INTRODUCTORY NOTES FOR PDE’s

Partial Derivatives
For a function

u=u(z,y)
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We call % the ‘partial derivative of u with respect to x.
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In fact, we can use all the norml ‘rules’ for differentiating (just think of the ‘other’
variables as constants):
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Higher Order Derivatives
We define higher order derivatives as follows:
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(Here —(ac + dx,y) denotes 2 3% evaluated at (x + dx,y).) There is also a corresponding

definition for % .
Y

The mixed second order derivative is
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The following notations are used interchangeably
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We will assume that partial derivatives commute, e

0,0yu = 0,0 u.
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As expected uzy = Uyg.



The Chain Rule
Suppose u = u(z1,z2) and suppose that the variables z; are themselves functions of other
variables y1 and 9, so

rp = xl(ylay2) T = 332(917?;2),

ie a change of variables. An obvious example is the change of variables from cartesian to
polar coordinates.

To find what are g—; and 597“2, we can use the chain rule generalized to more than one
variable. For functions of two variables this states
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The proof of this is a fairly straightforward extension of the 1 variable case (see Analysis
lectures).

It is important to beware of the problems associated with this notation. The notation

assumes that it is obvious which variables are being held constant when differentiating.

When we write 22 we should understand that y1 is being held constant. When we write

Oy2
9v2 e should understand that zs is being held constant. This means that in general we
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The inverse transformation is
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Clearly % #+ 1/3—%? in this case.
Using the chain rule we obtain
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Taylor Series

Differentiable functions u(x,y) can be approximated in the neighbourhood of a point by
polynomials. (You should be familiar with this idea for functions of one variable from
Analysis courses. Taylor’s theorem actually bounds the error involved in using an N’th
order polynomial in terms of the N + 1’th derivative.)

Here we give the ‘recipe’ for finding the ‘best’ coeflicients of a corresponding polynomial
approximation for a function of two variables. We choose the coefficients in an N’th order
polynomial so that the function and all its derivatives up to N’th order (including mixed
derivatives) match those of the polynomial function.

Consider the point (zg,yo) and let X =z —z¢p and Y = y — yp and define the polynomial
glz,y) = ap + a1 X + a2 +an X? +anY? +apXY + ..., (7)

where ag, a1, a2,a11,... are constants.
Matching terms up to second order at (zg,yo) gives

ao = g(0,%0) = u(wo, Yo)

a1 = gz(7o,%0) = uz(x0, Yo) az = gy(zo,yo) = uy(z0, Yo)
2a11 = Gza (20, Y0) = Uz (T0,y0) 2a22 = gyy(iﬂo,yo) = Uyy(an Y0)
a12 = gy (0, Y0) = Uay(Z0, Yo)

So the 2nd order Taylor series approximation to u(z,y):

1
g2(x,y) = u(zo, yo) + ue X + uyY + 3 [umX2 + uyyY2 + 2uxyXY}

Here X =z — 0, Y =y —yo and the derivatives u,, uy, gz, Uzy and u,, are all evaluated
at the point (x,yo). The subscript ‘2’ on ¢ just emphasises that we have only kept terms
up to second order.

We can write
U(l’, y) = 92(x7 y) + RQ('%'7 y)

The generalization of Taylor’s theorem then gives bounds on the remainder Ry and gives
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EXAMPLE
Suppose we wish to find the 2nd order Taylor series for the function
u(z,y) =€ about (z,y) = (¢, d).

Then the coefficients in the polynomial are found as follows:

a = ulc,d) = e
Uy = ye*y a; = uglc,d) = de™
uy = xe™¥ ay = uy(c,d) = ce“
Uy = y2eY air = Uyylc,d) = d2ecd
Uyy = x%e™ asy = Ugg(c,d) = c*e
Upy = €% +aye™ ajz = ug(c,d) = €1+ cd)

This gives

1
u(w,y) = e |14 dX + Y + (X% + 201+ ed) XY + PP



