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1. DEFINITIONS AND BASIC PRINCIPLES

An algebra over C is a vector space A4 over C with a bilinear multiplication
AxA—> A, (x,y) > xy . Bilinearity means that for all x,y € 4 and 1 €C

(.Xl + x2 )y = .xly + x2y
'x(yl + yz): Xy, + Xy,
(Ax)y = x(2y)= 2(x)

All the algebras in this course will be over C. The main advantage of C is that it is
algebraically closed.

An associative algebra is an algebra A such that for all x,y,ze 4, x(yz) = (xy)z .
A Lie algebra’ is an algebra L with multiplication Lx L — L, (x, y) > [xy] such that

[xx]=0 forall xe L,
[xvl]+ [[yz]x]+ [[zx]y] = 0 for all x,y,z € L — the Jacobi identity.

Unless otherwise specified, L shall be an arbitrary Lie algebra. Where dictated by
requirements of clarity, we shall write [x, y] for [xy].

Lemma 1.1. For all x,y €L, [xy]=-[yx].
Proof.

0="[x+y,x+y]=[ec]+ [oy]+ ]+ ] = [xy]+ ]

We say that Lie multiplication is anticommutative.

Lemma 1.2. Suppose A is an associative algebra. Then A can be made into a Lie
algebra by defining [xy] =Xy — yX.

Proof. [xx]=0 is clear.

[xyle]= [y = yw,z] = xpz = yoz = zxp + zyx
[[yZ ]X] = ny — Zyx — xyZ + ny
[zx]y]= zxy — xzy — yxz + yxz

¥ After Marius Sophus Lie (1842-99).
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All terms cancel, so we have the Jacobi identity.

The Lie algebra obtained in this way is denoted [4].

We can also multiply subspaces in the following way: let L be a Lie algebra and H,K
subspaces of L. We define [HK ] to be the smallest subspace containing all the Lie
products [hk] for he H,ke K . So

[EK ] ={[nk]+...+[nk ]| h e Hk eK}.
Lemma 1.3. If H,K are subspaces of L then [HK|=[KH].

Proof.

[HK )5 [hh | +...+[n k. |=]kh]—...—[kh ] [KH]

Multiplication of subspaces is commutative.

H C L is called a subalgebra of L if H is a subspace of L and [HH]|c H . That is, a

subalgebra of L is a subset of L that is itself a Lie algebra under the same operations as
L.

A subset [ C L is called an ideal of L if I is a subspace of L and [IL]c 1. We will
write / < L.

Note. Since [IL]=[LI], [IL]c I < [LI]c 1.
Every ideal of L is also a subalgebra of L, but the converse is not true.

Example. Consider M, = {2 x 2 matrices over C}. [M,] is a Lie algebra. The subset T of
elements of [M, ] of trace zero form an ideal of [M,]. The subset U of elements of [M, ]
with upper-right element zero form a subalgebra of [M 2] , but not an ideal.

Proposition 1.4. (i) If H,K are subalgebras then H N K is a subalgebra.
(i) If H K <L then HNK < L.

(iii) If H < L and K is a subalgebra then H + K is a subalgebra.
(iv)If H. K <L then H+K < L.

Proof. (i) H N K is certainly a subspace.
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[HNK,HNK|c[HH]|c H
[HNK.HNK]|c[KK]c K
(ii)
[HnK,L|c[HL]c H
[H nK,L]c[KL]c K
(iii)
[H+K,H+K|c[HH]+[HK]+[KH]|+[KK]lcH+H+H+K c H+K
(iv)

[H+K,L]c[HL]+[KL]c H + K

Note. The sum of two subalgebras need not be a subalgebra.

We can form factor algebras: let I < L. In particular, / is an additive subgroup so we
can form the factor group L/ ; the elements of L/I are the cosets I+ x for xe L.

(I+x)+([+y)=T+(x+y)
AT +x)=1+Ax

We define [/ +x,/ + y]=1+[xy]. We do need to check that this is well-defined, i.e. that
if T+x=I+x"and I+y=1I+)" then I+[xy]=1+[xy]. We can find i,i, eI such
that x' =i, +x and y'=i,+ y. So

[x’y'] = [il +x,05, + y]
= [iliZ ] + [i1y] + [xiz ] + [xy]
el+ [xy]
So the coset containing [xy] is the same as that containing [x'y'].

It is easy to verify that L/[ is a Lie algebra.

A homomorphism of Lie algebras is a linear map @:L, — L, such that for all x,yeL,,
O([xy])=[6(x).6(»)]. If @ is bijective it is called an isomorphism and we write L, = L, .

Proposition 1.5. Let 0:L, — L, be a homomorphism with kernel K. Then K <L,
im(0) is a subalgebra of L, and L, /K =im(8).
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Proof. Let x,y e L, . [0(x),6(y)]=0[xy]€ O(L,), so im(0) is a subalgebra of L,.

Now let xe K and y e L,. Then

olxv]=[0(x).0(y)]=[0.6(y)]=0
so ye K. Hence, K <L,.
Now let x,ye L.
0(x)=0(y)=0(x-y)=0=x-yeK>K+x=K+y

So O(x)— K +x is a bijection between im(@) and L, /K. We now check that this
bijection is an isomorphism of Lie algebras: let x,y,z € L,.

[0(x).0(v)]=0(2) = 6lv]= 0(z)
< K+ [xy] =K+z
<:>[K+x,K+y]:K+Z

So im(@)= L, /K .
]

Proposition 1.6. Let [ <L and H a subalgebra of L. Then [+ H and I "H are
subalgebras (by 1.4) and

(i) I <l+H,

(ii) InH<H,

(i) [+ H)/[I=H/(I~H).

Proof. (i) [I,I + H]c[1,L]c 1.
(ii)

[I~nH,H]|c[IH]cT
[I~H H]c[HH]c H

(iii) We can form (I +H)/I and H/(I ~nH). Elements of (/+ H)/I have the form
I+i+h=1+h for he H. Define a map 0:H—>(1+H)/1 by 9(h)=1+h. This map
is a homomorphism since [I+ 4,1 +h'|=1+[hk']. 1t is surjective: im(@)=(I+H)/I.
Consider ker(d): heker(@)e>I+h=I<hel. So ker(@)=HNI. By 15
H/ker(6)=im(8),so (I +H)/I=H/(I"H).

]
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Note. In this course we shall consider only finite-dimensional Lie algebras over C. In
this case,

dim(L/I)= dim(L)— dim(7)

To prove this, select a basis e,...,e, of / and extend to a basis e,,...,e, of L. Each
element of L has the form Ae +...+4e,; each element of L/I has the form
I+A4.,e.,+...+4e = (I+/1H1e,+1)+...+(1+/1nen). I+e.,,....] +e, form a basis for
L/1.So dim(L/I)=n—r=dim(L)-dim(7).

Examples. If dim(L)=1, L has basis x. [xx]=0,s0 [LL]=0.

If dim(Z)=2 let x,y be a basis for L. [xx]=[y]=0, but [xy]=-[yx]=? Possibly
[LL]=0.1f [LL]# 0 then dim([ZL])=1. Let x' be a basis for [LL] and x',y" a basis for
L itself. Then we have [xy']= Ax" for some A e C\{0}. Re-choose y"=A"y": we then
have that [xy]=x. Hence, we have two Lie algebras of dimension 2.



MAA453 LIE ALGEBRAS

2. REPRESENTATIONS AND MODULES OF LIE ALGEBRAS

Recall that M, = {n x n matrices over C} and that [M, ] is the Lie algebra of such matrices
with [4B]= 4B - BA.

A representation of a Lie algebra L is a homomorphism p: L — [M,] for some neN.
Ie.,

pl]=[px). p(»)]= plx)o(y)- p(y)o(x).

If p is a representation of L then so is p’ given by p'(x) =T p(x)T where T is a non-
singular n x n matrix independent of x. We say that two representations are equivalent if
there is a non-singular 7" such that p'(x) =T p(x)T holds forall xe L.

An L -module is a vector space V' over C with amap V' x L — V' such that
(i) (v,x)> vx is linear in both v and x;

(i1) v[xy] = (vx)y - (vy)x forall veV and x,ye L.
We shall only deal with finite-dimensional L-modules in this course.

A submodule W of V 1is a subspace of V' such that wxe W for all weW,xe L i.e. a
subspace closed under the right action of the element of L.

Proposition 2.1. Let V be an L-module with basis e,...,e,. Let x€L and let

ex= ZLI py.(x)ej. Let plx) be the matrix with ij th entry pl.j(x). Then x> p(x) is a

representation of L and a different choice of basis gives an equivalent representation.

Proof. The linear transformation v+ vx has matrix p(x); vi>(vx)y has matrix

p(x)p(y); Vi (vy)x has matrix p(y)p(x); Vi (vx)y—(vy)x has matrix
p(x)p(y)— p(y)p(x). That is, the linear transformation v v[xy] has matrices p[xy]

and p(x)o(y)= p(¥)o(x). So play]= plx)o(y)- p(y)p(x). so p is a representation of
L.

Now take a new basis f,..., f, of V. The linear transformation v vx is represented by
a matrix T~ p(x)T , where e, = z:;l];j f; - So we get a representation x> T - p(x)T that
is equivalent to p.

An L -module is called irreducible if it has no submodules except itself and 0 ; otherwise
it is said to be reducible.
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An L-module V' is called decomposable if there are submodules V,,V, #0 of V' such
that V' =V, @V, ; otherwise it is said to be indecomposable.

Proposition 2.2. L is itself an L -module under the map Lx L — L:(x,y) [xy].
This is the adjoint L -module; we define ady: L — L by (ad y)x = [xy].

Proof. It is sufficient to show that for all x,y,zeL, [z[xy]]=[zx]y]-[[zv]x]. This

follows immediately from the Jacobi identity and the anticommutativity of Lie
multiplication.
|

A derivation of a Lie algebra L is a linear map D:L — L such that forall x,ye L,

D[xy] = [Dx,y] + [x,Dy].
Proposition 2.3. Let x € L. Then adx is a derivation of L.

Proof. Linearity is clear. We need to check that (adx)[yz]=[(adx)y,z]+[y,(adx)z]. This

is true if and only if the Jacobi identity is true.
]

Let V' be an L-module, W a subspace of V' and H a subspace of L. We define WH to
be the subspace spanned by wh forall we W, he H .

If W is a submodule of V, V/W is itself an L-module under the action
(W +v)x =W +vx for veV,x e L. This action is well-defined because

Wvx=W+vV)x=v-—veW=>v-V)xeW =>W+w=W+vx.
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3. ABELIAN, NILPOTENT AND SOLUBLE LIE ALGEBRAS

A Lie algebra L is abelian if [LL]=0, i.e. [xy]=0.
Define L' = L and inductively define L' = [L"L].

Proposition 3.1. Foreach ne N, L' < L.

Proof. It is sufficient to show that if H,K < L then [HK]<1 L.Let xeH,yeK,zeL.lIs
[y ] e[HK]?

Lo le]=~lyzbe] - [=xy]
But y,[yz]e K and x,[zx]e H so [[HK]L]c [HK].

Clearly L' = L < L . If we assume inductively that ' < L then the above workings show

that L' = [ ”L] < L, and the result follows.
|

Proposition3.2. L=L'>I’> ' >...

Proof. Foreach n, L'"' = [L"L]g L" since L' < L.

L is nilpotent if there is an n € N such that L' =0.

Clearly every abelian Lie algebra is nilpotent as L* =0 .

Example. Let L be the Lie algebra of upper-triangular n x n matrices with zeroes on the
principal diagonal; dim(L)=1n(n—1); L is a subalgebra of [M,]. Define subspaces H,

2
by requiring that elements of /H, have zeroes on and below the (z’ - l)th diagonal above

the principal diagonal.

Lie multiplication shows that [H,,L]c H, ,. We show that L' ¢ H, by induction on i. If
i=1then L=L'=H,. Assume L' c H, for i=r. Then

Lr+1 — [LrL]
clni]
cH,.,

In particular, L' < H, =0, so L is nilpotent.

-10 -
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Proposition 3.3. For all m,n>1, [L’”L”]g L,

Proof. Use induction on n. If n=1 then [L’”Ll]:[ '”L]: L™, Assume for n=r and
consider n=r+1:

[rr)=[rlrL]

k]

c [[LL’" ]L’ ] + [[L'”L’ 1L] by the Jacobi identity
So

[LerH]g [Lm+1Lr]+ [[L’”L’]L]
- Lm+l+r + [Lm+rL]

cC Lm+r+1

We now inductively define another sequence of subspaces of L :

The 1) are all ideals of L,so L' 1%, s0o L=1" 51" 51¥ 5 ...,
We say that L is soluble if there is an n € N such that =0,

Proposition 3.4. (i) L") = [*".
(ii) Every nilpotent Lie algebra is soluble.

Proof. (i) Inductionon n:if n=0 [=p=1" Assume for n=r:

) — [L(")L(")]
]

2r+l
cL

(ii) Suppose L is nilpotent. Then there is an n such that I*' =0. By (i) [ =0 also, so

L 1is soluble.
[ |

-11 -
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Example. Let L be the set of all #nxn matrices with zeroes below the principal diagonal.
[LL]c L; L is a subalgebra of [M,]. Define subspaces H, by requiring that elements of

H, have zeroes on and below the i th diagonal above the principal diagonal.

We have that [H,H,]c H,,,. We show that Ve H, by induction on i. If i=0 then

=r= H,. Assume for i=r. Then L) = [L(’)L(’)]g [H,_Hr]g H_ . In particular,
L") < H, so L is soluble.

However, L is not nilpotent. To see this, consider

0 0
o Ao
A= and B = '
/’lnfl 0 /1,1
0 0
0 wAi, 0
0
AB =
/’ln—l/ln
0 0
0 wmh 0
0
BA =
Iun—l/ln—l
0 0
0 4 (/12 - /11) 0
0
[4B]= 4B-BA=
/un—l (//i'n - //i'n—l)
0 0

By choosing the 4, all unequal and the y; suitably we can get any desired matrix

[4B]=

Let K be the subspace consisting of all matrices of this form.

K clkL]c[kL]]c...c[L...L]=C

-12 -
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So K L forall i and K #0,s0 L #0 forall i. Hence, L is not nilpotent.

Proposition 3.5. (i) Every subalgebra of a soluble Lie algebra is soluble.
(ii) Every factor algebra of a soluble Lie algebra is soluble.
(iii) If I <L and I,L/I are soluble then L is soluble.

Proof. (i) Let H be a subalgebra of L. L is soluble so =0 for some n. We show
that HY) < I'”) for all i. This is true for i = 0. Assume it is true for i = 7.

H(V“) — [H(V)H(")]C [L(V)L(V)]: L(V+1)
So H") =0 and H is soluble.

(ii) 7 < L. We need to show that (L// )(i) = (I + L(i))/ I . This is true for i = 0; assume it for

i=r:

(/1) =(L/1)" (/1))

(r) (r)
— [1+1L , 1+1L ]

1+20) 140

1

_ 1+

1

_ 2+
- !

If £ =0 then (Z/1)" =1/1, the zero subspace of L/ .

(iii) Suppose 7 and L/I are soluble. L/I soluble <> (L/I)" = 1/I for some m . Lol 1

I

so 1) c . I is soluble so 1" =0 for some 7.
L(m+n) — (L(m))(”) - L(n) =0

So L") =0: L is soluble.
|

Proposition 3.6. Let H,K be soluble ideals of L. Then H + K is a soluble ideal of L.

Proof. We know that H +K < L. By 1.6, £ = K K is soluble, so K/(H NK) is
soluble. Hence, (H +K )/ H is soluble. By the previous proposition, since H is soluble,

H + K is soluble.
|

Corollary 3.7. Any Lie algebra L has a unique maximal soluble ideal.

-13 -
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Proof. Since dim(L)<o L certainly has a maximal soluble ideal. Let H,K be two
maximal soluble ideals of L. Then H + K is a soluble ideal. H c H+ K and H is

maximal, so H =H + K. Similarly K =H +K ,so H =K.
|

This maximal soluble ideal of L is called the soluble radical L, usually denoted R. If
R =0 we say that L is semisimple.

L/R is semisimple. For if R'/R is the soluble radical of L/R then since R'/R and R are
both soluble, so is R". Hence R'"c R.So R'=R and R'/R = R/R is the zero subspace of
L/R.

A Lie algebra L is called simple if it has no ideals other than 0 and L.

If dim(L):l then L is certainly simple. There are other simple Lie algebras. If L is
abelian and simple then dim(Z)=1, since [LL]=0. If L is soluble and simple and
dim(L)zl then L # [LL], SO [LL]: 0.

If 7 < L then the ideals of L/I have the form J/I for J <L, J21.So L/I is simple if
and only if / is maximal.

A composition series of L is a sequence of subalgebras

L=K,oK >5..0K,=0

where K., < K, is maximal. The factor algebras K, ,/K, are all simple Lie algebras and

are known as the composition factors of L.

Proposition 3.8. L is soluble if and only if all composition factors in a composition
series of L are I-dimensional.

Proof. Let L=K, DK, ©...0K, =0 be a composition series. L is soluble, so K, is
soluble, so K,/K,,,
dim(K,/K,,,)=1. Then certainly K,/K,,, is soluble (even abelian). K, , is soluble and
K, ,/K,  is soluble, so K, , is soluble. K, ,/K, , is soluble, so K, , is soluble.

Eventually we see that K, = L is soluble.

is soluble. So dim(K,,/KH):l. Conversely, suppose that

1

" The classification of the simple Lie algebras was completed in the 1890’s by Elie Cartan and Wilhelm
Killing, working independently.

-14-
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4. REPRESENTATIONS OF NILPOTENT LIE ALGEBRAS
We shall first discuss representations of abelian Lie algebras.

Proposition 4.1. Let L be abelian. Then every irreducible L -module has dimension 1.
Every linear map L — C is a 1-dimensional representation of L.

Proof. A 1-dimensional representation of L is by definition a linear map A:L — C such
that A([xy])= A(x)A(y)— A(»)A(x). But the RHS of this equation is zero; since L is

abelian the LHS is always zero, too. So every linear map L — C is a representation of
L.

Let V' be an irreducible L-module and let x € L; consider the linear map V — V',
vi—>vx. Let w be an eigenvector of this map; i.e. w#0 and wx = Ax for some A e€C,
where A is the eigenvalue. Let W = {v eV |w=2Av }, the eigenspace. W is a subspace
of V. Since w=0, W # 0. We shall show that 7 is a submodule of V.

LetveW,yelL.

(vy)x = (vx)y + M = (vx)y = (/Iv)y = ﬂ(vy)

L ;belian

So vy e W, which shows that W is a submodule of V. But V' is irreducible so V =W .

So vx=Av forall veV . Hence each x € L acts on V' by scalar multiplication. So every
subspace of ¥ is a submodule. Hence dim(V)=1.
]

We now recall some linear algebra.

Let AeM,. Then the characteristic polynomial of A is y(t)=det(tI, — 4). For non-

singular T € M,, A and T™'AT have the same characteristic polynomial:

det(tl, - T AT)=det(T™ (1, - A)T)
= det(T _l)det(tln — A)det(T)
= det(s7, — 4)

If V' is an n-dimensional vector space over C and #:V — V' is a linear map we define
the characteristic polynomial of & to be the characteristic polynomial of any matrix
representing 6.

7(¢) e Clt] factorizes into linear factors:

-15 -
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2(O)=(@-2)"..(t=4,)" with 4, =4, fori#j.
The A, are the eigenvalues, each with multiplicity m;.

Question 1: Is there a decomposition of V' into a direct sum of subspaces, one for each
A?

Answer 1: Yes.

There is an eigenvector v, € V with eigenvalue A, 1i.e. 8(v,)= Av,. The eigenspace for @
with respect to the eigenvalue 4, is

ES@,4,)={veV | 6(v)=Av}

=veV [(0-A4Ip=0}
Question 2: Ts dim(ES(0,4,))=m, ?
Question 3: Is V' the direct sum of the eigenspaces of the A, ?

Example. Let dim(V)=2. Let {e.,e,f be a basis for ¥ and take & such that
0:e — e, — 0. The matrix of 6 is

0 has eigenvalues 0,0. The eigenspace of € with eigenvalue 0 is Ce,, so
dim(ES(6,0)) =1 # 2 = multiplicity of 0.

So

Answer 2: No.

Answer 3: No.

The generalized eigenspace of @ with respect to the eigenvalue A is

-16 -
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GES(0,1,)={v eV | vis annihilated by some power of (6 — 1.1)}

:{veV | HNeNs‘t.(Q—l,-I)NVZO}

So, in the above example, GES(G,O) =V.

Proposition 4.2. (The Decomposition Theorem) Let V' be a vector space of dimension n
over C and let 0:V —V be a linear map with characteristic polynomial

with A, distinct and Z:Zlml. =n. Let V, = GES(0,4,). Then
Q) V=Vo.oer,

(ii) dim(Vi) =m,;

(iii) OV,) < V.

(iv) The characteristic polynomial of 6|V,- is (t -4 )’"" ;

)V, ={veV | ((9—/1[1)'”"\/:0}.

Proof. The proof (omitted) uses the Cayley-Hamilton Theorem, i.e. that ;((0): =24

satisfies ¥(8)=0.
|

Theorem 4.3. Let L be a nilpotent Lie algebra and V an L-module. Let y e L and
p(y): V>V :vi>vy. Then the generalized eigenspaces V, of V with respect to p(y)

are all submodules of V' .
Note. This does not hold for arbitrary Lie algebras: we need the nilpotency condition.

Recall. Leibnitz’s formula for differentiation:
n n n—i i
D'(fg)= Z,-{J(D rlp's)

where D denotes the action of differentiation (once).
We first prove

Proposition 4.4. Let L be a Lie algebra and V an L-module. Let veV , x,y e L and
a,eC. Then

17 -
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(Kol Y =2 2 o)~y el - 1))

Note. If ¢ = =0 then

(Ko = 211 oty Netad )

Proof. We use induction on 7.

If n=1 then LHS = (vx)y — (& + #)vx and

RHS = v(p(y)-al )+ v(x(ad y - AI))
= (v )x — avx +v[xy] - Bvx

By the module axioms, LHS = RHS.

Now assume the result for n=r.

(o)t + A =( 1,1 ol aa) " taa = 1) o)+ 1)
=3 plolr)-a) ple o)~ + p))

where x, = x(ady — I} . Now

which is

-18 -



MAA453 LIE ALGEBRAS

S Mels)-ary olady - )

1

We shall call the formula of Proposition 4.4 the Leibnitz formula for Lie algebras.

Proof. (of 4.3.) Consider the map p(y): V'— V. Let V, be the generalized eigenspace of
this map with eigenvalue A,. Let veV, and x e L. To show that vx e V', we require that

() p(y)— A1)" =0 for suitably large N . Apply Leibnitz with e =1, =0

i

() p(r)-A1) =>" (NJV(p(y) —41)" (x(ad )

vel, so v(p(y)— Al )N_i =0 if N-—i is sufficiently large. Since L is nilpotent
x(ad y) =0 if i is suitably large. Thus, if N is suitably large, (vx)p(y)-AI)" =0, and

so vx € V,. Thus, each generalized eigenspace is a submodule of V.
|

Corollary 4.5. If L is a nilpotent Lie algebra and V is an indecomposable L -module
then for all y € L the linear map v vy has only one eigenvalue.

Proof. We know that V' =V, ®@...®V, for generalized eigenspaces V, of p(y). These are

all submodules. Since V' is indecomposable, » =1.
|

Proposition 4.6. Let L be a nilpotent Lie algebra and V an indecomposable L -module.
Let ye L have a single eigenvalue /1(y) on V. Then the map nyl(y) is a I-
dimensional representation of L.

Proof. Let dim(V) =n.Itis clear that y > /1( y) is linear. We must also show that

A= A(x)A(y) - A(0)Alx).

The RHS is clearly zero, so we need to show that the LHS is zero as well. Consider the
trace function:

tr(A) = Z o
= Zeigenvalu@s of A

- —(coefﬁcient of t"'in )((1 ))
tr(4B) = tr(BA)

-19 -
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Consider p[xy]: V' — V; this has only one eigenvalue, l[xy].

So nA[xy]=0 and A[xy]=0, as required.
]

Proposition 4.7. Let L be a nilpotent Lie algebra and V an indecomposable L -module.
Let y e L and let /1(y) be the unique eigenvalue of p(y). Define O'(y): V—V by

o(y)=p(y)- ) .

Then
(i) o is a representation of L ;
(11) O'(y) is a nilpotent linear map for all y € L .

Proof. (i) We must show that
olw]=o(x)o(v)-o(r)o(x)

RHS = (p(x) = 2(x)I N p(y) = 2(0)1) - (p(y) = 2(») N plx) - A(x)1)
= p(x)p(y)— p(y)plx
= plwy]
= olxy]+ Aol
= ofw]

(ii) p(y) has characteristic polynomial (r—A(y))", so o(y)=p(y)-A(y) has
characteristic polynomial

det(t — o(y)) = det((t + 2(»))I - p(»))

=(t+A(y)-A0y))

:tn

So, by the Cayley-Hamilton Theorem, a(y) satisfies a(y)" =0.
|

A representation o :L —[M,] is called a nil representation if each matrix o(y) for
y € L is nilpotent.
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Proposition 4.8. Let L be a nilpotent Lie algebra and o a nil representation of L. Then
o is equivalent to a representation under which each x € L is represented by a matrix
with zeroes on and below the principal diagonal.

Proof. Let V' be an L -module giving representation o . Suppose V is irreducible. L is
nilpotent, so L”" =0 for some m. So VL" =0. We show that VL =0 by descending
induction, i.e. that VI =0= VL' =0.

Let xe L. o(x) is nilpotent so o(x)' =0 for some k, ie. ((vx)x)...x=0 (with &k
x’s). So there isa veV such that v#0 and vx=0. Let U be the set of all such v; we
claim U is a submodule of V. Let ueU, yeL.

(uy)x = @y+u[&zxﬁ.]: 0

So uyeU ; hence U is a submodule of V. U#0 and V is irreducible, so U =V".

Hence, Vx=0 forall xe L', ie. VI''=0.VL"=0 and VL =0=VL"'=0,s0 VL=0.
But in this situation every subspace of V' is a submodule. Since V' is irreducible we have
that dim(¥)=1. So x> (0)e[M,].

If the module V' is not irreducible then
V=V,oV>..0V,=0

where each V,,, is a maximal proper submodule of V. V' gives a nil representation, so V;
gives a nil representation; V,/V,,, gives a nil representation of L. But V,/V,,, is
irreducible, so dim(V,/V;,,)=1 and (V,/V,,,)L=0,ie. VLV,

i+l
Choose a basis e,,...,e, of V' adapted to the chain of subspaces, i.e.

V, has basis e,,...,e,,

V| has basis e,,...,e,

V.x <V, so the matrix representing x with respect to this basis has the required upper

triangular form.
|

Corollary 4.9. Let L be a nilpotent Lie algebra and V an indecomposable L -module.
Then we can choose a basis for V' such that the matrix representation of x has the form
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i.e. zeroes below the principal diagonal, and all elements on the principal diagonal
equal.

Proof. Follows from 4.5, 4.6, 4.7 and 4.8.
|

Corollary 4.10. Let L be a nilpotent Lie algebra and V an irreducible L-module. Then
dim(V)=1.

We now consider arbitrary L -modules.

Let L be a nilpotent Lie algebra and V' any L-module. A weight of V is a 1-
dimensional representation A:L — C such that thereisa ve '\ {0} annihilated by some

power of p(x)—A(x)I forall xe L, where p(x):V =V :vis vx.
If A4 is a weight of V' the corresponding weight space V, of V is

V,={veV | vannihilated by some power of p(x)—A(x)I Vxe L}
V', is a subspace of V.

Theorem 4.11. (The Weight Space Decomposition Theorem) Let L be a nilpotent Lie
algebra and V an L -module. Then

(i) V has only finitely many weights;

(ii) V is the direct sum of its weight spaces;

(iii) each weight space is a submodule of 'V ;

(iv) a basis can be chosen for each A-weight space V, such that the matrix

representation on V, has the form

X

Proof. /' may be expressed as a direct sum of indecomposable submodules. Each
indecomposable submodule determines a weight 4 by 4.6. Let W, be the direct sum of

all indecomposable components with weight A. Then V' =@ ,W,. We need to show that
V,=W,.
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Certainly W, cV,. Take veV,; since V=@ W,k we can write v = Zﬂvﬂ forv,ew,.

For some N, v(p(x)-A(x))'=0. So Z#vﬂ(p(x)—ﬂ(x)I)N =0 and each
v#(p(x)—/l(x)l)N eW,. So each v#(p(x)—/l(x)l)N =0. Suppose A # i, so there is an
x e L such that A(x)# u(x). By 4.9, p(x) is represented on W, by a matrix of the form

Choose x € L such that A(x)# s(x). Then the matrix of p(x)— A(x)I is non-singular on
W, . So the matrix on (p(x)=A(x)I)" on W, is non-singular. So

So v, =0 forall u#1.Sov=3 v, =v, Hence veW,,s0 V, cW,,s0V, =W,.

(1) V,#0=W, #0 so A is one of the finite number of weights in our decomposition of
V. So there are only finitely many weights.

) V=e,W,and V, =W, so V=,V,.
(1i1) ¥, =W, is a submodule of V.

(iv) Follows from 4.9.

The decomposition V' =®,V, is called the weight space decomposition of V.
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5. CARTAN SUBALGEBRAS

Proposition 5.1. Let L be a nilpotent Lie algebra. Then the adjoint representation of L
is a nil representation.

Proof. The adjoint representation comes from the L-module L itself, adx: y+—> [yx]. If
yeL then we have [yx]e I*, [[yx]x]e I’ and so on. But L is nilpotent, so L" =0 for

some meN. Le., [[yx]x...x] (m—=1 x’s)is zero. So (adx)"" =0; adx is nil.
|

The converse is also true.

Theorem 5.2. (Engel’s Theorem) If L is a Lie algebra for which the adjoint
representation is a nil representation then L is nilpotent.

Proof. Suppose not. Choose a maximal nilpotent subalgebra N of L. [LN ]g L, so we
can regard L as an N -module. [NN]c N, so N is an N -submodule of L. Let M be
an N -submodule of L containing N such that M/N is an irreducible N -module. Since
N is nilpotent, dim(M/N)=1 by 4.10. So dim(M )=dim(N)+1.

L gives a nil representation of L, and so L gives a nil representation of N . So M gives
a nil representation of N . So M/N gives a nil representation of N, n+> (a), nil if and

only if a=0. So (M/N)xcN/N for all xeN. So [MN]cN. Since
dim(M )= dim(N)+1, M = N + Cm . Hence,

[MM]=[N +Cm, N + Cm]
c [NN]+[NCm]
cN+N
=N
M

Thus, M is a subalgebra of L. Since [NM]< N, we also have that N < M .

We know M?* < N . We shall show that for each i > 0 there exists an integer n, such that
M" < N'. We use induction on i. If i=1 take n,=2, since M’ < N. Assume the

statement is true for i = 7. Then we have an n, such that M" < N".
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Mnrﬂ — [M””M]
=M N +Cm)
c[M" N]+ M adm
< [N'N]+ M7 adm
c N+ M" adm

We now show by induction on j that M"*/ < N"'M" (adm) . This is true for j=1;
assume it for j =k :

M < N+ M (adm)
M [NVH’M]_’_ [Mn, (adl’)’l)k,MJ
NaM=N"<aM=|N" M|c N

So M"* < N™*"'M" (adm) .

The adjoint representation of L is nil, so (adm)j =0 for large j. So, for such j,

M" < N, so there exists an n, such that M" < N".

N is nilpotent, so N =0 for some », hence M"™ =0. So M is nilpotent, which is a

contradiction. So L is nilpotent.
|

We now consider arbitrary Lie algebras. Consider elements x e L “as far as possible”
from 0, in that ad0 has all eigenvalues 0 .

We say that x € L is regular if adx: L — L has as few eigenvalues zero as possible.
Example. Let L={A4e[M,]| tr(4)=0}. dim(L)=3. Basis of L:
0 1 1 0 00
e = , h = , f =
0 0 0 -1 1 0
[he]=2e, [hf]=-2f, [ef]=h
x € L has the form ae+bh+cf for a,b,ceC.
[ex]= —2be + ch
[hx]=2ae—2¢f

[fx]=—ah + 2bf

The matrix of adx with respect to the basis (e, f,%) is
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-2b ¢ 0
2a 0 -2¢
0 —a 2b
This has characteristic polynomial
t+2b —c 0
-2a t 2¢ |=(t+ 21))(12 —2bt - 2ac)+ 2a(~ ct + 2bc)
0 a t-2b

= —2bt* —2act + 2bt* — 4b*t — 4abc — 2ach + 4abc
= — 4t(b2 + ac)

So the multiplicity of zero as an eigenvalue is

1if B> +ac#0
3is b*+ac=0

a b

c —a

b
So [a ] is regular if and only if #0.

c —a

Lemma 5.3. Let M be a subalgebra of L. Then the set of all x € L such that [Mx] M
is a subalgebra N (M) containing M, and M <N (M). Moreover, N(M) is the
largest subalgebra in which M is an ideal.

Proof. Easy — see Exercise Sheet 1.

We call V(M) the idealizer (or normalizer) of M .

Theorem 5.4. Let x be a regular element of L. Let H = GES(adx,0). Then
(i) H is a subalgebra of L

(ii) H is nilpotent;

(iii) H=N(H).

Proof. (i) Let y,z € H ; we need to show that [yz]e H . By Leibnitz,

[cJad ) = z;’_o[’g[y(adx)"f,z(adx)f]
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yeH,so y(adx)™ =0 if n—i is large. ze H, so z(adx) =0 if i is large. Hence,
[yz)adx)' =0 for large n. So [yz]e H, and H is a subalgebra.

(iii) We show that H = N'(H). If ze N'(H) then [Hz]c H. Now x e H since [xx]=0.
So [xz][zx]e H. So [zx] is annihilated by some power of adx. So zeH, so
H2N(H), hence H=N(H).

(1) We show that H is nilpotent by Engel’s Theorem, i.e. we show that the adjoint
representation of H is nil. Let dim(Z)=n, dim(H)=1. Choose a basis e,,...,e, of H

and extend to a basis e,...,e, of L. Let ye H, y=A4e +...+ e, A4, €C. Consider
ady:L— L. H is invariant under ady since H is a subalgebra. Hence we also have
ady:H —>H and ady:L/H —> L/H .

Let y,(z) be the characteristic polynomial of ady on L; let y,(¢) be the characteristic
polynomial of ady on H;let y, (t) be the characteristic polynomial of ady on L/H .

We claim that y, ()= z,, (t);(L/H (t). ady: L — L has a matrix of the block form

Given that y=Ae +...+ 4, how do the coefficients of ;(L(t), ;(H(t) and ;(L/H(t)
depend on the A,? The entries in A4 are linear functions of the A,. The coefficients in

XL (t) etc. are polynomial functions of the 4, .

Let 7, (t): by +bt+byt* +.... We claim that b, is not the zero polynomial, for in the
special case y = x b, is non-zero. Let y,,(t)=¢" (ao +tat+at +.. .), where a, is not the
zero polynomial. We know that m </ since y,,(¢) has degree /. So y,(t)=1"(ab, +...)
and aq,b, is not the zero polynomial. Choose A,,...,4, such that a,b, # 0. For this » we

have that ad y has eigenvalue 0 with multiplicity m . So, by the regularity of x, m>/;
hence m=1.
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So y,(t)=1(a,+...) has degree [, and so is a multiple of ¢'. Hence y,(¢)=¢' since
characteristic polynomials are monic. By the Cayley-Hamilton Theorem, ady: H - H

satisfies (ad y)l =0, so the adjoint representation of H is nil.

Hence, by Engel’s Theorem, H is nilpotent.
|

The generalized eigenspace of adx with eigenvalue zero where x € L is regular is called
a Cartan subalgebra of L .

Any two Cartan subalgebras of L have equal dimension; this is called the rank of L.
Any Cartan subalgebra is nilpotent and is its own idealizer.

Example. Let L={A4e[M,]]| tr(4)=0}.

<o 2

is a regular element of L. H will be the Cartan subalgebra given by ad# . dim(H ): 1.

So
a 0
HzChz{( j ae(C}
0 —a

In general, let H be a Cartan subalgebra of L. Then [LH ]g L, so we can regard L as

an H -module and decompose L as L =®,L,, where the L, are the weight spaces of L

as an H -module.

Consider the special case 1 =0,1.e. 0: H - C. L; is the 0-weight space.
Proposition 5.5. L, = H . Thus, 0 is a weight of H on L.
Proof. By definition,
L,= {y el | (adx)"y = 0 for some k and all x € H }
But H is nilpotent, so H" =0, so [yx]r...x] (with =1 x’s)is zero. So H c L,.

Now suppose if possible that H #L,. Then L,/H is an H-module. By 4.11 the

representation of H on L,/H can be given by matrices
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Z

So there is a non-zero element of L,/H that is annihilated by all z € H . So there exists a
yeL,\H such that [yz]e H for all ze H. Hence ye N(H). But H=N(H), so

vy € H , a contradiction. Hence H =L, .
|

Hence we have the Cartan decomposition of L as
L=H®@®,,,L,)

The non-zero weights are called roots. Let @ be the set of all roots — a finite set. Then
L=H®(®,,L,)

By Lie multiplication we know that [HH ] c H and [LQH ] clL,.

Proposition 5.6. Let a, f € ©. Then

() [LLCL, , if a+Bed,

(i) [LLylcH=L,if a+ =0,

(iii) [L,L;1=0if a+ B & D and a+ [ #0.

Proof. (i) Let ye L,, ze L,, xe H . By Leibnitz,

DzNadx—((e)+ pa)) = zj{o(fj)[y(adx o)1) 2(adx — AI)]

vel,,so y is annihilated by large powers of (adx —a(x)] ); similarly z is annihilated

by large powers of (adx—B(x)I). So [yz)adx—(a(x)+g(x))I)' =0 for large N.
Hence, [yz] €L, 4.

(i) If a+B=0, [yz]eL,=H by5.5,s0 [LL |cH.

(iii) If o+ 8 & ® U{0} then we deduce that [yz]=0, otherwise there would be a non-

zero element in the (o + f3)-weight space.
|
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Consider [LaL_a] cH for ae®, and p:H —>C. Consider the restriction
p:LL ]->C.

Proposition 5.7. Let o € ®. Consider the subspace [LaLfa]g H.Let fe®. Then [

restricted to [LL ] is a rational multiple of o .

a —a

Proof. If —a ¢ ® then L , =0 and there is nothing to prove, so assume —a € ®. Let
f € @ and consider the functions

=20+ p,—a+ p.p.a+ f2a+p,...,

all linear functions on / . Since @ is finite there exist integers p,q such that

—-pa+p,...—a+p,.B,a+p,....qa+ f

are roots but —(p+1)a+ B and (g+1)a + B are not. If —(p+1)a+ B =0 the result is
clear; similarly if (q + l)a +f=0. So we can assume that —(p + l)a +#0 and

(g+1)a+p=0.

Let M =L D...0L M is a subspace of L. Take yelL,, zeL_,. Then

—-pa+pf o qa+p
[yz]leL,=H .
Madyc M since ady takes L, , t0 L, 5, and L ., toO.
Madzc M since ady takes L, , to L, , and L . ;5 toO.

Let x=[yz]e H; Madx c M by the above. We now calculate tr,,(adx) in two different
ways:

tr, (adx) = tr,, ad[yz]
=tr, (ad yadz —adzad y)
=tr,, (ad yadz)—tr,, (adzad y)
=0

adx actson L, , as

l

i+ )x) *

0 (i + B)x)

by 4.11. Hence,
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tr, (adx)=(ia+ B)x)dim(L,. ,)
So
tr,, (adx) = z Lo (adx)

=>" — (i + ,B)(x)dlm(Lmﬂ)
= a(x)z l.q?p i dim(l‘ia+ﬂ )"’ ﬂ(x)z ,i,p dim(l’ia+ﬂ)

Equating the two traces gives

,B(x)z [q?p dim(LwHﬁ) —a( )z [q? i dlleMﬂ

>0

And so

So there exists an 7, , € Q such that f=r, .a on [L,L]
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6. THE KILLING FORM

We define a map LxL — C by (x,y)l—) tr(adxady). Define <x, y> = tr(adxady). The
map (x, y) — <x, y> is called the Killing form.

Proposition 6.1. (i) (-,-) is bilinear;
(ii) <-, > is symmetric,
(iii) <-, > is invariant, i.e. <[xy],z> = <x, [yz]> forall x,y,ze L.

Proof. (i) Easy.

(i) Follows from the identity tr(4B)=tr(BA).

(iii)

<[ vl > tr(ad[xy]ad z)
= tr((ad xad y —ad yadx)ad z)
=tr(adxad yadz)—tr(ad yad xad z)
= tr(adxad yadz)—tr(adxadzad y)
= tr(ad x(ad yad z —ad zad y))
= tr(ad xad[yz))
=(xDz)

The Killing form is called non-degenerate if <x, y> =0 Vyel =x=0.
The Killing form is identically zero if <x, y> =0 Vx,yel.

Proposition 6.2. Let I <L and x,y e l. Then <x,y>[ = <x,y>L. Thus, the Killing form of
L restricted to I is the Killing form of I .

Proof. Choose a basis of / and extend to a basis of L. With respect to this basis, since /
is an ideal, adx is represented by a matrix of the block form

4 0
4, 0

Similarly, ad y is represented by
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B 0
B, 0

AB, 0

4,B, 0
Thus, tr(adxady)=tr(4,B,). But 4, is the matrix of adx on / and B, is the matrix of
ady on /. Thus,

So adxad y is represented by

<xay>1 =tr(4,8)= <x’y>L ‘

u
For any subspace M of L define the perpendicular space M by
M*={xeL |{xy)=0VyeM |
M™ is also a subspace of L.
Lemma6.3. [<L= 1 <L.
Proof. Let xe I* and y € L ; we show that [xy]e I*. Let ze 1.
[)2) (a0
[yz]el, xeI*.Hence [xy]el*.
m

In particular, L' < L :

L ={xeL | <x,y>:0VyeL}
So L" =0 iff (,,-) is non-degenerate; L* = L iff (,-) is identically zero.

Proposition 6.4. Let L be a Lie algebra with L#0, L’=L. Let H be a Cartan
subalgebra of L. Then there is an x € H such that <x,x> #0.

Proof. Consider the Cartan decomposition of L as an H -module:
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L=®,L,
L= [LL]: [@ﬂ LZ’®# L/l]: Zijy[l‘ﬂl‘/t]

Now [LﬂLﬂjg L, , by5.6,where L, =0 if A+ u is nota weight. Now L, =H, so,

since I? = L, we have
H= Z A [L/lL—Z] = [HH] + z aed [LaL_a]

Now L is not nilpotent since I’ = L, but H is nilpotent, so H # L. So there exists a root
pe®. [ isal-dimensional representation of H, f#0. f vanishes on [HH ] since if

x,yeH then )= p(x)B(y)-p(r)B(x)=0.S0 H =[HH].

Hence, there exists an a € ® with [L,L_]# 0. In particular, L , #0. Also, B does not
vanish on [L,L _,]. Choose xe[L,L_,] such that p(x)#0. By definition,
<x,x> =tr(adxadx). adx actson L, by

Ax) 0
0 Ax)
by 4.11. So (adx)* acts on L, by
Ax) 0
0 Ax)

So <x,x> = Z:Adim(L/1 JA(x)’ . However, by 5.7 there exists an 7., €Q such that
Mx)=r, ,a(x) since xe[L,L,]. So (x,x)=alx)D dim(L,);,. In particular,
Blx)= rﬂ,aa(x). Now A(x)#0,s0 a(x)=0 and pa#0.S0

(x,x)=a(x)y ldim(Lz )i
#0 >0
So <x,x> #0.

Theorem 6.5. If the Killing form of L is identically zero then L is soluble.
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Proof. Use induction on dim(L). If dim(L)=1 then L is certainly soluble. If dim(L)>1,

L’ # L by 6.4,and I’ < L. The Killing form on L’ is the restriction of that on L, and so
is identically zero. dim(L2)< dim(L); by induction I? is soluble. L/L* is abelian, and so
soluble. Hence L is soluble.

|

Note. The converse is not true. Consider a Lie algebra of dimension 2, basis {x, y}, with
bo]=x.

So <y,y> = tr((ady)z): 1.
For which Lie algebras is the Killing form non-degenerate?
Let R be the soluble radical of L. Then L is semisimple if and only if R =0.

Theorem 6.6. The Killing form on L is non-degenerate if and only if L is semisimple.

Proof. Suppose the Killing form on L is degenerate. Then L"# 0. L" < L by 6.3. So the
Killing form of L restricted to L" is the Killing form of L". Hence, the Killing form of
L* is identically zero, since x,y € L* = (x,)=0. Hence, by 6.5, L" is soluble. L* is a

non-zero soluble ideal of L, and so L is not semisimple.

Conversely, suppose L is not semisimple. Then R # 0, so
R=RY RV 5. ..R¥VSRW =0

Let [ = R(k_l); I#0 but />=0,and 7 < L. Choose a basis of / and extend to a basis of
L.Let xel and y € L. With respect to this basis, adx: L — L has matrix

50
5 5)

ady: L — L has matrix
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So adxady: L — L has matrix

0 0
AB, 0
Hence <x, y> = tr(adxad y) =0.Thus / c L". Thus L" # 0, which implies that the Killing

form is degenerate.
|

Suppose L,,L, are Lie algebras. We can define the direct sum L, @ L, to be the set of
pairs (x,,x,)e L xL, with [(x.,x,)y,.0,)]= (¥ }[x,y,]). Similarly, we can define
L®.®L,.

The 1-dimensional Lie algebra is simple, and is called the #rivial simple Lie algebra.

Theorem 6.7. A Lie algebra is semisimple if and only if it is the direct sum of simple
nontrivial Lie algebras.

Proof. Let L be a semisimple Lie algebra. If L is simple L is nontrivial and there is
nothing to prove. So assume L is not simple. Choose a minimal non-zero ideal / < L,

I#L.Consider I*: I* < L as well.

xe]l<:><x,y>=0 forall yel.

The Killing form is non-degenerate on L. This gives dim(l ) linearly independent

conditions on x, since the form is non-degenerate. So dim([ L): dim(L)—dim(7) by the
Rank-Nullity Formula.

Now consider / "I~. I N I" is an ideal, so the Killing form on / N /" is the restriction
of that on L. But x,yelnI*=(x,y)=0.So INI" is soluble by 6.5. Since L is

semisimple, / NI =0.

dim(7 + 7*)=dim(7)+ dim(I* ) dim(7 ~ 1*)
= dim(7)+ dim(*)
=dim(L)

SoL=I+1",and INnI"=0,s0 L=1@ " as a direct sum of subspaces. Let x € / and
yel". Then [xy]e|lI*|cTAT* =0.S0 L=1®1I" as a direct sum of Lic algebras:

[a+b,a+b']=[aa’]+[pb']
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We now show that 7 is simple. Let J < 1.
[L)=[ur)+ ot )=o) 7

So J is an ideal of L contained in /. But / is minimal, so either J =0 or J=1.
Hence, [ is simple.

We now show that /" is semisimple. Let J be a soluble ideal of /= .
L) =)+ o |=ort | v
Thus, J is a soluble ideal of L. Since L is semisimple, J =0, and so /" is semisimple.

So L=1®I", I simple and /- semisimple. By induction, /" is the direct sum of
simple nontrivial Lie algebras. Hence, L has this property.

Conversely, let L=L ®...®L,, where each L, is simple and nontrivial. L, 1is

semisimple, and so its Killing form is non-degenerate by 6.6. Foreach i, L, <L.If i # j
and x,el;,, x,el;, then <xi,xj>=O. For if yelL then yadx, =[yx]elL;
yvadx; =[yx;]eL;. So yadxadx, =[[yx]x;]Je,NL;=0. Thus adx,adx; =0, so
tr(adxi adxj): 0, so <xi,xj> =0.

We show L =0. Let xel', x=x+...+x,, x,€L. Let y elL. Then
<x,yi> = <x,.,yi> =0, since xe L. So <xl.,y,.> =0 forall y, € L,. This implies x, =0 since
the Killing form on L. is non-degenerate. So x =0, and so L" =0. Hence the Killing

form on L is non-degenerate, and so L is semisimple.
|
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7. THE LIE ALGEBRA sl (C)
st,(C)={4e[m,]| r(4)=0}
sl,(C) is an ideal of the Lie algebra [M, ]=gl,(C).
Theorem 7.1. sl,(C) is a simple Lie algebra.

Proof. Every ideal of sl (C) is an ideal of [M,]. We shall show that if 7 <[M,] and
Ic sl (C) then I=5[(C)orI=0.

Let  be a non-zero ideal of [M, ] contained in s[,(C). Let x € 7\ {0}. Then

xe Zp,qququ, X, e C not all zero,

where £, is an nxn matrix with 1 in the ( p,q)th position and zeroes elsewhere.

Case 1: Suppose Ji # j such that x; # 0. Then

[E,x]= quiniq - prpiEp[ el
[EXIE;]=x,E, +x,E, el

jitji

x,E;, —x,E,1=2x,E, -2x,E, €l

Jiji Ji=ji

[En‘ -E

i’

So4x E. el, x; #0,s0 Eé./. el.

7]

Case 2: Suppose x,;, =0 Vi# j.Then x = sz

oE s prpp =0, so not all the x,, are

equal. Suppose x; # x; .
[xE;]1= (, - Y )Eii el
So E; el.

So in either case E; €l for some i# j. Let g#i,j. Then [E

EJ=E, el.So I
contains all £, with g#i. Let p#i,q. Then [E, ,E 1=E, €l.So E, el for all

p#q.¥Yor p2q,[E, .E,1=E, —E, €l.Sol=sl . Hence, 5[,,(@) 1s simple.

pq’
]
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It is easy to see that dim(sl (C))=n*—1; assume n>2. We now find a regular element
of sl,(C).

Proposition 7.2. Let

with Zi/ll. =0and i# j= A4 #A,. Then x is regular.

Proof. Take a basis of sl (C):
{Eij | i # J }U JlEll _EzzﬁEzz _E33""’En—l,n—l _Enn}

Consider the matrix of adx with respect to this basis:

[E,x]=(4, 4 )E, for i# j
[E,; — E, x]=0

+1,i+12

So the (nz - 1)>< (n2 —~ 1) matrix of adx with respect to this basis is

The characteristic polynomial is t”_IH#j(t—/ii +/1j); the multiplicity of zero as an

eigenvalue of adx is n—1.

Now let y € sl ((C) ad y is similar to a matrix in Jordan canonical form, say

Jml (ﬂl) 0

where J, (1) is the m x m matrix
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u o1 0
U

1

0 u

J,(1)=pd, +J,, where J, =J (0). JX has 1’s on the k th diagonal above the principal
diagonal and zeroes elsewhere. We claim that J, (#) commutes with any matrix of the

form af, + A7, + fJ2 +..., s0 () commutes with all matrices of the block form

al IB 1 0
a 0

B
0 a,

o, B0

al"
0 y;
0 a,

These matrices form a vector space of dimension m, +m, +...+m, =n.

I

Assume ma, +...+m,a, =0, i.e. the matrix is in 5[,1((:). We have a vector space of
dimension n—1. All these matrices lie in the zero eigenspace of ad y, so the multiplicity
of zero as an eigenvalue of ad y is at least n—1.

Thus, x is regular.
|

Proposition 7.3. The subalgebra of diagonal matrices in sl, (C) is a Cartan subalgebra.

Proof. Let

A #A fori#j, Z,ﬂi =0. x isregular. Let
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dim(H)=n—1.1If y e H then [yx]=0, so H < ES(adx,0)c GES(adx,0). But
dim(H )= n —1=dim(GES(ad x,0)).

Thus, H is a Cartan subalgebra of sl (C).

Proposition 7.4. Let L = sl (C) and let H be the diagonal subalgebra. Then

L=H®(®,,CE,)

i#j

is the Cartan decomposition of L with respect to H .

Proof. Clearly L=H @ (@i# ; CEU) as a direct sum of vector spaces. Let
h=AE,+..+AE €H.

Then [Ei].hJ= (ﬂj -4 )Ey. -So CE|, is an H -module giving a 1-dimensional representation

A 0
B A, — 4 #0 since i # j .
0 A

n

So this 1-dimensional representation of H is a weight and CE|; lies in the weight space.
dim(#)+ Y dim(weight space) = dim(Z) = dim( )+ Y dim(CE, )

So CE, is the full weight space, giving L=H (-D((—B (CEI.J.) as a direct sum of Lie

algebras.

i#]
]

Summary. s (C)=[nx n matrices of trace0]. sl (C) is simple.
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40
- i=1 1

0 A

n

is a Cartan subalgebra. L=H ® (ED# ; (CEU) The roots are

A 0
- A, =4 fori#j.
0 A

n
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&. THE CARTAN DECOMPOSITION

Throughout this chapter, let L be a semisimple Lie algebra and H a Cartan subalgebra
of L.

L=®,L,, A weights — the Cartan decomposition

Proposition 8.1. I[f xe L,, yeL

w’

A#—u then <x,y>:0.

Proof.
<x,y> =tr(adxad y)
L,adxcL,,,

L,adxadyc L

V+A+u

So if A+u#0 then V+A+u#V . Choose a basis of L adapted to a Cartan
decomposition. adxady is then represented by a block matrix with zero blocks on the
diagonal:

So <x,y> =tr(adxad y)=0.

Proposition 8.2. If « € ® then —a € ®.

Proof. Suppose if possible that —ae¢®. Then L ,=0 and L,#0. Let xelL,.
<x,y>:0 for all yeL,, for all 4. Hence <x,y>=0 for all yeL. But <,> is non-

degenerate, so x =0. Thus L, =0, a contradiction.
|

Proposition 8.3. The Killing form of L remains non-degenerate on restriction to H ; i.e.
if xe H and <x,y>=0f0rall veH then x=0.
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Note. We are saying that the Killing form of L restricted to H is non-degenerate, not
that the Killing form of H is non-degenerate. In fact, the Killing form of H is
degenerate since H is nilpotent.

Proof. Let x € H satisfy <x, y> =0 forall y € H. We also have <x,y> =0 forall yeL,,

A#0,by8.1.S0 (x,y)=0 forall yeL.So x=0.
|

Proposition 8.4. [HH ] =0, ie H isabelian.

Proof. Suppose x [HH ] andlet ye H.

<x,y> =tr(adxad y)
L=®,L,,each L, an H-module.

On L, we have adx represented by

Ax) *
0 Ax)
and ad y represented by
Ay) *
0 Ay)
Hence, adxad y is represented by
Aaly) *
0 )

So <x,y> =tr(adxad y)= zﬂdim(Lﬂ JA(x)A(y). Let h,,h, € H . Then

Al |= Ak )20, )= A0, )A () = 0
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Since A4 is a l-dimensional representation. Hence l(x)zO for all xe[HH ], SO
<x,y>:0 for all ye H. Since <,> is non-degenerate, x =0. So [HH]zO; ie. H is

abelian.
|

Let H" denote the dual space of H, Hom(H,C). Then dim(H *):dim(H ). We can
defineamap H > H", h—> h", by h*(x):<h,x> for xe H .

Lemma 8.5. The map hv> h" is an isomorphism of vector spaces.

Proof. The map is clearly linear. Suppose # is in the kernel of this map, i.e. A" =0. Then
<h,x> =0 for all x € H . Since the Killing form is non-degenerate, # =0. So the kernel is

trivial.

dim(image) = dim(H ) — dim(kernel) = dim(H ) = dim(H*)

Let a e ®. Then a e H", so there is a unique %, € H such that a(x)= <ha,x> for all
xeH.

Proposition 8.6. The h,, as defined above, and taken over all o € ®, span H .

Proof. Suppose not. Then there is an x € H, x # 0, such that <ha,x> =0 foreach a e ®.
Hence a(x)=0 forall c e ®.Let ye H .

(x,y)=tr(adxady)="" dim(L,)A(x)A(y)

Since /1(x) =0 for all weights 4, <x, y> =0 forall ye H.So x=0, a contradiction.
|

Proposition 8.7. For a e ®, h, €[L,L ], a subspace of H .

Proof. Consider L, as an H -module: it contains a I-dimensional submodule Ce,,
e, #0. [e,x]=a(x)e, for xe H. Let yeL_,. We show that [yea]:<y,ea>ha. To see
this let z=[ye,]-(y,e,)h, and let x € H .
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(e, Lx)=(r.e Wl x>
(v.lex)—(r.e,)
—aXXy, e,)—(». a> ( )

(z.7)

So <z,x> =0 forall xe H,s0 z=0.So [ye,|= <y,ea>ha. We can find y € L , such that
<y,ea> #0. If not, e, is orthogonal to L_, and to each L, with 1 #-a, so e, € L", so

e, =0, a contradiction. Choose such a y, then

haz{ Y e}e[L_aLa]

(v.e.)

Proposition 8.8. Ler a € d. Then (h,,h,)#0.

Proof. Let 5 ® . We know that &, €[L_,L,]. There exists r « €Q suchthat f=r, &
on [L,,XLO,]-

(hyohy) = Blh,) =15 j(h,) =1, (B )

a’a

If <h h > 0 then <hﬁ,ha>:0 for all f € ® . But the set {hﬂ | ,Beqb} spans H . Hence

<x,ha> =0 forall xe H . This implies 4, =0, so a =0, a contradiction.
|

Theorem 8.9. If « € ® then dim(L,)=1.
Note. Of course, dim(H )= dim(L,) is not generally 1.

Proof. Let M be the subspace of L given by

M=Ce,®Ch ®L DL, O...

where Ce, is a 1-dimensional H -submodule of L, 6. There are only finitely many
summands since @ is finite. Recall from the proof of 8.7 that there is an e , € L , such
that [e_e |=h,. Also, forany ye L _, [ye,]|= <y,ea >ha .

We first show that M ade, c M :
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le.e.]=0
[haea ] = _[eaha] = _a(ha )ea

Let yeL ,. Then

[yea] = <y,ea>ha eCh,
[L e ]g L—(i—l)a fori>2

—ia o

Secondly, we show that M ade , c M .

le.e..]=-,
[h”‘e’“] = _[e*a’hﬂt] = a(ha )efzx € szx
[Lfmefa ] c L,(M)a for i >1

le.e ]=h,,so Madh, c M. We now calculate tr, (ad/, ) in two different ways.

-a-a

tr, (adh, )=tr, (ade_ ade, —ade,ade_,)=0

tr, (adh,)=a(h, )+ 0—dim(L_ )a(h,)-2dim(L_,, Jer(h, )-3dim(L ,, )a(h,)—...
=a(h, (1-dim(L_,)-2dim(L ,,)-...)
=(h,.h, (1-dim(L_, )-2dim(L_,, )-...)
Since (h,,h,)#0, 1-dim(Z_,)-2dim(L_,,)-...=0. Since —ae®, dim(L_,)>1.

Hence dim(Z_,)=1 and dim(L_,,)=0 for i >2.

So, interchanging <> —« , we have that for each a € ©, dim(La) =1 and dim(Ll.a ) =0
fori>2,ieN.

|
We have the following easy corollary:

Corollary 8.10. I[f a € ®, ma € ® and m e Z then m==1.

Now let o, f € @, [ # ta . Consider

—-pa+pf,...—a+p,B,a+ [0+ p,....qa+ [

There are integers p,g such that all of the above are roots but — (p + 1)0: + £ and
(q + l)a + [ are not roots. This collection is called the « -chain of roots through [ .

_47-



MAA453 LIE ALGEBRAS

Note that B+(g+1)er, B—(p+ 1) #0,50 Ly, (o0 =0, Ly 1), =0. Let

M=L D..0L

—-pa+p qo+p

Choose e,eL,, e, el , such that [e e |=h

.- We claim that Made, c M,
Made ,c M and Madh,c M .

Lia+ﬂ adea - L(i+1)a+ﬁ
L

ia+f

ade—a < L(i—l)a+,3
So M adh, c M . We now calculate tr,, (ad/, ) in two different ways:

tr, (ad%,)=tr, (ade_ ade, —ade,ade_,)=0
tr,, (adh, ) = Z ,ifp (ia+ B)h,) since dim(Lmﬁ ) =1.

So X' (ia+B)n)=0: (X7 ik(n,)+ X" pn,)=0.

= (@—@)@lw%)+(p+q+1)<hﬁ,ha>=0
= (%Xp+q+1)<ha,ha>+(p+q+1)<hﬂ,ha>:0
= 2hyh,)[(hyohy) =P —q

Thus we have proved:
Proposition 8.11. Let o, f € ®, B #*ta. Take the a -chain of roots through [,

—pa+pf,...—a+p,B,a+f,...qo+ .

Then

Corollary 8.12. If a e ©, (a € @ and £ €C then & =+1.

Proof. If & # +1 set f=&a . Then
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2(hy.hy)
(heohe)

So 26eZ.1f £ €Z then £ =41 by 8.10. If £ ¢ Z then p #¢g modulo 2. The « -chain
of roots through £ is

=2{=p—q

—-pa+pf,...—a+p,B,a+ p,...qa+ [

But f=%2a, with p and ¢ not both zero. So % appears in the o -chain. This implies
a,% e ®, which contradicts 8.10.

|
Proposition 8.13. Forall o, € ©, <ha,hﬂ> eQ.
Proof. If 3 #+a then by 8.11 (h,.h,)/(h,.h,) € Q. We show that (h,.h,) € Q.
(h,,h,)=tr(adh, adh,)
=2 Bl
2
:Zﬁe®<ha’hﬁ>
2
1 (. hy)
<haaha>2ﬂe®[<ha,ha>] EQ
So (h,.h,) €Q;s0 (h,.h,)eQ.
|

_49 .



