku(x) · ξ(x)2
)

dx

≤
ˆ

Ω

|f(x)||v(x)| dx

≤ 1

ε

ˆ

Ω

|f(x)|2 dx + ε

ˆ

Ω

|v(x)|2 dx,

and
ˆ

Ω

|v(x)|2 dx ≤ C

ˆ

Ω

∣∣D
(
Dh

ku(x) · ξ(x)2
)∣∣2 dx

≤ C

ˆ

Ω

∣∣Dh
kDu(x) · ξ(x)2 + 2Dh

ku(x) · Dξ(x) · ξ(x)
∣∣2 dx

≤ C

ˆ

Ω

∣∣Dh
kDu(x)

∣∣2 ξ(x)2 dx + C

ˆ

W

∣∣Dh
ku(x)

∣∣2 dx

≤ C

ˆ

Ω

∣∣Dh
kDu(x)

∣∣2 ξ(x)2 dx + C

ˆ

Ω

|Du(x)|2 dx,

where we have used the facts that |a+b|2 ≤ 2a2+2b2, 0 ≤ ξ(x) ≤ 1 ⇒ ξ(x)4 ≤ ξ(x)2,
the derivative Dξ is bounded, and that ξ ≡ 0 outside W .

∣∣∣∣
ˆ

Ω

f(x)v(x) dx

∣∣∣∣ ≤
C

ε

ˆ

Ω

|f(x)|2 dx + ε

ˆ

Ω

∣∣Dh
kDu(x)

∣∣2 ξ(x)2 dx + ε

ˆ

Ω

|Du(x)|2 dx

≤
n∑

i=1

ˆ

Ω

∂u

∂xi

∂v

∂xi

dx

=

ˆ

Ω

f(x)v(x) dx

Therefore,

ˆ

V

∣∣Dh
kDu(x)

∣∣2 dx ≤
ˆ

Ω

∣∣Dh
kDu(x)

∣∣2 ξ(x)2 dx ≤ C

ˆ

Ω

|Du(x)|2 + |f(x)|2 dx,

and so Du ∈ H1
loc(Ω), so u ∈ H2

loc(Ω) with

‖u‖H2(V ) ≤ C
(
‖u‖H1(W ) + ‖f‖L2(W )

)
.

One can show by choice of a new cut-off function ξ that is 1 on W with supp ξ ⊆ Ω
that

‖u‖H1(W ) ≤ C
(
‖u‖L2(Ω) + ‖f‖L2(Ω)

)
.

(See [Ev] §6.3, Theorem 1.) Thus, as required,

‖u‖H2(V ) ≤ C
(
‖u‖L2(Ω) + ‖f‖L2(Ω)

)
.

We now state without proof some further regularity results. See [Ev] for details.
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Theorem 3.21 (Interior Hm+2 regularity). If f ∈ Hm(Ω), aij , bi, c ∈ Cm+1(Ω),
and u ∈ H1(Ω) solves Lu = f on Ω, then u ∈ Hm+2(V ) for all V ⊂⊂ Ω, i.e.
u ∈ Hm+2

loc (Ω), and

‖u‖Hm+2(V ) ≤ C
(
‖u‖L2(V ) + ‖f‖Hm(V )

)
.

Theorem 3.22 (Smoothness in the interior). If aij , bi, c, f ∈ C∞(Ω) and u ∈ H1(Ω)
solves Lu = f on Ω, then u ∈ C∞(Ω).

Theorem 3.23 (Boundary Regularity). If ∂Ω is C2, f ∈ L2(Ω), aij , bi, c ∈ C1(Ω̄)
and u ∈ H1

0 (Ω) solves {
Lu = f, on Ω;
u = 0, on ∂Ω;

then u ∈ H2(Ω) and

‖u‖H2(Ω) ≤ C
(
‖u‖L2(Ω) + ‖f‖L2(Ω)

)
.
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4 Parabolic PDEs

4.1 Parabolic Equations and Weak Solutions

We seek to solve the following pde:




∂u
∂t

+ Lu = f, (x, t) ∈ Ω × (0, T ];
u(x, t) = g(x), (x, t) ∈ Ω × {t = 0};
u(x, t) = 0, (x, t) ∈ ∂Ω × [0, T ].

(4.1)

Here T > 0 and we usually write ΩT := Ω × (0, T ]. We take L to be of the form

Lu = −
n∑

i,j=1

∂

∂xj

(
aij(x, t)

∂u

∂xi

)
+

n∑

i=1

bi(x, t)
∂u

∂xi

+ c(x, t)u

with aij , bi, c ∈ L∞(ΩT ), f ∈ L2(ΩT ) and g ∈ L2(Ω). We often write u′ := ∂u
∂t

.

Definition 4.1. We say that ∂
∂t

+ L is (uniformly) parabolic if, for some α > 0 and
all (x, t) ∈ ΩT and ξ ∈ Rn,

n∑

i,j=1

aij(x, t)ξiξj ≥ α|ξ|2. (4.2)

Example 4.2. If aij = δij , bi = c = f = 0, then L = −∆ and (4.1) becomes the
heat equation.

What do we expect of weak solutions of (4.1)? Based on our earlier work, we
expect something like

〈u′ + Lu, v〉 = (f, v)L2(Ω) ∀v ∈ H1
0 (Ω).

Here we have made use of duality: L takes two derivatives in x, so if u ∈ H1
0 (Ω) for

each (or almost every) t, then u′ ∈ H−1(Ω) for each (almost every) t.
As before, we introduce a time-dependent bilinear form

B(u, v; t) := 〈Lu, v〉

=

ˆ

Ω

(
n∑

i,j=1

aij(x, t)
∂u

∂xi

∂v

∂xj
+

n∑

i=1

bi(x, t)
∂u

∂xi
v(x) + c(x, t)u(x)v(x)

)
dx.

So we require that

〈u′(t), v〉 + B(u(t), v; t) = (f(t), v)L2(Ω) ∀v ∈ H1
0 (Ω).

Thus, we get a differential equation in t only:
{

〈u′(t), v〉 + B(u(t), v; t) = (f(t), v)L2(Ω);
u(0) = g;

where this equation is required to hold for all v ∈ H1
0 (Ω). Here we consider u to be a

function u : [0, T ] → H1
0 (Ω); similarly, u′ : [0, T ] → H−1(Ω) and f : [0, T ] → L2(Ω).

As before, we have some potential problems with functions being defined only up to
sets of measure zero. The following definitions and result resolve these issues:
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Definitions 4.3. Given a Banach space X, the Bochner space14 Lp([0, T ]; X) is the
space of all measurable functions u : [0, T ] → X such that

‖u‖Lp([0,T ];X) :=

(
ˆ T

0

‖u(t)‖p
X dt

) 1
p

< ∞

for 1 ≤ p < ∞, and

‖u‖L∞([0,T ];X) := ess sup
0≤t≤T

‖u(t)‖X < ∞.

The space C([0, T ]; X) is the space of all continuous functions u : [0, T ] → X such
that

‖u‖C([0,T ];X) := max
0≤t≤T

‖u(x)‖X < ∞.

Theorem 4.4. Suppose that u ∈ L2([0, T ]; H1
0(Ω)) and u′ ∈ L2([0, T ]; H−1(Ω)).

Then (possibly after redefinition on a null set), u ∈ C([0, T ]; L2(Ω)) and

d

dt
‖u(t)‖2

L2(Ω) = 2〈u′(t), u(t)〉.

Proof. (See [Ev], §5.9.2, Theorem 3 for further details.) Fix A > 0 and extend u to
(−A, T + A). Then consider uε := ηε ⋆ u as before, which is smooth in t. Then, for
ε, δ > 0,

d

dt
‖uε(t) − uδ(t)‖2

L2(Ω) = 2〈u′
ε(t) − u′

δ(t), uε(t) − uδ(t)〉

uε −→
ε→0

u in L2([0, T ]; H1
0(Ω)), and u′

ε −→
ε→0

u′ in L2([0, T ]; H−1(Ω)). Thus,

‖uε(t) − uδ(t)‖2
L2(Ω) = ‖uε(s) − uδ(s)‖2

L2(Ω) + 2

ˆ t

s

〈u′
ε(τ) − u′

δ(τ), uε(τ) − uδ(τ)〉 dτ

for all 0 ≤ s ≤ t ≤ T . Now, uε(x) −→
ε→0

u(s) in H1
0 (Ω) for almost all s; pick any such

s. Then

lim sup
ε,δ→0

sup
0≤t≤T

‖uε(t) − uδ(t)‖2
L2(Ω)

≤ lim sup
ε,δ→0

ˆ T

0

‖u′
ε(τ) − u′

δ(τ)‖2
H−1(Ω) + ‖uε(τ) − uδ(τ)‖2

H1
0 (Ω) dτ

= 0.

Thus, the smoothed functions uε converge in C([0, T ]; L2(Ω)) to some v ∈ C([0, T ]; L2(Ω)).
Since uε(t) → u(t) for almost all t, we conclude that u = v almost everywhere, as
required.

Having done this, we return to the weak formulation of the parabolic problem
as an infinite system of odes, and define

14Salomon Bochner (1899–1982).
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Definition 4.5. We say that u ∈ L2([0, T ]; H1
0(Ω)), with u′ ∈ L2([0, T ]; H−1(Ω)), is

a weak solution of the parabolic problem (4.1) if

{
〈u′(t), v〉 + B(u(t), v; t) = (f(t), v)L2(Ω);
u(0) = g;

(4.3)

for all v ∈ H1
0 (Ω) and almost all t ∈ [0, T ].

Note that the “partial derivative” u′ = ∂u
∂t

: [0, T ] → H−1(Ω) is really a full
derivative, since x-dependence has been removed by the use of Bochner spaces.

4.2 Galerkin Approximations

Recall that a weak solution to the parabolic problem (4.1),




∂u
∂t

+ Lu = f, (x, t) ∈ Ω × (0, T ];
u(x, t) = g(x), (x, t) ∈ Ω × {t = 0};
u(x, t) = 0, (x, t) ∈ ∂Ω × [0, T ];

is given by u ∈ L2([0, T ]; H1
0(Ω)) with u′ ∈ L2([0, T ]; H−1(Ω)) such that

{
〈u′(t), v〉 + B(u(t), v; t) = (f(t), v)L2(Ω);
u(0) = g;

for all v ∈ H1
0 (Ω) and almost all t ∈ [0, T ]. Unfortunately, this is an infinite-

dimensional ode. Galerkin’s method15 is a scheme for solving such problems; in
many ways, it generalizes the use of Fourier series, which were first used to solve the
heat equation.

Let {ωk}∞k=1 be an orthonormal basis of L2(Ω) and an orthogonal basis of H1
0 (Ω),

where the ωk satisfy the eigenvalue problem (3.8):

{
Lωk = λkωk, on Ω;
ωk = 0, on ∂Ω.

We seek an approximation um(t) :=
∑m

k=1 dm
k (t)ωk, um : [0, T ] → H1

0 (Ω), to u. First
note that

{
〈u′

m(t), v〉 + B(um(t), v; t) = (f(t), v), ∀v ∈ span{ωk}m
k=1;

(um(0), v) = (g, v);

if, and only if,
{

〈u′
m(t), ωk〉 + B(um(t), ωk; t) = (f(t), ωk), ∀k = 1, . . . , m;

(um(0), ωk) = (g, ωk);

The approximation um(t) =
∑m

k=1 dm
k (t)ωk satisfies 〈u′

m(t), ωk〉 = (dm
k )′(t), and

B

(
m∑

ℓ=1

dm
ℓ (t)ωℓ, ωk; t

)
=

m∑

k=1

dm
ℓ (t)B(ωℓ, ωk; t).

15Boris Grigoryevich Galerkin (1871–1945).
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B(t) := (B(ωℓ, ωk; t))ℓk is an m×m matrix, whose entries are known. So, if we write
fk(t) := (f(t), ωk) and f̄m(t) = (f1(t), . . . , fm(t)) (and similarly for g, which does
not depend on t), we have

{
(dm

k )′(t) +
∑m

ℓ=1 B(ωℓ, ωk; t)d
m
ℓ (t) = fk(t);

dm
k (0) = gk;

or, equivalently, {
(dm)′(t) + B(t)dm(t) = f̄m(t);
dm(0) = ḡm.

(4.4)

By the standard existence theory for odes, there is a unique absolutely continuous
function dm = (dm

1 , . . . , dm
m) that solves (4.4).

Definition 4.6. The function

um(t) =
m∑

k=1

dm
k (t)ωk

is called the mth Galerkin approximation to u.

We would like to say that um −→
m→∞

u, a weak solution of (4.1). In order to do

this, we first need to bound um uniformly in L2([0, T ]; H1
0(Ω)) and C([0, T ]; L2(Ω)),

and to bound u′
m uniformly in L2([0, T ]; H−1(Ω)).

Theorem 4.7 (Energy estimates). There is a constant C ≥ 0, depending only on
Ω, T and L, such that, for all m ∈ N,

max
0≤t≤T

‖um(t)‖L2(Ω)+‖u‖L2([0,T ];H1
0(Ω))+‖u′

m‖L2([0,T ];H−1(Ω)) ≤ C
(
‖f‖L2([0,T ];H1

0 (Ω)) + ‖g‖L2(Ω)

)
.

Proof. We recall the equation

〈u′
m(t), um(t)〉 + B(um(t), ωk; t) = (f(t), ωk),

multiply by dm
k (t), sum over k = 1, . . . , m, and use the definition of um to obtain

〈u′
m(t), um(t)〉 + B(um(t), um(t); t) = (f(t), um(t))

for almost all t ∈ [0, T ]. G̊arding’s inequality (theorem 3.5) implies that there exist
constants β > 0, γ ≥ 0, such that

B(um(t), um(t); t) ≥ β‖um(t)‖2
H1

0 (Ω) − γ‖um(t)‖2
L2(Ω).

Thus, by theorem 4.4,

d

dt

(
1

2
‖um(t)‖2

L2(Ω)

)
+β‖um(t)‖2

H1
0 (Ω)−γ‖um(t)‖2

L2(Ω) ≤
1

2
‖f(t)‖2

L2(Ω)+
1

2
‖um(t)‖2

L2(Ω),

(4.5)
and so

d

dt

(
1

2
‖um(t)‖2

L2(Ω)

)
≤ C1‖um(t)‖2

L2(Ω) + C2‖f(t)‖2
L2(Ω).
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Grönwall’s Inequality16 in the form a′(t) ≤ ca(t)+b(t) ⇒ a(t) ≤ ect
(
a(0) +

´ t

0
b(s) ds

)

then yields

‖um(t)‖2
L2(Ω) ≤ C1e

C2t

(
‖um(0)‖2

L2(Ω) +

ˆ t

0

‖f(s)‖2
L2(Ω) ds

)
.

Since dm
k (0) = (g, ωk) for each k, ‖um(0)‖2

L2(Ω) ≤ ‖g‖2
L2(Ω), so

max
0≤t≤T

‖um(t)‖L2(Ω) ≤ C1‖g‖2
L2(Ω) +

ˆ T

0

‖f(t)‖2
L2(Ω) dt.

We integrate (4.5) from 0 to T to obtain

‖um‖L2([0,T ];H1
0 (Ω)) =

ˆ T

0

‖um(t)‖2
H1

0 (Ω) dt

≤ C1

ˆ T

0

‖um(t)‖2
L2(Ω) dt + C2‖um(0)‖2

L2(Ω) + C3

ˆ T

0

‖f(t)‖2
L2(Ω) dt

≤ C
(
‖g‖2

L2(Ω) + ‖f‖2
L2([0,T ];L2(Ω))

)
.

We now seek to bound u′
m. Pick any v ∈ H1

0 (Ω) with ‖v‖H1
0 (Ω) ≤ 1, and write

v = v̄ = v⊥, where v ∈ span{ωk}m
k=1 and (v⊥, ωk) = 0 for k = 1, . . . , m. Since the

functions ωk are orthogonal in H1
0 (Ω), ‖v̄‖H1

0 (Ω) ≤ ‖v‖H1
0 (Ω) ≤ 1. Thus, for almost

all t ∈ [0, T ],
〈u′

m(t), v̄〉 + B(um(t), v̄; t) = (f(t), v̄).

Thus, by the definition of um,

〈u′
m(t), v〉 = 〈u′

m(t), v̄〉 = (f(t), v̄) − B(um(t), v̄; t).

Therefore, |〈u′
m(t), v〉| ≤ C

(
‖f(t)‖L2(Ω) + ‖um(t)‖H1

0 (Ω)

)
, since ‖v̄‖H1

0 (Ω) ≤ 1. Thus,

‖u′
m(t)‖H−1(Ω) ≤ C

(
‖f(t)‖L2(Ω) + ‖um(t)‖H1

0 (Ω)

)
,

and so

‖u′
m‖2

L2([0,T ];H−1(Ω)) =

ˆ T

0

‖u′
m(t)‖2

H−1(Ω) dt

≤ C

ˆ T

0

‖f(t)‖2
L2(Ω) + ‖um(t)‖2

H1
0 (Ω) dt

≤ C
(
‖g‖2

L2(Ω) + ‖f‖2
L2([0,T ];L2(Ω))

)
,

by our estimate of ‖um‖L2([0,T ];H1
0(Ω)).

Putting together our estimates of max0≤t≤T ‖um(t)‖L2(Ω), ‖um‖L2([0,T ];H1
0 (Ω)) and

‖u′
m‖L2([0,T ];H−1(Ω)), we have the required result.

16Thomas Hakon Grönwall (1877–1932)
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4.3 Existence and Uniqueness

We now now pass to the limit m → ∞ and use Galerkin approximations to build a
weak solution to (4.1). The following theorem essentially amounts to a proof that
the Galerkin method does indeed produce a weak solution of the pde as m → ∞.

Theorem 4.8 (Existence of weak solution). There exists a weak solution to the
general parabolic problem





u′ + Lu = f, (x, t) ∈ Ω × (0, T ];
u(x, t) = g(x), (x, t) ∈ Ω × {t = 0};
u(x, t) = 0, (x, t) ∈ ∂Ω × [0, T ].

Proof. Recall that a weak solution for f ∈ L2([0, T ]; H1
0(Ω)), g ∈ L2(Ω), satisfies

{
〈u′(t), φ〉 + B(u(t), φ; t) = (f(t), φ)L2(Ω) ∀φ ∈ H1

0 (Ω);
u(0) = g;

and we have Galerkin approximations um, m ∈ N, satisfying

{
〈u′

m(t), ωk〉 + B(um(t), ωk; t) = (f(t), ωk)L2(Ω) ∀k = 1, . . . , m;
u(0) = gm :=

∑m
k=1(g, ωk)ωk.

First note that gm −→
m→∞

g in L2(Ω) since ‖gm−g‖2
L2(Ω) ≤

∑∞
k=m+1(g, ωk)

2 −→
m→∞

0.

Secondly, there is a constant C depending only on Ω, f and g such that, for all
m,

‖um‖L2([0,T ];H1
0 (Ω)) ≤ C;

‖um‖C([0,T ];L2(Ω)) ≤ C;

‖u′
m‖L2([0,T ];H−1(Ω)) ≤ C.

Hence, there is a subsequence (umℓ
) ⊂ (um) such that

umℓ
⇀ u in L2([0, T ]; H1

0(Ω)); u′
mℓ

⇀ u in L2([0, T ]; H−1(Ω)). (4.6)

Re-label umℓ
as um. (In fact, by the uniqueness result, Theorem 4.9, which follows,

the full sequence converges weakly.) Fix N ∈ N, N ≤ m, and choose

v(t) =

N∑

k=1

βk(t)ωk (4.7)

with βk ∈ C1([0, T ]) (so v ∈ C1([0, T ]; H1
0(Ω))). For each m,

ˆ T

0

〈u′
m(t), v(t)〉 + B(um(t), v(t); t) dt =

ˆ T

0

(f(t), v(t))L2(Ω) dt,

and so, passing to the limit m → ∞,

ˆ T

0

〈u′(t), v(t)〉 + B(u(t), v(t); t) dt =

ˆ T

0

(f(t), v(t))L2(Ω) dt.
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This then holds for all v ∈ L2([0, T ]; H1
0(Ω)), since functions v of the form (4.7) are

dense in this space as m → ∞. In particular, for all φ ∈ H1
0 (Ω) and almost all

t ∈ [0, T ],
〈u′(t), φ〉 + B(u(t), φ; t) = (f(t), φ)L2(Ω).

Thirdly, in order to prove that u(0) = g, we first note that for v ∈ C1([0, T ]; H1
0(Ω))

with v(T ) = 0,

ˆ T

0

〈u′(t), v(t)〉 dt = −
ˆ T

0

〈u(t), v′(t)〉 dt − (u(0), v(0))L2(Ω).

So, for the same class of v,

ˆ T

0

−〈u(t), v′(t)〉 + B(u(t), v(t); t) dt =

ˆ T

0

(f(t), v(t))L2(Ω) dt + (u(0), v(0))L2(Ω).

Similarly, for each m,

ˆ T

0

−〈um(t), v′(t)〉+B(um(t), v(t); t) dt =

ˆ T

0

(f(t), v(t))L2(Ω) dt+(um(0), v(0))L2(Ω).

By (4.6),

ˆ T

0

−〈u(t), v′(t)〉 + B(u(t), v(t); t) dt =

ˆ T

0

(f(t), v(t))L2(Ω) dt + (g, v(0))L2(Ω)

since um(0) → g in L2(Ω). Since v(0) is arbitrary, we conclude that u(0) = g.

Theorem 4.9 (Uniqueness of weak solution). A weak solution to the general parabolic
problem (4.1) is unique.

Proof. Suppose that u1 and u2 are two weak solutions of (4.1) satisfying (4.3). Set
w := u1 − u2. w satisfies

{
〈w′(t), φ〉 + B(w(t), φ; t) = 0;
u(0) = 0.

Take φ = w(t). Then 〈w′, w〉+ B(w, w; t) = 0 and, since there exists constants β, γ
such that B(w, w; t) ≥ β‖w‖2

H1
0 (Ω)

− γ‖w‖2
L2(Ω),

{
1
2

d
dt
‖w(t)‖2

L2(Ω) − γ‖w(t)‖2
L2(Ω) ≤ 0;

‖w(0)‖2
L2(Ω) = 0.

So, by Grönwall’s Inequality, ‖w(t)‖2
L2(Ω) ≤ ‖w(0)‖2

L2(Ω)e
2γt = 0. Therefore, w =

0 ∈ L2([0, T ]; H1
0(Ω)), as required.
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4.4 Regularity

Suppose that u is a smooth solution of the heat equation

{
ut − ∆u = f, on R

n × (0, T ];
u(0) = g, on Rn × {t = 0};

and that u decays “quickly” to 0 as |x| → ∞. Then

ˆ

Rn

f(x)2 dx =

ˆ

Rn

ut(x, t) − ∆u(x, t) dx

=

ˆ

Rn

ut(x, t)2 − 2ut(x, t)∆u(x, t) + (∆u(x, t))2 dx

=

ˆ

Rn

ut(x, t)2 + 2Dut(x, t) · Du(x, t) + |D2u(x, t)|2 dx

=

ˆ

Rn

(ut(x, t))2 +
d

dt
|Du(x, t)|2 + |D2u(x, t)|2 dx.

Thus,

ˆ t

0

ˆ

Rn

f(x)2 dxds =

ˆ t

0

ˆ

Rn

ut(x, s)2+|D2u(x, s)|2 dxds+

ˆ

Rn

|Du(x, t)|2−|Du(x, 0)|2 dx.

So

ˆ t

0

ˆ

Rn

ut(x, s)2+|D2u(x, s)|2 dxds+

ˆ

Rn

|Du(x, t)|2 dx ≤ C

(
ˆ T

0

ˆ

Rn

f(x)2 dxdt +

ˆ

Rn

|Dg(x)|2 dx

)
.

Therefore,

max
0≤t≤T

ˆ

Rn

|Du(x, t)|2 dx +

ˆ T

0

ˆ

Rn

ut(x, t)2 + |D2u(x, t)|2 dxdt

≤ C

(
ˆ T

0

ˆ

Rn

f(x)2 dxdt +

ˆ

Rn

|Dg(x)|2 dx

)
.
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5 Maximum Principles

In this section we work with an elliptic operator L in the form

Lu = −
n∑

i,j=1

aij(x)
∂2u

∂xi∂x2
j

+

n∑

i=1

bi(x)
∂u

∂xi
+ c(x)u.

We shall assume whatever smoothness of aij, bi and c that we require to ensure the
regularity of a solution u; usually we need that u ∈ C2(Ω) ∩ C(Ω̄). We also assume
throughout that Ω ⊂ Rn is bounded.

Theorem 5.1. (Weak Maximum Principle for Elliptic PDEs.) Suppose that Ω ⊂ Rn

is bounded, that c = 0, and that u ∈ C2(Ω) ∩ C(Ω̄). Then

1. Lu ≤ 0 on Ω ⇒ maxΩ̄ u = max∂Ω u;

2. Lu ≥ 0 on Ω ⇒ minΩ̄ u = min∂Ω u.

In particular, theorem 5.1 implies that harmonic functions (∆u = 0) attain their
maxima and minima on the boundary of their domain of definition. Similarly, if
u ∈ C2(Ω) ∩ C(Ω̄) satisfies {

Lu = 0, on Ω;
u = 0, on ∂Ω;

then it follows that u = 0.

Proof of Theorem 5.1. We prove the first claim only, since the second follows from
the first by changing u for −u. Also, we consider the case L = −∆; the general case
is not much more difficult.

First assume that Lu < 0 on Ω and there exists a local maximum x0 ∈ Ω
such that u(x0) = maxΩ̄ u. Then, since x0 is a local maximum, Du(x0) = 0 and
D2u(x0) ≤ 0 in the sense that

D2u(x0)ξ · ξ ≤ 0 ∀ξ ∈ R
n.

But Lu(x) = −∆u(x) < 0 for all x ∈ Ω, so ∆u(x0) > 0, a contradiction. So, if
Lu < 0, maxΩ̄ u = max∂Ω u.

Now suppose that Lu ≤ 0 on Ω. Define uε(x) := u(x) + εeλx1.

Luε(x) = Lu(x) + εLeλx1 = −∆u(x) − ελ2eλx1 < 0.

So Luε < 0 on Ω, so maxΩ̄ uε = max∂Ω uε. As ε → 0, uε → u uniformly on Ω̄, so
maxΩ̄ u = max∂Ω u.

Theorem 5.2 (Weak maximum principle for parabolic pdes). Suppose that Ω ⊂ R
n

is bounded, that c = 0, and that u ∈ C2(ΩT ) ∩ C(ΩT ). Then

1. ut + Lu ≤ 0 on ΩT ⇒ maxΩT
u = maxΓT

u;

2. ut + Lu ≥ 0 on ΩT ⇒ minΩT
u = minΓT

u;
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where ΩT := Ω × (0, T ] and ΓT := ΩT \ ΩT is the parabolic boundary of ΩT .

Proof. As usual, we prove only the first statement. Assume that ut + Lu < 0 and
suppose that (x0, t0) ∈ ΩT is a local maximum of u such that u(x0, t0) = maxΩT

u.

• 0 < t0 < T . ut(x0, t0) = 0 and D2u(x0, t0) ≤ 0. As in the elliptic case, this
contradicts ut + Lu < 0, so maxΩT

u = maxΓT
u.

• t0 = T . ut(x0, T ) ≥ 0, Lu(x0, T ) ≥ 0, since D2u(x0, T ) ≤ 0. So (ut +
Lu)(x0, T ) ≥ 0, which contradicts ut + Lu < 0.

If ut + Lu ≤ 0, define uε(x, t) := u(x, t) − εt. Then

uε
t + Luε = ut + Lu − ε < 0,

so maxΩT
uε = maxΓT

uε. Again, by taking the limit ε → 0, maxΩT
u = maxΓT

u.

We now state without proof the Strong Maximum Principle and the lemma of
Hopf that is needed to prove it.

Lemma 5.3 (Hopf’s lemma). Suppose u ∈ C2(Ω)∩C(Ω̄), c = 0, Lu ≤ 0 on Ω, and
there is a point x0 ∈ Ω such that u(x0) > u(x) for all x ∈ Ω. Suppose also that there
is an open ball B ⊆ Ω with x0 ∈ ∂B. Then

1. ∂u
∂ν

(x0) > 0;

2. if c ≥ 0 on Ω, then the same is true if u(x0) ≥ 0.

Proof. See [Ev], §6.4.2.

Theorem 5.4 (Strong maximum principle for elliptic pdes). Suppose that Ω ⊂ Rn

is bounded and connected, that c = 0, and that u ∈ C2(Ω) ∩ C(Ω̄). Then

1. Lu ≤ 0 on Ω and u attains maxΩ̄ u at some x0 ∈ Ω, then u is constant on Ω;

2. Lu ≥ 0 on Ω and u attains minΩ̄ u at some x0 ∈ Ω, then u is constant on Ω.

Proof. See [Ev], §6.4.2, Theorem 3.

Theorem 5.5 (Harnack’s inequality). Suppose that u ≥ 0 is C2, Lu = 0 on Ω, and
that V ⊂⊂ Ω is connected. Then there is a constant C, depending only on V and
L, such that

sup
V

u ≤ C inf
V

u.

Proof. See [GT].
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6 Methods Applicable to Nonlinear Problems

See also Subsection 2.3

6.1 Calculus of Variations

The methods that we have developed up to this point have been applicable to linear
problems only. The calculus of variations is a way to move beyond this limitation.

Suppose that we wish to solve the p-Laplacian equation

{
∇ · (|Du(x)|p−2Du(x)) = f(x), x ∈ Ω;
u(x) = 0, x ∈ ∂Ω;

(6.1)

where p > 2 and f ∈ Lq(Ω), where 1
p

+ 1
q

= 1. This is equivalent to finding a

minimizer u ∈ W 1,p
0 (Ω) for the functional

I(u) :=
1

p

ˆ

Ω

|Du(x)|p dx +

ˆ

Ω

f(x)u(x) dx.

Theorem 6.1. There is a unique minimizer of I in W 1,p
0 (Ω).

Proof. We first show that I is bounded below. For any ε > 0,

ˆ

Ω

f(x)u(x) dx ≤
ˆ

Ω

f(x)q

εqq
dx +

ˆ

Ω

εpu(x)p

p
dx,

and
ˆ

Ω

|u(x)|p dx ≤ C

ˆ

Ω

|Du(x)|p dx.

So

I(u) ≥ 1

p

ˆ

Ω

|Du(x)|p dx − 1

εqq

ˆ

Ω

|f(x)|q dx − Cεp

p

ˆ

Ω

|Du(x)|p dx

≥ − 1

εqq

ˆ

Ω

|f(x)|q dx

for ε so small that Cεp < 1. Therefore, if (un) is a minimizing sequence for I,
I(un) 6→ −∞. So

0 ≥ I(un) → inf
v∈W 1,p

0 (Ω)
I(v) ≥ C.

Therefore, take |I(un)| ≤ C for all n.

1

p

ˆ

Ω

|Dun(x)|p dx ≤
∣∣∣∣
ˆ

Ω

f(x)un(x) dx

∣∣∣∣ + C ′

≤ 1

εqq

ˆ

Ω

|f(x)|q dx +
Cεp

p

ˆ

Ω

|Du(x)|p dx + C ′

≤ 1

εqq

ˆ

Ω

|f(x)|q dx +
1

2p

ˆ

Ω

Du(x)|p dx + C ′,
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so
´

Ω
|Du(x)|p dx is bounded. Thus, we have weak convergence (of a subsequence)

un ⇀ u in W 1,p
0 (Ω). So

lim inf
n→∞

ˆ

Ω

|Dun(x)|p dx ≥
ˆ

Ω

|Du(x)|p dx

and

lim
n→∞

ˆ

Ω

f(x)un(x) dx =

ˆ

Ω

f(x)u(x) dx.

u is indeed a minimizer of I, since

I(u) ≤ 1

p

ˆ

Ω

|Dun(x)|p dx +

ˆ

Ω

f(x)un(x) dx

= lim inf
n→∞

I(un)

= inf
v∈W 1,p

0 (Ω)
I(v).

The minimizer u is unique since the functional I is strictly convex: if u1 and u2 are
distinct minimizers, take u = αu1 + (1 − α)u2 and observe that

I(αu1 + (1 − α)u2) < αI(u1) + (1 − α)I(u2) = I(u1) = I(u2),

a contradiction.

Consider now the nonlinear Poisson equation

{
∆u(x) = f(u(x)), x ∈ Ω;
u(x) = 0, x ∈ ∂Ω.

(6.2)

Set F (t) :=
´ t

0
f(s) ds. The problem (6.2) is equivalent to finding a minimizer for

the functional

I(u) :=
1

2

ˆ

Ω

|Du(x)|2 dx +

ˆ

Ω

F (u(x)) dx.

Theorem 6.2. If F is bounded both above and below (−C1 ≤ F (y) ≤ C2), then
there is a minimizer of I in H1

0 (Ω).

Proof. As usual, I is bounded below:

1

2

ˆ

Ω

|Du(x)|2 dx +

ˆ

Ω

F (u(x)) dx ≥ −C1|Ω|.

Let (un) be a minimizing sequence: I(un) → infv∈H1
0 (Ω) I(v). Take |I(un)| to be

bounded. Then

1

2

ˆ

Ω

|Dun(x)|2 dx ≤
ˆ

Ω

|F (un(x))| dx + C

≤ C2|Ω| + C

= C.
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Thus, we have weak convergence (of a subsequence) un ⇀ u in H1
0 (Ω). So

lim inf
n→∞

ˆ

Ω

|Dun(x)|p dx ≥
ˆ

Ω

|Du(x)|p dx

and

lim
n→∞

ˆ

Ω

F (un(x)) dx =

ˆ

Ω

F (u(x)) dx,

by Lebesgue’s dominated convergence theorem, since un → u in L2(Ω), so un(x) →
u(x) for almost all x ∈ Ω, so F (un(x)) → F (u(x)) and |F (un(x))| is uniformly
bounded in n and x. Then

I(u) ≤ lim inf
n→∞

I(un) = inf
v∈H1

0 (Ω)
I(v),

so u is indeed a minimizer of I.

We cannot prove uniqueness as the functional I is not convex.
We now consider the Poisson equation with Neumann bcs:

{
−∆u(x) = f(x), x ∈ Ω;
∂u
∂ν

(x) = 0, x ∈ ∂Ω.
(6.3)

The weak formulation of (6.3) is
ˆ

Ω

Du(x) · Dφ(x) dx −
ˆ

Ω

f(x)φ(x) dx = 0 ∀φ ∈ H1(Ω). (6.4)

The weak formulation (6.4) is equivalent to finding a minimizer u ∈ H1(Ω) for

I(u) :=
1

2

ˆ

Ω

|Du(x)|2 dx −
ˆ

Ω

f(x)u(x) dx.

Theorem 6.3. If
´

Ω
f(x) dx = 0, then there is a unique (up to a constant) mini-

mizer of I in H1(Ω).

Proof. Is I bounded below?

I(u) =
1

2

ˆ

Ω

|Du(x)|2 dx −
ˆ

Ω

f(x)u(x) dx

=
1

2

ˆ

Ω

|Du(x)|2 dx −
ˆ

Ω

f(x)

(
u(x) −

 

Ω

u

)
dx.

∣∣∣∣
ˆ

Ω

f(x)

(
u(x) −

 

Ω

u

)
dx

∣∣∣∣ ≤
1

2ε

ˆ

Ω

f(x)2 dx +
ε

2

ˆ

Ω

(
u(x) −

 

Ω

u

)2

dx

≤ 1

2ε

ˆ

Ω

f(x)2 dx +
Cε

2

ˆ

Ω

|Du(x)|2 dx

by Poincaré’s Inequality. If we take ε < 1
C

,

I(u) ≥ − 1

2ε

ˆ

Ω

|f(x)|2 dx.
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Let (un) be a minimizing sequence for I with |I(un)| ≤ C ′. Then

1

2

ˆ

Ω

|Dun(x)|2 dx ≤
∣∣∣∣
ˆ

Ω

f(x)

(
un(x) −

 

Ω

un

)
dx

∣∣∣∣+ C ′

≤ 1

2ε

ˆ

Ω

f(x)2 dx +
Cε

2

ˆ

Ω

|Dun(x)| dx + C ′

≤ 1

2ε

ˆ

Ω

f(x)2 dx +
1

4

ˆ

Ω

|Dun(x)|2 dx + C ′,

if Cε < 1
2
. Hence

´

Ω
|Dun(x)|2 dx is bounded uniformly in n. So

ˆ

Ω

∣∣∣∣un(x) −
 

Ω

un

∣∣∣∣
2

dx ≤ C

ˆ

Ω

|Dun(x)|2 dx ≤ C ′.

Set vn := un −
ffl

Ω
un. (vn) is bounded in L2(Ω), and (Dvn) = (Dun) is bounded in

L2(Ω) also, so vn ⇀ v in H1(Ω).

1

2

ˆ

Ω

∣∣∣∣D
(

un(x) −
 

Ω

un

)∣∣∣∣
2

dx −
ˆ

Ω

f(x)

(
un(x) −

 

Ω

un

)
dx

= I(vn)

= I(un)

=
1

2

ˆ

Ω

|Dun(x)|2 dx −
ˆ

Ω

f(x)un(x) dx.

inf
u∈H1(Ω)

I(u) = lim inf
n→∞

I(un)

= lim inf
n→∞

I(vn)

≥ I(v)

since lim infn→∞
´

Ω
|Dvn(x)|2 dx ≥

´

Ω
|Dv(x)|2 dx and limn→∞

´

Ω
f(x)vn(x) dx =

´

Ω
f(x)v(x) dx. So v ∈ H1(Ω) is a minimizer of I (unique up to an additive constant

since adding a constant to v does not change the energy).

6.2 Monotonicity Methods

Consider the problem
{

∇ · (a(Du(x))) = f(x), x ∈ Ω;
u(x) = 0, x ∈ ∂Ω;

(6.5)

where f ∈ L2(Ω), Ω ⊂ Rn is open and bounded, and a : Rn → Rn. This can be
seen as a problem of the form Au = f , A : X → X∗. In general, we have no hope of
solving this problem, but there are some accessible cases: when a(p) = DF (p), we
can use the calculus of variations, as with the p-Laplacian (6.1).

Definition 6.4. A vector field a : Rn → Rn is called monotone if

(a(p) − a(q)) · (p − q) ≥ 0 ∀p, q ∈ R
n.
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We assume that a is monotone and that it satisfies the growth condition |a(p)| ≤
C(1 + |p|) and the coercivity condition a(p) · p ≥ α|p|2 − β.

Our plan is to take a basis {ωk}∞k=1 of H1
0 (Ω) consisting of (renormalized) eigen-

functions of −∆. We then project the equation to get

um =

m∑

k=1

dm
k ωk.

We want to solve
ˆ

Ω

a(Dum(x)) · Dωk(x) dx =

ˆ

Ω

f(x)ωk(x) dx ∀k = 1, . . . , m

to find um, and show that um converges to u in some sense. Finally, we show that
u satisfies (6.5).

Theorem 6.5. For each m ∈ N, there is a um of the form

um =

m∑

k=1

dm
k ωk

that solves
ˆ

Ω

a(Dum(x)) · Dωk(x) dx =

ˆ

Ω

f(x)ωk(x) dx ∀k = 1, . . . , m.

Proof. For k = 1, . . . , m, define vk : Rm → R by

vk(d) :=

ˆ

Ω

a

(
m∑

j=1

djDωj(x)

)
· Dωk(x) dx −

ˆ

Ω

f(x)ωk(x) dx,

for d = (d1, . . . , dm) ∈ Rm. Set v(d) := (v1(d), . . . , vm(d)), so v : Rm → Rm. We
want v(d) · d ≥ 0 if |d| = r is large enough.

Lemma 6.6. If v : Rm → Rm is a continuous vector field and, for some r > 0,
v(d) · d ≥ 0 for all d ∈ Br(0), then there exists d0 ∈ Br(0) such that v(d0) = 0.

Now,

v(d) · d =

ˆ

Ω

a

(
m∑

k=1

dkDωk(x)

)
·
(

m∑

k=1

dkDωk(x)

)
dx −

ˆ

Ω

f(x)

(
m∑

k=1

dkDωk(x)

)
dx

≥ α

ˆ

Ω

∣∣∣∣∣

m∑

k=1

dkDωk(x)

∣∣∣∣∣

2

− β − f(x)

(
m∑

k=1

dkDωk(x)

)
dx

= α|d|2 − β|Ω| −
m∑

k=1

dk(f, ωk)L2(Ω)

≥ α

2
|d|2 − β|Ω| − C

m∑

k=1

(f, ωk)
2
L2(Ω)

≥ α

2
|d|2 − C since {ωk} is an orthonormal set.
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So for |d| = r large enough, v(d) · d ≥ 0. By Lemma 6.6, there exists d0 ∈ Br(0)
with v(d0) = 0:

ˆ

Ω

a

(
m∑

k=1

d0,m
k ωk(x)

)
· Dωk(x) dx =

ˆ

Ω

f(x)ωk(x) dx ∀m ∈ N.

Now for some compactness:
ˆ

Ω

a(Dum(x)) · Dωk(x) dx =

ˆ

Ω

f(x)ωk(x) dx ∀k = 1, . . . , m.

α

ˆ

Ω

|Dum(x)|2 dx − β|Ω| ≤
ˆ

Ω

a(Dum(x)) · Dum(x) dx

=

ˆ

Ω

f(x)um(x) dx

≤ C

ˆ

Ω

|f(x)|2 dx +
α

2

ˆ

Ω

|Dum(x)|2 dx

by the Cauchy–Schwarz and Friedrichs inequalities. Therefore, we have weak con-
vergence (of a subsequence) um ⇀ u in H1

0 (Ω) and strong convergence um → u in
L2(Ω). However, a(Dum) 9 a(Du). We now have

Theorem 6.7. u as constructed above is a weak solution of (6.5).

Proof. um ⇀ u in H1
0 (Ω) and um → u in L2(Ω). By the growth condition, |a(Dum)| ≤

C(1+ |Dum|), so
´

Ω
|a(Dum)|2 ≤ C ′, so (a subsequence of) a(Dum) converges weakly

to some ξ in L2(Ω)n. For all m ∈ N and w ∈ H1
0 (Ω),

ˆ

Ω

(a(Dum(x)) − a(Dw(x))) · (Dum(x) − Dw(x)) dx ≥ 0.

For all v ∈ H1
0 (Ω),

ˆ

Ω

f(x)v(x) dx =

ˆ

Ω

a(Dum(x))·Dv(x) dx −→
m→∞

ˆ

Ω

ξ(x)·Dv(x) dx =

ˆ

Ω

f(x)v(x) dx.

Also,
ˆ

Ω

a(Dum(x)) · Dum(x) dx =

ˆ

Ω

f(x)um(x) dx −→
m→∞

ˆ

Ω

f(x)u(x) dx.

So
ˆ

Ω

a(Dum(x)) · Dum(x) dx

︸ ︷︷ ︸
→
´

Ω
fu

−
ˆ

Ω

a(Dum(x)) · Dw(x) dx

︸ ︷︷ ︸
→
´

Ω
ξ·Dw

−
ˆ

Ω

a(Dw(x))·(Dum(x)−Dw(x)) dx ≥ 0.

Take w = u + λv, λ > 0 real:
ˆ

Ω

(ξ(x) − a(Du(x) + λDv(x))) · Dv(x) dx ≥ 0.
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Taking the limit λ ց 0 implies that, for all v ∈ H1
0 (Ω),

ˆ

Ω

(ξ(x) − a(Du(x))) · Dv(x) dx = 0.

Therefore,

ˆ

Ω

a(Du(x)) · Dv(x) dx =

ˆ

Ω

f(x)v(x) dx ∀v ∈ H1
0 (Ω).
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7 Review

1. Sobolev spaces.

(a) Sobolev spaces are separable Banach spaces. They have various equiva-
lent norms.

(b) Rellich–Kondrachov (theorem 2.39): W 1,p(Ω) ⊂⊂ Lq(Ω) for 1 ≤ q < p∗.

(c) C∞(Ω̄) is dense in W 1,p(Ω) (theorems 2.16 and 2.17).

(d) Trace generalizes restriction to the boundary and gives an alternative
definition of W 1,p

0 (Ω) (theorem 2.29).

(e) Sobolev functions can be extended to Rn (theorem 2.27).

(f) The relationship between W 1,p(Rn) and difference quotients.

2. Inequalities.

(a) Friedrichs’ Inequality (Theorem 2.23).

(b) Gagliardo–Nirenberg Inequality (theorems 2.33 and 2.35): ‖u‖Lp∗(Ω) ≤
CΩ,p‖u‖W 1,p(Ω).

(c) Morrey’s inequality (theorem 2.44): ‖u‖C0,γ(Rn) ≤ Cn,p‖u‖W 1,p(Rn).

(d) Sobolev inclusions.

(e) Poincaré’s inequality (theorem 2.37):
´

Ω

∣∣u(x) −
ffl

Ω
u
∣∣p dx ≤ CΩ,p

´

Ω
|Du(x)|p dx.

3. Calculus of variations.

(a) There is a correspondence between the solution of an Euler-Lagrange
equation for a variational problem and the solution of a pde.

(b) Calculus of variations can be used to solve Poisson’s equation with zero
boundary conditions, by finding a minimizer for an appropriate integral
functional.

(c) If we can prove that the functional is strictly convex, then we can use
this to show that the minimizer/solution is unique.

(d) We can also solve the Neumann problem using calculus of variations.

4. Linear elliptic pdes.

(a) Weak solutions; the weak formulation of the pde.

(b) Lax–Milgram theorem (theorem 3.4).

(c) Energy estimates (a priori bounds on the derivatives).

(d) Existence and uniqueness of solutions.

(e) Fredholm Alternative for elliptic operators.

(f) Eigenvalues and eigenfunctions (say, of −∆ on B1(0)).

(g) Regularity estimates using difference quotients.

(h) Weak and strong maximum principles.
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5. Linear parabolic pdes.

(a) Weak solutions lie in appropriate Bochner spaces.

(b) Galerkin approximations can be used to find solutions.

(c) To prove convergence of these approximations, we need energy estimates.

(d) Existence and uniqueness of solutions.

(e) Regularity estimates.

(f) Weak and strong maximum principles.
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