PX253 — Partial Differential Equations

Chapter 6
Laplace’s Equation

6.1: Introduction

The Laplace equation (in 2D) is

u, +u,=0

This equation is important in many applications. We shall see that it describes steady-
state (or equilibrium) solutions to both the wave and diffusion equations.

6.2: Steady-State Configuration

We showed in Exercise Sheet 2 that in 2D the diffusion equation becomes
u, — D(uM + uyy)z 0

and claimed that the equation of motion of a tight membrane was
u, — D(uxx + uyy)z 0

In either case the steady-state solution (independent of ¢) satisfies Laplace’s equation.

e For the diffusion of particles the solution will be the one satisfying boundary
conditions for which there is no net flow.

e For the tight membrane the solution will be the one satisfying boundary conditions
for which the net force on any element of the membrane is zero.

Boundary Conditions

A tight membrane or system of particles diffusing in 2D will usually have a boundary
condition.

oD

At the boundary we expect a constraint on ¥ — the membrane might be fixed — giving
rise to a boundary condition. There are two common types:
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(1) Dirichlet
u=f for (x,y)edD
Here f is an arbitrary function defined on 0D .
(i1)  Neumann
Vu-fi=f for (x,y)edD

Again f is an arbitrary function defined on 0D; n is the outward unit
normal.

6.3: Separation of Variables

Laplace’s equation has been shown to separate in a number of co-ordinate systems.

Cartesian Co-ordinates

Try ulx,y)= X (x)Y(y):

= X

S
X Y
= X (x) = coskx + Asin kx
Y(y)= Bcoshkx + Csinh kx
= u(x, y)=(coskx + Asinkx)Bcosh kx + Csinh kx)

And so, by the principle of superposition, any linear combination of these solutions is
also a solution.

Plane Polar Co-ordinates

x=rcost

y=rsin@
Try solutions of the form
u(r,0)= R(r)0(0)
We shall require that (@ +27)=0(8). So,
©(0)= Acosm@ + Bsinm6
for m=0,1,2,....
For m=0:
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R(r)=Clog~
i
For m#0:
R(r)=Dr" + Er™"
Problem

The problem is that separation of variables is not much help unless the boundary
conditions are easily handled.

e.g. Boundary with rectangular symmetry.

y

On each part of the boundary u is a function of one variable only.

e.g. Boundary with circular symmetry.

(r.0)

o
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u(a,0)=1(0)
Again, the function is a 1-variable function on the boundary.
For an arbitrary boundary it is not in general possible to find a co-ordinate system in
which Laplace’s equation separates and for which the boundary conditions may be

written in terms of one variable only.

6.4: Harmonic Functions and the Maximum Principle

A harmonic function is any function with continuous second-order derivatives
satisfying Laplace’s equation

in a certain domain D cR?.

The Maximum Principle

A harmonic function on a domain D attains its maximum and minimum on the
boundary oD

Intuitive argument:

Imagine that the harmonic function models a steady-state solution (i.e. #, =0) for a

system of diffusing particles. Suppose that the maximum occurs in the interior of D
at (xo, yo). As the particles tend to diffuse from high to low concentrations they will

move away from (x,,y,) thereby reducing u(x,,y,). This contradicts the steady-state

assumption. Hence (x,,1,)e D\aD is not a maximum.

Idea of analytic argument:

At a maximum we need

by Taylor. Assuming u  # 0 we can write

1

u(x,y)— u(xo,yo) = %um (XO’yU)XZ + Eu» (xn,yo)Yz +u, (xn,yo)XY +...
where we have taken
X=x-x,
Y=y-y
And so
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2 2

u

pee pee

. . . .. 2
For a maximum we require that (i) u, <0 and (i) u, <u, /uxx <0. However,
u, <0 and u, <0, which contradicts our assumption that u  +u =0 ie. that u

satisfies Laplace’s equation.
To make this argument work for all cases we need the following lemma:

Lemma

Let p(x,y)>0 for (x,y)e D cR* and consider functions v:R*—R with continuous
second derivatives satisfying

Ve TV, =p
Then v has no maximum in D.
Proof

By the previous argument v, and v, cannot both be zero.

Proof of Maximum Principle

Suppose u:R*—>R satisfies u_ +u,, =0 for all (x,y)e DcR?, and u does not

attain its maximum value on 8D . There must be at least one point (x,,y,)e D for
which

”(xovyo) >Uyp T €
where

Uz = sup ulx,y)

(x,y)e@D

>0
The function v=u+nr’ (r* = (x - X, )2 + (y - Y )2) for a constant 77 > 0 satisfies
Ve tv, =u, +u, +4n=4n>0
Then
v(xo,yo) = u(xo,y0)> Uy, + €= (v— nrz)aD +&
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If we choose 77 small enough that throughout D & —nr’ > ¢/2 then we have

V(xo>yo)= Vop +E/2

Consequently v attains its maximum somewhere in D; but this contradicts the
lemma. Hence, the supposition is false. So, # must attain its maximum somewhere on

oD . Since —u is also harmonic, u also attains its minimum on 0D .
||

Corollary

There is at most one harmonic function solving the Dirichlet problem for a closed
domain D.

Proof

Suppose u,,u, are solutions. Then v =u, —u, is also a solution.

v.+v =0

Yy

v(x,y)=0 V(x,y)edD

So, by the Maximum Principle, supim(v),infim(v)e 8D, so supim(v)=infim(v)=0.
So v=0 everywhere. Hence, u, = u, .
|
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