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Chapter 6 
Laplace’s Equation 

 
6.1: Introduction 
 
The Laplace equation (in 2D) is 
 

0=+ yyxx uu  
 
This equation is important in many applications. We shall see that it describes steady-
state (or equilibrium) solutions to both the wave and diffusion equations. 
 
6.2: Steady-State Configuration 
 
We showed in Exercise Sheet 2 that in 2D the diffusion equation becomes 
 

( ) 0=+− yyxxt uuDu  
 
and claimed that the equation of motion of a tight membrane was 
 

( ) 0=+− yyxxtt uuDu  
 
In either case the steady-state solution (independent of t ) satisfies Laplace’s equation. 
• For the diffusion of particles the solution will be the one satisfying boundary 

conditions for which there is no net flow. 
• For the tight membrane the solution will be the one satisfying boundary conditions 

for which the net force on any element of the membrane is zero. 
 
Boundary Conditions 
 
A tight membrane or system of particles diffusing in 2D will usually have a boundary 
condition. 
 

D

D∂

n̂

 
 
At the boundary we expect a constraint on u  – the membrane might be fixed – giving 
rise to a boundary condition. There are two common types: 
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(i) Dirichlet 
 

fu =  for ( ) Dyx ∂∈,  
 
 Here f  is an arbitrary function defined on D∂ . 
 
(ii) Neumann 
 

fu =⋅∇ n̂  for ( ) Dyx ∂∈,  
 
Again f  is an arbitrary function defined on D∂ ; n̂  is the outward unit 
normal. 

 
6.3: Separation of Variables 
 
Laplace’s equation has been shown to separate in a number of co-ordinate systems. 
 
Cartesian Co-ordinates 
 
Try ( ) ( ) ( )yYxXyxu =, : 
 
⇒  2k

Y
Y

X
X

−=
′′

−=
′′

 

⇒  ( )
( ) kxCkxByY

kxAkxxX
sinhcosh

sincos
+=
+=

 

⇒  ( ) ( )( )kxCkxBkxAkxyxu sinhcoshsincos, ++=  
 
And so, by the principle of superposition, any linear combination of these solutions is 
also a solution. 
 
Plane Polar Co-ordinates 
 

θ
θ

sin
cos

ry
rx

=
=

 

 
Try solutions of the form 
 

( ) ( ) ( )θθ Θ= rRru ,  
 
We shall require that ( ) ( )θπθ Θ=+Θ 2 . So, 
 

( ) θθθ mBmA sincos +=Θ  
 
for K,2,1,0=m . 
 
For 0=m : 
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( )
0

log
r
rCrR =  

 
For 0≠m : 
 

( ) mm ErDrrR −+=  
 
Problem 
 
The problem is that separation of variables is not much help unless the boundary 
conditions are easily handled. 
 
e.g. Boundary with rectangular symmetry. 
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( ) ( ) ( ) ( )
( ) ( ) ( ) ( )yGyauxgbxu
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==
==

,,
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On each part of the boundary u  is a function of one variable only. 
 
e.g. Boundary with circular symmetry. 
 

θ
a

( )θ,r
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( ) ( )θθ fau =,  
 
Again, the function is a 1-variable function on the boundary. 
 
For an arbitrary boundary it is not in general possible to find a co-ordinate system in 
which Laplace’s equation separates and for which the boundary conditions may be 
written in terms of one variable only. 
 
6.4: Harmonic Functions and the Maximum Principle 
 
A harmonic function is any function with continuous second-order derivatives 
satisfying Laplace’s equation 
 

0=+ yyxx uu  
 
in a certain domain ⊂D 2 . 
 
The Maximum Principle 
 
A harmonic function on a domain D  attains its maximum and minimum on the 
boundary D∂ . 
 
Intuitive argument: 
 
Imagine that the harmonic function models a steady-state solution (i.e. 0=tu ) for a 
system of diffusing particles. Suppose that the maximum occurs in the interior of D  
at ( )00 , yx . As the particles tend to diffuse from high to low concentrations they will 
move away from ( )00 , yx  thereby reducing ( )00 , yxu . This contradicts the steady-state 
assumption. Hence ( ) DDyx ∂∈ \, 00  is not a maximum. 
 
Idea of analytic argument: 
 
At a maximum we need 
 

0≤xxu , 0≤yyu  
 
by Taylor. Assuming 0≠xxu  we can write 
 

( ) ( ) ( ) ( ) ( )
K+++=− XYuYuXuyxuyxu

yxxyyxyyyxxx
000000 ,

2
,

2
,00 2

1
2
1,,  

 
where we have taken 
 

0xxX −=  

0yyY −=  
 
And so 
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For a maximum we require that (i) 0<xxu  and (ii) 02 ≤≤ xxxyyy uuu . However, 

0<xxu  and 0≤yyu , which contradicts our assumption that 0=+ yyxx uu  i.e. that u  
satisfies Laplace’s equation. 
 
To make this argument work for all cases we need the following lemma: 
 
Lemma 
 
Let ( ) 0, >yxρ  for ( ) ⊂∈Dyx, 2  and consider functions :v →2  with continuous 
second derivatives satisfying 
 

ρ=+ yyxx vv  
 
Then v  has no maximum in D . 
 
Proof 
 
By the previous argument xxv  and yyv  cannot both be zero. 

 
 
Proof of Maximum Principle 
 
Suppose :u →2  satisfies 0=+ yyxx uu  for all ( ) ⊂∈Dyx, 2 , and u  does not 
attain its maximum value on D∂ . There must be at least one point ( ) Dyx ∈00 ,  for 
which 
 

( ) ε+> ∂Duyxu 00 ,  
 
where 
 

( )
( )yxuu

Dyx
D ,sup

, ∂∈
∂ =  

0>ε  
 
The function 2ruv η+=  ( ( ) ( )20

2
0

2 yyxxr −+−= ) for a constant 0>η  satisfies 
 

044 >=++=+ ηηyyxxyyxx uuvv  
 
Then 
 

( ) ( ) ( ) εηε +−=+>= ∂∂ DD rvuyxuyxv 2
0000 ,,  
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If we choose η  small enough that throughout D  22 εηε >− r  then we have 
 

( ) 2, 00 ε+= ∂Dvyxv  
 
Consequently v  attains its maximum somewhere in D ; but this contradicts the 
lemma. Hence, the supposition is false. So, u  must attain its maximum somewhere on 

D∂ . Since u−  is also harmonic, u  also attains its minimum on D∂ . 
 

 
Corollary 
 
There is at most one harmonic function solving the Dirichlet problem for a closed 
domain D . 
 
Proof 
 
Suppose 21,uu  are solutions. Then 21 uuv −=  is also a solution. 
 

0=+ yyxx vv  
( ) 0, =yxv  ( ) Dyx ∂∈∀ ,  

 
So, by the Maximum Principle, ( ) ( ) Dvv ∂∈iminf,imsup , so ( ) ( ) 0iminfimsup == vv . 
So 0=v  everywhere. Hence, 21 uu = . 

 
 


